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A NOTE ON LINK GRAPHS 

JANA TOMANOVA 

We consider finite, loopless, undirected graphs without multiple edges. The 
link of a vertex v of a graph G is the subgraph induced by all vertices adjacent 
to v; following the terminology of [1] we denote it by link(t;, G). 

If all the links of G are isomorphic to the same graph L, then we say that G 
has a constant link L. The graph L is called a link graph of G (see Fig. 1). 

L= S 
1.2 

Fig. 1. A graph G with the constant link L. 

Zykov [6] posed what has become a well-known open problem to 
characterize link graphs. It appeared that the problem is algorithmically unsolv-
able in the class of all graphs, see Bulitko [3]. However, the solution of 
Zykov's problem is known for certain classes of graphs, namely paths, cycles, 
linear forests and graphs homeomorphic to a star [2]. The survey of these and 
similar results for unions of stars and for unions of paths and cycles is given in 
Hell [5]. There are also investigated some operations on graphs which en
large the class of link graphs. In [1] group theoretic methods are used to obtain 
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constructions of graphs with a constant link isomorphic to a certain tree. The 
idea of this construction is based on the following facts. 

Recall that a permutation group H is said to be sharply transitive on a set S 
if H is transitive on S and each permutation in H is uniquely determined by its 
action on any single element of S. 

Let H be a group and Z a generating set of H closed under inverses and not 
containing the identity. The Cayley graph [//, Z] for this group and the generat
ing set has as vertices the elements of //, with u and v adjacent when u~ v belongs 
to Z. Figure 1 shows the Cayley graph for the group all elements of which are 
of order two and for Z = {x, a, xa, b, xb}. For any w, veH the permutation 
g -> vu~]g induces an automorphism of [//, Z] which sends u on v. Moreover, 
this permutation is uniquely determined by the pair (w, v). It means that H is a 
sharply transitive group of automorphisms of [//, Z] , hence [//, Z] is a graph 
with a constant link. 

Conversely, let H be a sharply transitive group of automorphisms of a 
connected graph G. Then there is a generating set Z such that [//, Z] is 
isomorphic to G. Indeed, for each vertex v of G one can identify vertices of the 
link(i), G) with automorphisms which send v on the link(f, G). It means that 
we can take Z = {heH:h(L>)Elink(v, G)}. The fact that automorphisms 
preserve adjacency is used to compute relations between the elements of Z, thus 
the group H is completely determined. 

In our paper we shall use this method to construct graphs with a constant link 
isomorphic to the so-called treelike graphs, see [4, p. 68—73]. 

Definition 1. The graph G is said to be treelike if 
(A) G does not contain any cycle of the length greater than three as an inuu^u 

subgraph. 
(B) Maximal cliques of G are of the same size n, n ^ 3 and they are edge 

disjoint (see Fig.2). 

Fig. 2. Examples of treelike graphs. 
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In what follows we consider only treelike graphs with maximal cliques isomor
phic to the complete graph on 2n + 1 vertices, n ^ 1. 

A treelike graph G is starlike if all its maximal cliques have exactly one 
common vertex. If m ^ 2 is the number of maximal cliques of a starlike graph, 
then we denote it S] m. 

Theorem 1. Let m ^ 2, be an integer. The starlike graph Slm is a link graph. 
Proof. The central vertex has to be of even order [1, Theorem 3]. There 

are 2n vertices to be determined in any branch. In order that no superfluous 
adjacencies arise, both v and v~l have to belong to the same branch. Therefore 
it is natural to take for H the group generated by the set 

ZJ = {x, a], a], ..., aj, x#j, xaj , ..., x#j , ..., am, am, ..., aw, xam, xa/n? •••? xam / 

with the relations 

x2= 1, a\ n + 1 __ i= 1, 2, ..., m 

(xaf)
2 = 1, ataj = a^ i,je{l, 2, ..., m). 

Figure 3 shows the starlike graph Sh3 with branches isomorphic to the complete 
graph on 5 vertices. 

'3 ~ - J3 

Fig. 3. The link graph S, 3. 

Since any word in H can be written in the form x'a,e,a22 ••• am te{0, 1}, ̂ €{0, 
1, ..., n) the group H is finite. Hence the proof. 
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The generating set Z we have just defined contains n + 1 elements of order 
two for any branch of S, „,. We will use this fact to construct link graphs 
isomorphic to treelike graphs satisfying some conditions on the degrees of 
vertices. 

Corollary 1. Let T be a treelike graph. We denote p the number of vertices 
which belong to the same maximal clique in T and which have a degree greater than 
or equal to 4n. If p ^ n + 1, then T is a link graph. 

P r o o f Let H be the group with a generating set Z we defined in Theo
rem 1, and u an element of order two contained in Z, say xa,. The complete 
graph on In + 1 vertices can be attached to this element in the following way: 
We add to Z the elements 

b,, b,2, ..., b", xa,b,, xtf,b,2, ..., xa,b," 

and denote this sequence Z,. Define 

br+1 = l ,(xb , ) 2 = 1, tf,b, = V , / = 1, 2, . . . ,m. 

Figure 4 shows the attachment of K5 to the vertex xax in SU2-

хc b., 

Fig. 4. The attachment of K5 to the vertex xax in 5, 2. 

Since any word in the group H' generated by the set Z' = Z u Z , is of form 

x'a,*'a22 ••• am\ 'e{0> 1}> £/G{0, 1? • ••» n) the group H' is finite. Moreover no 
vertex veZ' — Z,, except the case v = xa,, is adjacent to any vertex contained 
in Z,. Using the operation of attachment of the complete graph to the vertex of 
order two we can increase the length of any branch in SUm and the degree of any 
vertex of order two as much as we want. This completes the proof. 

Finally we will construct link graphs isomorphic to treelike graphs without 
any condition on the degrees. 
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Theorem 2. Let G be a treelike graph with maximal cliques isomorphic to the 
complete graph on 2" — 1 vertices, n ^ 2. Then G is a link graph. 

Proof. First we will find the group H with the generating set Z and the 
following properties: 

(1) The graph [//, Z] has a constant link isomorphic to SX2. 
(2) All elements in H are of order two. 

Owing to property (2) we can use the operation of attachment of the complete 
graph to any vertex in Sx 2 and obtain a new group which satisfies the property 
(2) again. 
Let Hx be the group with a generating set 

Zx = {x, ab xau bb xbx) with a single relation 

z2 = 1, zeZ, 

It is evident that [//-, Zj] is a graph with a constant link isomorphic to SK 2 (see 
Fig. 1). We denote by 

Ax = {x, ab xax} and Bx = {x, bu xbx) and define 

Z2 = Zxu a2Ax u b2Z?| u {a2, b2}, z2 = 1 zeZ2. . 

Then the Cayley graph [//2, Z2] has a constant link isomorphic to Su2

 w i t h 
branches equal to the complete graph on 7 vertices (see Fig. 5). 

b 2 b 1 

хb^b 2D1 

32 ^a1 xb. ib--

F'g- 5. A link graph of the Cayley graph [H2, ZJ. 

Analogously we define group H„ / > 1 with the generating set 

Z, = Zi_i<Ja,A,_, VJft,Bi-1 u{«*. -1/}. where 

^•-, = {jfV«2

ei...fl;L-1»:eye{0, 1}, j = 0, 1,.../-1} 

l^A ,- , 
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Substituting b for a we obtain the definition of B,,__ ,. The elements of Z, satisfy 
the condition z2 = 1, zeZ,-. 
In such a way we have [//,, Z;] with the property: 

link(l, [Hi9 Z,]) ^ 5,2 , 5, 2 is a starlike graph 

with branches equal to the complete graph on 2 /+ * — 1 verticses. 
In what follows we will use the operation of attachment. Let u be an arbitrary 

element in Z,. We add to Z, all words 

^°yry22..«y;', *,e{0, 1}, j = 0, 1, ..., i 

except the case e, = 0 for all j . %. 
Figure 6 shows the attachment of the complete graph on 7 vertices to Sl2-

x a ^ xa2 

Fig. 6. An attachment of K7 to the vertex a2 in S, 2. 

Since all elements of the group we have just defined are of order two the 
operation of attachment of the complete graph to any element in Z ; can be used 
again. This completes the proof. 
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ЗАМЕТКА О ГРАФАХ С ОКРУЖЕНИЕМ 
ИЗОМОРФНЫМ ДАННОМУ ГРАФУ 

^апа Т о т а п о у а 

Р е з ю м е 

Пусть V — вершина графа (/, ее окружение в С — это подграф, порожденный всеми 
смежными с ней вершинами. В статье приводится конструкция графов С, обладающих тем 
свойством, что окружение каждой вершины графа С изоморфно данному графу Ь; Ь принад
лежит классу древовидных графов. 
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