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ON COVERING SYSTEMS ON RINGS

STEFAN PORUBSKY

In this paper we shall consider covering systems of residue classes on rings.
Throughout this note it will be tacitly assumed that all rings under consideration are
commutative with an identity.

Let A, A,, ..., A, be proper (i.e. (0)# A;# R) ideals in a ring R. A system of
residue classes

(1) a+A;, a€eR, i=1,..,k

is called covering (on R) if the set theoretic union of these classes is R. Covering
system (1) is called exactly covering if its classes are pairwise disjoint. Finally,
covering system (1) is irredundant (or minimal) if no proper subsystem of its
classes forms a covering system (on the original ring).

Although we shall examine only covering system on rings here, the notion of the
covering system can be extended to a more general situation. Namely, considering
only the additive group of a ring we obtain the following definition of a covering
system on a group. If G,, G,, ..., G, are subgroups of a given group G (written
multiplicatively), then the system

(2) a,‘G,-, a,'GG, l=1, ...,k
is called covering if

k
G=UaiGi,

i=1

and similarly exactly covering and irredundant. Some properties of covering
systems of cosets on groups have been already considered in papers [3], [5], and [6].
H. B. Neumann proved these results (for (i) and (ii) see [6], for (iii) see [5], resp.):

Lemma. Let (2) be a covering system on a group G. Then
(i) The index of (at least) one of the subgroups G, ..., G, does not exceed k ;
(ii) Let Gy, ..., G,, have infinite index. Then
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k
G= U a.G;,
i=m+1
and consequently, if (2) is irredundant, all the G; have finite indices;
(iii) If (2) is irredundant, then the index

[G: N Gi] =c
i=1
with ¢, =1.3419, approximately, and for k =6 with ¢, =1.3070, approxima-
tely.

In this note as in [3], [5], and [6] we shall consider only covering systems
consisting of a finite number of classes. However, H. B. Neumann notices in [6]
(without giving any concrete example) that (i) becomes false if an infinite cardinal
is substituted for k. If this is true, then the following extension of the second part of
(ii) can be disproved under the assumption of the generalized continuum hypothe-
sis: If the cardinality of the set of cosets in an irredundant covering system is less
than R,, then [G: Gi]<NR, for all G;. But perhaps it can be of some interest to find
such a function f(s) defined for ordinal numbers s for which:

If the cardinality of the set of all cosets in an irredundant covering system is less
than R, for t=s, then [G: G/]<R, for k=f(s) and all G..

Our Lemma implies immediately f(0)=0.

Another complex of questions arises with the estimation of the least upper bound

k
A, of the index [G: (']G,] , where G ranges over the groups that can be covered

i=1
by an irredundant covering system consisting of k cosets. The present author
proved in [8] that if G is restricted to the group of integers, then

k
max [G: N Gi] =2+,
i=1
where the maximum is taken over irredundant covering systems (on the set of
integers) consisting of k cosets, moreover this bound is attained. It seems that
Neumann’s result (iii) is sharp only for small values of k (cf. the bottom lines of
p-237 in [5]). Maybe it can be sharpened for large values of k in the following way :

Ac=SkA

In what follows we shall investigate only covering systems on rings, and we leave
for the reader the obvious rephrasing of some subsequent results into a group-theo-
retic language.

For every i =1, ..., k fix such a system of the representatives of the residue-class
ring R/A; which contains the element a;. Consider the ring structure on R/A, X
XR/A,X...X R/A, defined in the usual manner, that is with the addition and
multiplication being defined coordinatewise. Further, let
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h:R>R/A,XR/A;X...XR/A,

denote the mapping on R which associates x with the k-tuple of the representatives
of those classes to which x belongs modulo corresponding A;.

In the sequel N, ; will denote the intersection of all the ideals of (1) except for
A, b AL

Theorem 1. Let (1) be a covering system on a ring R and let te R. Let A,,, ..
A, be the ideals of all the classes in (1) with tea; + A,. Then
m(t)

U Ai, 2N;

j=1

Proof. For the sake of simplicity suppose thati, =1, i,=2, ...} i,,.y=m(t). Let x
be an element from N, , .. Then the last k —m(t) coordinates of h(x) are
certainly zeros. On the other hand, A (t)=(a, a., ..., Gne, 2, ..., 2), Where “z”
indicates that the entry is not a;. Since A(x)+ h(t) = h(x +¢) and since for every y
at least one coordinate of A(y) is a;, then x +t€a, + A, for at leastone i =1, ...,
m(t). But this implies that x belongs to A; for this i, and the theorem is proved.

(2]

1--ime) *

Corollary 1. In every irredundant covering system (1) we have A, o N; for each
i=1,..,k.

The corollary does not hold for covering systems which are not irredundant, e. g.
let R be the ring of rational integers and consider the covering system

0+(2), 0+(3), 1+(4), 5+(6), 3+(7), 7+(12).

Corollary 2. In an irredundant covering system (1) for every i there exists j# i, ],
i=1, ..., k with

A +A+R.

If A, were comaximal with A, for each j#¥i and j=1, ..., k, then A; were also
comaximal with N;, which is impossible according to the previous corollary.

The Chinese remainder theorem shows that in exactly covering systems the
statement of Corollary 2 holds even for every pair i, j of indices, but this evidently
cannot hold for irredundant covering systems in general. The above stated example
shows that Corollary 2 also fails in the case of covering systems which are not
irredundant.

Corollary 3. Let (1) be an irredundant covering system. If for some A, there is
unique A; with j#i and A;+ A;# R, then A,2A;,.
We have A;oN; 2N, ;- A,. Since A; is comaximal with A, for every i#s+],

s=1, ..., k, then A, is comaximal with N, ;, that is we have
AiQN,'_j'A,' and A,+N|1=R
and therefore A, o A; ([4], §2.8).
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The last corollary is motivated by Schinzel’s conjecture for covering systems [9]
and confirms this conjecture under the assumptions of the corollary for covering
systems on rings.

Theorem 2. Let (1) be an irredundant covering system on a ring R, Let
a P-primary ideal Q contain — upon relabelling if necessary — the ideals A,, A,,

k
..., A,. Let the isolated P-primary component Q' of (] A, be a proper overideal
. i=s+1
of Q. Then

SZ1+ 3 [10/Qu — 11,

where Q' =Q,> Q,;>...0Q, =Q is a maximal chain of distinct P-primary ideals
between Q' and Q.

Proof. According to the Lemma there is only a finite number P, P,, ..., P, of
prime ideals which are over at least one of the ideals A, ..., A,. These prime ideals
are also of finite index and therefore they are maximal in R and simultaneously
they are minimal prime overideals of A}s. Then [2; 3.10]

k
r] f;i=:()’r\Alv

i=s+1

k
where M is the intersection of the isolated P.-primary components of (| A, for
i=s+1

P.# P and moreover Q' and M are comaximal.

Now, let w range over all the representatives of the non-zero classes in the
residue-class rings

(QinM)/(QivynM) for i=1,2,...,v—1.

These w's are obviously distinct. For each such w there is an element x,, in R for
which

h(x)=w, ..., w, 0,...,0),
(N
s times

or more precisely, the ith coordinate of which is congruent to w modulo A; for
i=1, ..., s. If w#w’', then w—w'¢A, and consequently also w, —x,. €A, for
every i=1, ..., s (and so xi, s are distinct). If w —w' belongs to A;, then w —w'
belongs to Q and QnM, which is in contradiction with the fact that w's are
representatives of non-zero classes in (Q;"M)/(Q..,NM).

Suppose that a, is chosen in such a way that a, belongs only to the class a, + A,.
Now it is easy to show that for each w element a, + x,, can belong only to some of
the first s classes in (1). Let h(a,) = (a,, X2, ..., X ), where x; isnot g, fori =2, ..., k.
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Since no x,, belongs to A, for every w at least one of the following relations holds

X,+wea,+ A, ..., x,+wea, +A,.
If

§ =153 [@AM)(QuinM)| - 1]

it follows by the pigeon-hole principle that there is one i =2, 3, ..., s with
xi+wea,+A;, and x,+w'ea +A;

but this is in contradiction with w —w' ¢ A,.
To finish the proof it remains to show that

|Qi/Q.-+1| = |(QinM)/(Qi+lnM)| .

But this follows from the fact that the rings on the left and right hand side of this
equality are isomorphic (Lemma 1.5 [7]). The Jordan—Hoélder theorem implies
that the statement of our theorem does not depend on the choice of the chain
Ql, ey Qv-

Corollary 1. If a prime ideal P contains one ideal of an irredundant covering
system on a ring R, then P contains at least |R/P| ideals.in (1).

Corollary 2. Let (1) be an irredundant covering system on R and let the
P-primary ideals of R form a chain under the set inclusion. If a P-primary ideal
Q# P contains one ideal of (1), the Q contains at least |Q'/Q| ideals of (1), where
Q’ is the minimal P-primary overideal of Q.

There is a conspicuous similarity among the proof technique and result of
Theorem 2 and the proof techniques and results from [3] and [7]. It would be of
considerable interest to find the real inner connections between the ideas of these
proofs.

I would like to express my thanks to Prof. B. Novék for calling my attention to
the papers of B. H. Neumann.
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ITOKPBIBAIOIMME CHUCTEMBI HA KOJIBLHAX
IlItedan [Topy6cku
Pe3ioMe
IMycts R konslo M A,, ..., A, — uaeans! atoro koabla. Cucrema

a,+A;,, a€R, i=1,..,k

Ha3bIBAETCS MOKPLIBAIOUIEH, €ECITH KaXAbIA 3JIEMEHT KOJMIbLA R HaxoAMTCS B OMHOM M3 3THX KJIaCCOB.
B pa6ote naroTcs 0600LIEHHS M yayYLIEHHS HEKOTOPBIX PE3yJbTaTOB M3BECTHBIX B Clyyae KOJbLa
LeJbIX YHCE.
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