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ABSTRACT. We propose lower and upper bounds for the spectral radius of
nonnegative matrices, and necessary and sufficient conditions to achieve these
bounds for irreducible nonnegative matrices.

1. Introduction

Let A be an n x n nonnegative matrix. Denote by p(A) the spectral radius
of A. Due to Perron-Frobenius theorem, the spectral radius of a nonnegative
matrix is the largest eigenvalue of this matrix. The algebraic and combinatorial

properties of nonnegative matrices have been the focus of a good deal of work
(see [4], for example).

THEOREM 1 (FROBENIUS). ([1]) Let A be an n x n nonnegative matriz and

t = (z,,Zy,...,x,)" be a positive vector. Then
Azx). Azx).
min (Az), < p(A) € max ( m)’. (1)
1<i<n T 1<i<n

Moreover, if A is irreducible, then any equality holds in (1) if and only if x is
an eigenvector corresponding to p(A).

We call an n x n nonnegative matrix A = (a;;), all of whose row sums d, ,
d,,...,d, arepositive, almost regular, if there is a positive number r such that, if
a;; >0,d;d; = 2. Note that [2] and [3] deal with only symmetric matrices, while
we consider general nonnegative matrices which are not necessarily symmetric.

We will prove the following theorem.
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THEOREM 2. Let A = (a;;) be an n X n nonnegative matriz with positive row
sums dy,d,,...,d, . Then

mi L < <
R et ey Y ACY
1]
]§1 4
>
a;../d
= ¥ J

T 1<in \/d_l -

Moreover, if A is irreducible, then p(A) is equal to any of the four items in (2)
if and only if A is almost regular.

Let D = (V,E) be a digraph with vertex set V' = {1,2,...,n} and arc set
E . Loops are permitted but no multiple arcs. For each v € V', the outdegree of
uis d, = |{v : (u,v) € E}! The adjacency matrix of D is the n x n matrix
A(D) = (a;;), where a;; = 1 if (i,j) € E and 0 otherwise. It is well known that
D is strongly connected if and only if A(D) is irreducible. The spectral radius
of D, denoted by p(D), is defined to be the spectral radius of A(D).

An immediate corollary of Theorem 2 is given as follows.

COROLLARY 1. Let D be a digraph of order n with positive outdegree sequence
dy,dy,...,d,. Then

> /4
d jitigee V7!

min ———— < min —————— < p(D)
1<i<n Z di,- 1<i<n A /di
J:(i,j)EE

ax LUEE T
— 1<i<n , — 1<in
== Vd; ==V Gaer

Moreover, if D is strongly connected, then p(D) is equal to any of the four items
in (3) if and only if there is a positive number T such that whenever (i,j) € E,
dd, =r2.

j
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2. Proof of Theorem 2

Setting = = (1/d;, \/d_z,...,\/d_n)t in (1), we obtain

n

n
2 @;54/d; 2 a;54/d;
j= ]:1

min ———— < p(A4) < max

1<i<n \/d_t 1<i<n \/(T1

Observe that, for positive z, -},— is a strictly convex function. Hence, if

a,,0Q,,...,q, are positive numbers summing to 1, and z,,2,,...,2, are pos-
itive numbers,

(4)

ie.,
t 2 1
(Zakzk) Z ra—— (5)

with equality if and only if all z, are equal. For a;; >0, let o = %"_-'L, z, =

\/d:d;; from (5) we have

n 2
Z: a4 /didj P2
e N (6)
" > e
Jj=1

Similarly, note that 22 is a strictly convex function. Then, if a;, a,,...,q,
are positive numbers summing to 1, and z,,z,,...,2, are positive numbers,

t 2 t
(Z akzk) < Z o 2z, (7
k=1 k=1
with equality if and only if all z, are equal. For a;; > 0, let o = 44, 2z, =

1/didj; from (7) we have
]§1 a;;1/d;d;

7 < Zlaijdj. (8)
]:

2

i
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Combining (4), (6) and (8), we have (2).

In the following, we suppose A is irreducible. To prove the second part of
Theorem 2, note that by the stipulation of the equality cases in (5) and (7), we
need prove that any equality in (4) holds if and only if A is almost regular.

If A is almost regular, then for some r > 0, d;d; = r2 for every (i,j) such
that a,; > 0. Then forany i =1,2,...,n we have

Z”ﬁ Z”\f e 5 0, = b=V,

j=1,ai;>0 j=1,a;;>0

AT T = (VE AT V)

It follows that (\/d, \/d,,...,/d, )t is a positive eigenvector of A correspond-
ing the eigenvalue r. Note that for any positive eigenvector of a nonnegative ma-
trix, the corresponding eigenvalue is the spectral radius of that matrix. Hence
p(A) = r and the equality in (4) holds.

Conversely, suppose some equality in (4) holds. Then

A (VT T = 08) (V)|

ie.,
p(A)\/Ei- = Z aij\/c_ij‘. for all 1. (9)
Jj=1

We are going to show A is almost regular. If all d; are equal, we are done.
Otherwise, let § = 1r<m£1 d, and A = max d,. Choosc k and ! such that
<i<n

1<i<n
d, =90 and d, = A.
CLAamM 1. If a,,, >0, then d, = A.
Proof. Otherwise suppose d,, < A; from (9) we have

n d n A
p(A) = Z“m/d—J < Zakﬂ/? =ViA.
i=1 k=1
However, from (9) we also have
n d‘ n 6
— j -
A) = "a; El—ZZam/Z_\/éA,
j=1 j=1

which is a contradiction. Thus Claim 1 holds. ]

By similar argument as in Claim 1, we have
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CLAM 2. If a;,, >0, thend, =4.

Note that A is irreducible. For any (i,7) with a;; > 0, there exist 2,,1,,...
.++y8;_y,1, such that a; ;. ety 4,05 >0 with 4, = k and i, = i for some
1<t<n,where i #i._, for 1 <r <t-1. Then Claims 1 and 2 imply
that whenever a,; > 0, then d; =6 and d; = A or vice versa. Hence whenever

a;; >0,d;d; = dA, and A is almost regular.
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