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A PRINCIPAL CONGRUENCE IDENTITY
CHARACTERIZING THE VARIETY OF DISTRIBUTIVE
LATTICES WITH ZERO

IVAN CHAJDA

It is a well-known fact that the product of two congruences @, @ on an algebra
A is a congruence on A if and only if they permute, i.e. @. @ = @. @. Hence,
if 4 is a permutable algebra and x, y, z are elements of A, then

O(x, y) < 0(x, 2).0(y, z). *)

Itis easy to prove that if (*) holds for each x, y, z€ 4 and for every A4 of a variety
¥, then ¥ is permutable, thus the principal congruence identity (*) is equivalent
to the permutability of 7.

Suppose now that an algebra 4 has a nullary operation 0. If 4 is permutable,
then (*) implies the validity of the principal congruence identity

8(x, y) < 6(x, 0). 6(y, 0) . (**)

in A. On the contrary, the identity (**) can be satisfied also in non-permutable
varieties, see [1]. The aim of this short note is to prove the following

Theorem.Let ¥~ be a variety of lattices with the least element 0. The following
conditions are equivalent:

(1) ¥ is a variety of distributive lattices with 0;

(2) v satisfies the identity (**).
Proof. (1) = (2): Let 4 be a distributive lattice with the least element 0. Then
clearly ‘

{x, yyeb(x, 0).6(y, 0).
Moreover, we have

Dxvy)=<0vy xvyyebx 0)
xvy,xy=<Lxvy xv0yeby0),

thus also
y, x)eb(x, 0).0(y, 0).
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Since the relations 6(x, 0), 8(y, 0) are reflexive and compatible, also the relation-
al product 6(x, 0). 6(y, 0) has this property. Therefore, we infer

{p(x, »), oy, x)) € 0(x, 0).6(y, 0)
for every algebraic function ¢ over 4. It means
T(x, y) < O(x, 0). 60y, 0),

where T'(x, y) is the principal tolerance on 4 generated by the pair {x, y). By
[2], we have T(x, y) = O(x, y) in every distributive lattice which implies (2).

(2)=(1): Let 7~ be a variety of lattices with the least element 0 which is not
distributive. Then ¥~ contains either the pentagon N, or the diamond M as its
member. hence, ¥~ contains also either the lattice L, or L, in Fig. 1 or Fig. 2,
respectively. The classes of 6(x, 0) are in both figures denoted by dotted lines,
those of 6(y, 0) by full lines. It is clear that {0, 1> ¢ 6(x, 0). 6(y, 0) in these cases
but, on the contrary, {0, 1> € 0(x, y).

REFERENCES

[1] CHAJDA, I.: On the one principal congruence identity, Arch. Math. (Brno), 23 (1987),

T 8719, ; . - . : . ;

[2] CHAIJDA, 1., ZELINKA, B.: Minimal compatible tolerances on lattices, Czech. Math. J., 27
(1977), 452—459.

Received August 22, 1988 Department of algebra and geometry

Faculty of Sciences
Palacky University Olomouc
Leninova 26
771 46 Olomouc

TXJAECTBO I'JIABHbIX KOHT'PYEHLIMN, XAPAKTEPU3UPYIOUEE
MHOT'OOBPA3UE JUCTUBYTUBHLIX PEIIETOK C HVYJIEM

Ivan Chajda
Pe3ome

IToka3biBaeTcs, 4TO MHOr006p33HC PELIETOK C HYJEM SABJACTCA MHOI‘OOGpa'}HCM JHC-
TH6yTHBHbIX PELIETOK TOraa M TOJIBKO TOraa, Kkoraa OHO yYAOBJIETBOPSET TOXIACCTBY

O(x, y) < 6(x, 0). 6(y, 0).
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