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A CHAOTIC FUNCTION WITH ZERO TOPOLOGICAL
ENTROPY HAVING A NON-PERFECT ATTRACTOR

BERND KIRCHHEIM

ABSRACT. In the paper there is constructed a continuous mapping f from a compact
real interval to itself satisfying the following: The mapping f has zero topological
entropy and there is an infinite attractor containing isolated points which are not
approximable by periodic points.

In the papers [4], [8] the existence of a continuous mapping f from the unit
interval into itself with the following properties is remarked:

a) The function f'is of type 2, that means f'has no cycle of order not a power

of 2 and has a cycle of any of the orders 1, 2, 2°, ...

b) There is a point x such that w,(x) is infinite and has isolated points. (Here
w,(x) denotes the set of all limit points of the trajectory {f"(x), n > 0}
generated by x.

Both examples in [4], [8] are not correct. In [3] a function having the described
properties a, b) and satisfying moreover the condition that all isolated points of
the infinite w,(x) belong to Per (f)\Per (f) is constructed. (The existence of such
an attractor is not explicitly remarked in [3] but follows from [6] where the
following is shown: If we Per (f)\Per (f), then there is some x such that ue w,(x)
and w,(x) is infinite.)

However, both examples in [4], [8] should be such that the isolated points of
the infinite attractor do not belong to Per (f). In the present paper a construc-
tion of such a function is given.

Any function of this type is chaotic in the sense of Li and York and has
zero topological entropy. Indeed, from [7] it follows that f'is chaotic if there is
an infinite w,(x) and there are two distinct points u, v€w,(x), which are non-
separable by f-periodic intervals. Let fbe a function of type 2* having an infinite
w,(x) and let u be an isolated point of w,(x). By [5] there is some point
ve Derw,(x) (where Der M is the set of all accumulation points of M) such that
no point of w,(x)lies between v and v. Then « and v have a common trajectory,
see [5], and therefore are non-separable by f-periodic intervals.
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1. Construction

To avoid the notation of fractional numbers we will work on the interval
I = [0, 69]. Our construction would also work with slightly different proportions
between the used subintervals, however, these proportions cannot be chosen
arbitrarily.
Let f be a continuous mapping from [ into itself satisfying the conditions:
1(a) f0) =36
1(b) f(x) <57if x <12 and f(x) > 12if x < 57
1(c) f(x) =69 — x for xe[57, 69].
The new function f'is defined by the following conditions:
2(a) f(0) =36, f(3) =39, f(12) =42, f(27) = 57, f(30) = 66, f(33) = 69,
f(36) = 31 and f(38) = 20.
2(b) fis linear on each [p, p;, ], i=1, ..., 7, where p, < ... < p, are the
points occurring as arguments of £ in the eight statements of 2(a).
2(c) f(x) = (sofot™")(x) for py < x < py = 61, here s or ¢ denote the affine
transformation mapping I onto [8, 31] or [ps, ps], respectively.
2(d) f(x) = 69 — x for 61 < x < 69, see the figure.
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It is not difficult to show that fmaps again / into itself and satisfies 1(a), (b), (c),
clearly f'is also continuous.

2. Relations between f and f

Denote J = [38, 57], then clearly f([27, 31]) = [57, 67], f((57, 67) = [2, 12]
and f([2,27]) = J. If we set a = 2, b = 31 and M = [a, b] U[57, 67], we obtain
from the foregoing that for any x & M there is some n < 3 such that f"(x)eJ.
Furthermore 7([b, pg)) = [67, 69], F((67. 69]) = [0, 2], ([0, 2]) = [p+ pyl, and
F([p+ ps]) © M. Consequently, if x¢ [ps, p], then there is some n < 7 such that
F'(x)ed.

If xeJ, then one of the following cases occurs:

3(a) f(t7'(x)) < 57 and then f(x)€[ps, py) and (1o fo17")(x) = f(x) € J.

3(b) f(¢7'(x)) > 57 and then f(x), /*(x), /*(x) ¢ J

and (tof%ot7")(x) = f(x)eJ.

This can be easily computed using s(x) = g + 8, t(x) = gx +38.

Lemma. If x, f"(x) < 57, then t(x), t(f"(x))eJ and 2 (r(x) = t(fM(x)).
Conversely, if x, f*(x)eJ, then there exist t~'(x), t~'(f"(x)) <57 and
fOA(7(x)) = 7 (f*(x)). In particular, [ has a cycle of order n > 1 if and only
if f has a cycle of order n/2.

Proof: The first two statements immediately follow from 3(a), (b) by in-
duction. To prove the third statement it suffices to show that each f— cycle of
order greater than one has a point in J and that each f-cycle contains a point
smaller than or equal to 57. The second assertion is by 1(c) trivial and our
foregoing considerations show that if there were an f — cycle of order n > 1
having no point in J, then this whole cycle would be contained in [ p,. p;]. But
this contradicts the fact that fis on [p,, p;] a linear map with derivation smaller
than — 1.5

3. Existence and properties of the required function

We define the mapping f; by

36 for xe[ 0, 33]
ao=fo ™ ‘
69 — x for xe[33, 69]

Then f, satisfies the conditions 1, moreover fj = f§ and therefore f, has cycles
exactly of order one and two. Next we define by f,,, = f, (in the sense of
Construction 1) a sequence of continuous functions satisfying the conditions 1.
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It follows by induction that for n > 1, m > n'and any x¢ 1"~ '([ ps, 57]) we have
f.(x) = fi(x). Hence. we conclude |1, — f. 1, < A(s"~'([0, 69])) = 69/3" ',
where 4 denotes the Lebesgue measure. Now we put /= lim f,. Since the f,

converge uniformly to f, fis a continuous map from / into itself and (by [1]) of
type 2”. Indeed, for each n > 1 1"( p,) belongs to an f— cycle of order 2", here
prdenotes the (common) unique fixed point of the /s, n > 1, which is contained
in [ p¢. p;]. On the other hand any map f, has no cycle of order greater than 2".

Clearly f satisfies also the conditions 1. Because /= f. from the foregomg
Lemma the following important properties of the map f follow:

4(a) If x, f"(x) < 57. then 1(x), 1(f™(x)) < 57 and [ (1(x)) = 1(f"(x)).

4(b) If x. f"(x)eJ. then t~'(f"(x)) = /" (1" (x))

5. Ifx.vel then vy = f(x) iff s(y) = f(¢(x)).

Theorem 1. There is a continuous mapping f from the interval I into itself of type
27 and a point x € I such that the attractor w,(x) is an infinite set having isolated
points. These isolated points do not belong to Per (f), where Per (f) denotes the
set of all periodic points of the function f.

Proof. We choose f to be the function constructed above and x to be the
point b = 31. Further denote ¢ = p., d = ps, a, = t"(a) and similarly for b,, ¢,,
d,. Because f(x) = f2(x) = d + (x — d,) for xe[d,. t( ps)], we obtain by induction
from 4(a) the following:

6. " '(\)=d,_,+(x—=d)forn>1andd, < x < ("(p,). Similarly from
fx)y=fi(x)=¢,+(x—c)forp, <x<c.

7. () =c¢,_,+ (x~=¢,) for n>0 and 1"(p,) < x < ¢, follows. Because
f(b) = f(a) = ft(p)) = 1(f(p)) = t(b) = b,. from the property 4(a) we get
bys induction lhat

8. bn‘,—f ) for n > 0.

Denote S = Ul ([ps. psd. S= Ul [P+ PP puld, BYU{p}) U[57, 69]

h=0

and T = [p,. cJu {p-;uld,. t(pe)] We obtain
9. _U *u™(T)) < Sforn>1.

k=1

Indeed. in case n = 1 the statement 9. is evident and now assume that it holds
for some n > 1. For each point xe7"~ (T) there is some yet"(T) satisfying
N=1(v). Ifl < k < 2"~ . theneither k = 2m for some integer m and in this case
SR =) = (™ l))GI(S)C S by assumption, or Kk =2.m + | and
then f*(x) —‘/(_/ "(x)ef(1(S)ut" (T)) < [py. p,): remark that n + 1 > 2.
Furthermore. from f(p-) = b and f(p,) = p, it follows by 4(a) that

10. f7'("(p) = t"(p-). f7(1"(p2) = 1°(b) = b, if n > 0.

Finally. the statements 6.. 7.. 9.. and 10. imply
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11. fXb) = S, hence f“(b)ﬁo t'((c, p3) U (ps, d)) for k > 0.

Note that f*'"'(b,) = a, and f¥(a) = t"*'(p)).
Iterating the properties 6., 8. and using the fact that lim (b, — d,) = 0 we get

immediately {d,, n > 0} = w/(b). Hence w,(b) contains also the points f(d) = 66,
f3(d) = ¢, and by statement 7. also all ¢,, n > 1. Now take some n > 1, let
fYb)e[t"(p)), ¢,] and let i be the largest integer not greater than k with
fi(b) = b,,, m > 0. Then the statements 7., 9., and the equality /*(x) =c — (x — d)
if d<x<b imply ¢, —f*®b)=b,—d,=(b—d)/3". For I=min{j>k,
LB e[t"(p)), c,]} we get similarly ¢, — f/(b) = (¢, — f*(b))/3. By statement 11. c,
is therefore an isolated point of w/(b). Now denote Orb = {d,};/_, U {66} U
v {c,}x. o, remark that according to 6. and 7. all these points belong to one orbit
of f. Since in the foregoing consideration n was chosen arbitrarily and since
S (w (b)) = wy(b), it follows that each point of Orb is an isolated point of w,(b).
_ To finish the proof we show at first that Per (f) < [ps, p] U {ps}u[42, 57].
Assume that & is the smallest positive integer such that there is an f~cycle x|, ...,
Xy with x, € (ps, pg).- From the proof of the Lemma we already know that
there exists the largest i not greater than 2* such that x,eJ = [38, 57]. Now
the statements 3a), b) imply that f(¢~'(x;)) > 57, f*(x;) = x, and that ¢7'(x),
f(17'(x;)), and t7'(x;) belong to an f-cycle of order 2*~' which is not contained
in [p;, p,JuJ again. But this contradicts the choice of k& and implies that
Per (f) < [p;, pa) U {pr} U J. The properties 4. yield now [42, 57] o 1(Per (f)) =
= Per (/) nJ. This means Per (/) = Per(f) < [p:. p]u{ps w42, 57]. Fur-
thermore we obtain ¢(Per(f)) = Per(f)n[42, 57] and since in general
f(Per(f)) = Per(f), from ¢, ¢Per(f) we directly get the required statement
Orb N Per(f) = 0.

Theorem 2. For the attractor w,(b) considered in the proof of Theorem 1 more
precisely, the following holds. Let w/,(b) = Pu D be the Cantor—Bendixson
decomposition of w,(b), then the perfect kernel P is an affine image of the familiar
“middle third Cantor set” satisfying min P = 12 and max P = 57. Moreover D is
the set of all isolated points of w(b) and forms a *‘two-directional™ trajectory of f,
that means f(D) = D and for any x, y € D there is some m > 0 such that f™(x) = v
or f™(y) = x.

Proof. First we show that r(w,(b) n [0, 57]) = w,/(b) n [38, 57] and
s(w(b) N [12, 57]) = w,(b) " [12, 27]. Hence, let xew (b) N[0, 57]. If x = 57.
then r(x) = x and in case of x < 57 the conclusion t(x)ew,(b) follows im-
mediately from 4a) and the fact that t(b) = b, =f'(b). Conversely, if
yew,(b) n[38, 57], then 4a), and 11. give 1 '(x)ew,(b). Next, if ye[l12, 57]n
now,(b), then clearly some xew,(b) nf~'(») exists, hence x < 57. From 5. we
now obtain s( ) = f(1(x))e w,(b), as shown before. Finally, assume y € w,(b) N
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N[12. 27). Then f(y) = » + 30ew,(b) N [38, 57] and consequently f(y) = t(x)
for some xew,(b) N[0, 57]. This implies s(x) = t(x) — 30 = y and proves the
last inclusion.

The proof of Theorem 1 moreover shows that w(b)N[0, 12) = {c},
w,(b) N (27, 33] = {d}. w,(b) N [38, 42) = {c,}, and w(b) N (57, 69] = {66}. Now
according to 11. P < [12, 27]u[42, 57] and P = s(P)u t(P). Under these
assumptions the theory of selfsimilar sets, see [2], yields that P must be an affine
image of the standard Cantor set with position as described in the assertion.
Note that s. ¢ satisfy the ““open set condition™. Recall that P was chosen to be
the set of all condensation points of w,(b), but it is easy to see that also for the
set P of all nonisolated points of w,(b) P = s(P) U t(P) holds, hence we get
P = P. We finish the proof by showing that D = D with D = {f(d, , ,); k > 0,
0<i<2u{dlu{66}u{f(c):k=>0,0<i<?2". Using the properties 4., 5.
one can conclude that (D N [12.57]) € Dand s(D n[12, 57])) = D. Clearly each
inner component interval of / P is an image of (27, 42) under some finite
composition of the mappings s and r. Since (27, 42) contains two points of D,
each inner component interval I does too and therefore, by Theorem 1 in [5]
In D =InD. The required identity D = D now follows from the simple re-
mark that D [12. 57] = D [12. 57] = {3. 66}.
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