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A SIMPLIFIED PROOF
OF THE DANIELL INTEGRAL EXTENSION THEOREM
IN ORDERED SPACES

BELOSLAV RIECAN

The aim of the paper is a simplification of the Fremlin proof of the Matthes-
-Wright extension theorem (see [1]). Especially, we omit the notion of o-depressed
sets and decompose this proof into a few simple steps.

We shall work with g-complete Riesz spaces, i.e. linear spaces being boundedly
o-complete lattices and fulfilling the identity a + (bvc) = (a+ b)v(a + c).
A Riesz space is called weakly o-distributive if for every bounded double

sequence (a;);; such that a,\\0 (j—», i=1,2,..))itis A~ Vaipi=0.
@eN i

Theorem. Let X, G be o-complete Riesz spaces, G be weakly o-distributive,
A be a Riesz subspace of X such that every element of X is dominated by some
element of A. Let J,: A— G be a linear, positive and continuous (i.e. x,\\0 >
Jo(x.)\\0) map. Then J, can be extended to a linear, positive, continuous map,
defined on the g-complete subspace generated by A.

The proof will consist of a few propositions. First we define

A*={beX;3a,€A,a,/ b},
J*:A*>G, J*(b)=1im J(a.), a./'b .

(It is easy to prove that J*(b) does not depend on the choice of the sequence (a,).
converging to b.) Dually we define A~ and J~.

Proposition 1. If be A*, ce A~, c=b, then J~(c)=J*(b).

Proof. Choose b,€ A, c,€eA (n=1, 2, ...) such that b,/b, c,\\c. Then
b.—c./'b—c, hence -

J*(b)= '1‘1_12 Jo(b,)=1im Jo(b, — c,) + linl Jo(cn) =
=J*'(b-c)+J (c)=JT (c),
since b=c and so b —-c=0.
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Definition 1. By L we denote the set of all x € L with the following properties :
There is a € G and there are a;, b; € G such that a;\J0, b;\O (j—»,i=1,2,..)
and such that to every @ € N" there are x{e A™, x € A" satistying the relations
x{=x=x% and

J'(x9) = Vawo=a=J"(x1)+ Vbwe.

(The preceding definition substitutes the classical definition inf {J*(y); y=x,
yeA*} = sup {J(2); z=x, ze A~} and enables to use something similar to the
“epsilon” technic in the abstract position.)

Proposition 2. If x e L and « is the corresponding element of G, then
a= A\{J"(x2); x:2x, x,€ A }=V{J (x); x,=x, x, € A7}.

Proof.*) Let x,e A7, x,=x. Then x,=x%, hence J (x,) = J*(x%) by Prop. 1.
Therefore

J () —as=T(x3)~a=Vaieo

for all @ € NV, hence J™(x,) — a =0 by the o-distributivity of G. We have proved
that o is an upper bound of the set {J(x,); x,=x, x,€ A™}.
Let B be another upper bound of the set {J7(x,); x1 = x, x;€ A”}. Then

B=J7(x?), hence a — B = a — J7(x7) = Vb, for all e N™. Therefore

a — B =0, hence a is the least upper bound of the set {J7(x1); x; = x,x € A7},
The second assertion can be proved dually.

Definition 2. If x € L, then the common value \/ {J™(x,); x; = x, x;€ A”}
= A{J*(x2); x» = x, x,€ A*} will be denoted by J(x).

Proposition 3. To every bounded triple sequence (a.,, i, ;)»,:,; such that a, ; ’\O
(j—»x, n,i=1, 2,...) and every b>0 there exists (a.,;):; bounded, such that
a,\O (j>® i=1,2,...) and

ba (; .=\/1 An, i, qi+ny) = \/1 ai, o)
for every @ e N™,

i—1
Proof. Put b;; = V 2*ax i, ai; = bA b, . Then bir,; = 2*ar.:,,» hence
k=1

*) Only in the proof of this proposition we use the g-distributivity of G.
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=bna ((kzl 2_k> '\/;bi,w(i)) = \7 Ar, o).
= i= r=1

Pproposition 4. L is a linear subspace of X and J: L— G is a linear map.
proof. The assertion is a straightforward apphcatlon of the definitions, the
linearity of J, and Proposition 3.

Proposition 5. If b,/'b, b,e A* (n=1, 2, ...), then be A* and I*(b)
= limJ*(b,).

n—>

Proof. If a, ./ b, (m—>», n=1, 2,..), a., ~€A, then it suffices to put
A, = \7 a., . for obtaining a,/'b. Further

k=1

J*(b)= llmlo(a,.)< 11m J*(b.)=J*(b).

n—o

Proposition 6. Ifx,eL (n=1,2,...),x./x, thenx € L and J(x) = lim J(x.).

n—c

Proof. Let ae A be such an element that x =a. Put x,=0. Then x, = x,., €L
(n=1, 2,..), hence to every @ € NV there are a,;,;\0 (j—> ), y.€ A",
Yn = Xn — Xn+1 such that

J(xn - xn—l)gJ+(yn) - \/l an. i, p(i+n)-

Then
n

J(x,)= él(xk - xk_l)él*((gl yk) /\a> - ](a)/\(z1 ,_\Za,.,i_ q,(“,.)) =
=1 (S 9)70) -V

i=1

where (a,, )., is the sequence mentioned in Proposition 3. Since y, = x, —x,-,=0,

the sequence (E )’k) is non-decreasing. Since (E yk)/\aéa for every n,
k=1

n=1

there is y = ,.=1((Eyk)/\a) = (\7 iyk>/\a = (\7x,.>/\a = xAa=x and,

n=1 k=1 n=1

of course, ye A",
a=lim J(x,)=lim J+((E )’k) Aa) - \7 ai, o0 =J"(y)— \7 ai, o)
n—e k=1 i=1 i=1

We have cxarhined the left-hand side of the definition of the relation x € L: there is
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y€eA*, y=x and there is a; ) \0 (j — ®) such that J*(y) — \7 i oy = a. We shall
i=1

consider the right-hand side now.
We have also elements b, ; ;\O (j— ») and z,=x., z.€ A~ such that

JE) ST @) +V bt giro-
Put bo.,; = a—J(x) (i,j=1,2, ...). Since J(x.),/V J(x.) = a, We have b, ;. ,\\0

(i > =). By Prop. 3 there are b;,;\\0 (j > =) such that

](a)/\<2 Ybn. i, w(i+n)) é\i/bi-‘v(r‘)-
For every n there holds
oa=b,+J(x,)=J (z.)+ J(a)A(}n: \i/bn,i.w(i+n))'
Choose n=¢(1) and put z=1z,. Then evidently ze A~, z=x,=x and
aé]‘(z)+\l/bi_w(i).

Now the right-hand side has been examined, too. By the definition, J(x)=a =

=lim J(x.).
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YNPOIEHHOE NTOKABATEJIILCTBO TEOPEMbBI O IMPOAOXEHUN
HWHTEIPAJIA JTAHUIJIA B YITIOPAOOYEHHBIX ITPOCTPAHCTBAX

Benocna Pueuyan

TeswoMe

B pafoTa npHBORMTCS HOBOE [OKA3aTENbCTBO cienyromieit TeopeMsl: Ilycte X U G o-noiHbie
NpoCcTpancTBa Puca (T. €. MEACTBUTENBLHBIE JIMHCHHBIC MPOCTPAHCTBA SBJAIOUINECS OHOBPEMEHHO

OTHOCHTEJIHO O-TIOJIHBIMH CTPYKTYPAaMH M BBLIIONHSIOMWMH TOXAecTBO y+(bve) = (a+b) v
(a+¢)). Myctk G aBnsieTcss 0-RACTPUOYTHBHBIM

(T. e.u3a;\0 (jo»,i=1,2,...)BbTeKaeT /}qNV anu)=0)-
Q€ i

MycTs A nmopgnpocTpaHcTBO Puca npocrpancTBa X Takoe, 4TO IS BCAKOro x € X CyUIECTBYET a € A
TaK, 4T0 x =a. [lycts Jo: A— G NUHEHHOE, MOJOXUTENLHOE H HempephBHOE (T.e. X, \\0 >
> Jo(x.)\0) otobpaxenne. Torna J, BO3MOXHO NPOJOMKHTh A0 JHHEHHOrO, MOJIOXHTEILHOrO
H HENPEPBLIBHOIO OTOOPaXKEHNS, ONPEACICHHOTO HAa O-TNOJIHOM MOANPOCTPAHCTBE MOPOXACHHOM
MHOXECTBOM A.

TeopeMa npuHaiexXuT Matracy U PaliTy H npuBefeHHOE ROKA3aTENLCTBO ABNSETCS YNPOILCHHEM
paHee nyGIMKOBaHHOIO [OKA3aTeNLCTBA MpHHaIeKamero ®peMinny. B 4acHOCTH 31eC HE UCTIONb-
3yeTcsi MOHATHE 0-C3KATOr0 MHOXECTBA M I0KA3aTENBCTBO Pa3lIOKEHO B HECKONBKO MPOCTHIX 1IAT0B.
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