Mathematica Slovaca

Hasi Wulan
Mixed norm space of pluriharmonic functions

Mathematica Slovaca, Vol. 48 (1998), No. 1, 27--33

Persistent URL: http://dml.cz/dmlcz/129399

Terms of use:

© Mathematical Institute of the Slovak Academy of Sciences, 1998

Institute of Mathematics of the Academy of Sciences of the Czech Republic provides access to
digitized documents strictly for personal use. Each copy of any part of this document must contain
these Terms of use.

This paper has been digitized, optimized for electronic delivery and stamped
O with digital signature within the project DML-CZ: The Czech Digital Mathematics
Library http://project.dml.cz


http://dml.cz/dmlcz/129399
http://project.dml.cz

Mathematica
Slovaca

©1998
Math. Slovaca, 48 (1998), No. 1, 27-33 St o S

MIXED NORM SPACE
OF PLURIHARMONIC FUNCTIONS

HAsi WULAN

(Communicated by Michal Zajac)

ABSTRACT. Let Q be a bounded symmetric domain in C*. For 0 < p,q < oo
and a normal function ¢, we show that the mixed norm space aP'?%(f2) of
pluriharmonic functions on 2 is a self-conjugate class.

Let Q be a bounded symmetric domain in the complex vector space C"
(n>1), 0 € 2, with Bergman-Silov boundary b, I' the group of holomorphic
automorphisms of €2, and T, its isotropy group. It is known that  is circular
and star-shaped with respect to 0, and that b is circular. The group I, is
transitive on b, and b has a unique normalized I'j-invariant measure o with
o(b) =1.

By H(2) denote the class of all holomorphic functions on Q. Every f € H(Q)
has a series expansion ([1])

)= Y anbu@, o =lim [[60F,@ do©), O
k,v b

oo u
which converges uniformly on every compact of 2, where Y = ) i . The set
kv k=0v=1

of functions {qbkv(z)}, k=0,1,...,v=12,..., uy, = CT’:-FIC—I is a complete
orthogonal system of homogeneous polynomials on 2 which are orthonormal
on b ([2]).

Let f € H(Q2) with the expansion (1) and 8 > 0, the Sth fractional derivative
of f is defined by

f[ﬁ](z) = F_(k_i_@_'*“_l)_a oPro(2) s
%; I'(k+1) kv ™k
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where I'(-) denotes the gamma function, and we know that f[Al is holomorphic
on Q ([3]).

A positive continuous function ¢ on [0,1] is called normal if there exist a
and b (0 < a < b) such that

_e(r)
(1 —r)e =0,

CA=re )a is non-increasing and 11m
p(r) _e(r) _
(1-r) ~1(1—r)?

A continuous real function u on Q is called pluriharmonic if for every holo-
morphic mapping v of the unit disk D into §2, u o« is harmonic on D. Since
Q) is simply connected ([9; p. 311]), every pluriharmonic function on Q is the
real part of a holomorphic function ([10; p. 44]). Let u be pluriharmonic on Q,
then u = Re f, where f = u + iv is holomorphic on €2, and v is called the
pluritharmonic conjugate of u.

For a normal function ¢ and 0 < p,q < oo, we introduce the mixed norm
space aP?¥?(2) as the set of pluriharmonic functions u on € with finite norm

1/p

., = / (1—r) P (r)MP(r,u) dr p @)

is non-decreasing and 11

where M, (r,u) = {{lu(r{)w da(f)}

For the unit ball B of C* and the special case ¢(r) = (1 —r)*, Stoll
[4] and Shi [8] proved that a??¥(B) = aP?*(B) is a self-conjugate class for
0 < p,g < o0 and a > 0, that is, if v € a??*(B), then the pluriharmonic
conjugate v € a??*(B). For a bounded symmetric domain €, Shi [5] and
Xiao [6] proved that a?9*(Q) is a self-conjugate class for 0 < p,q < oo and
a > 0. In this article, we generalize all of these results to a general normal
function ¢ on bounded symmetric domains in C". Here some new techniques
have been used.

THEOREM. Let f(z) = u+iv be holomorphic in Q with f(0) real, and 0 <

pP<p<oo,0<q¢g <qg< oo, ﬁ—n(———) Then for normal functions ¢
and %(r) = (1 —r)Py(r), we have
”f“p,qﬂ/; S C”u"p',q’,Lp . (3)

Here and later, C always denotes a positive constant, not necessarily the
same one at each occurrence which is independent of f.

COROLLARY. Let f(z) = u+iv be holomorphic in Q with f(0) real, and
0 < p,q < 0o. Then for each normal function ¢ we have

151154, < Cllullp,g,p -
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From the corollary above, we easily obtain that the space a??%() is a self-
conjugate class for 0 < p,q < co and any normal function ¢.
To prove the main theorem, we need the following lemmas.

LEMMA 1. ([7]) Let 1 <k <oo, A>0, p >0, h: (0,1) — [0, 00] measurable.

Then
1

T k 1
(1—r)krt ( (r —t)*1h(2) dt) dr < C [ (1 —r)krtRA=1pk () dr .
[o-r(] /

0

LEMMA 2. ([5]) Let 0 < p,g< o0, 0<r<1. Then

P MP(r, f) < C / (r— P MP (e [ dt,  p<a; (a)
0

rIM3(r, f) < C / (r— )7 MI(t, /) dt,  0<g<1; (5)
0

rM,(r, f) < C/Mq(t,f“]) dt, 1<g¢<oo. (6)
0

LEMMA 3. Let f = u+iv be holomorphic in Q with f(0) real, and 0 < 9 < co.
Then for 1/3 <r <1, we have

M, (r, fM) <CA=r)" M (HE,u). (7)

Proof. In [5], J. H. Shi proved that (7) is valid for 1 < ¢ < 0. For
0<g¢<1and 1/3<r<1, by [7], we obtain
(r+1)/2

My g - so) sca-nt [ oMituga, @)
(3r-1)/2
where f.(w) = f(w), £ €b, w € D. Applying the formula in [5]

5= [ do®) rg(fe“’) dd = [ g(¢) do(€), geL'(d),
i [0 [sen o= |

and (8) we have
M(r, SN = f(0)) < C(1—r)TIMZ (K2, u).
From |£(0)| = [u(0)|? < CMI(1$5,u), we get
M(r, fU) <C(1 =) M ().
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LEMMA 4. Let f € H(Q) and ¢ be normal, 0 < p,q < co. Then

/ (1= )P () M2(r, f) dr < C / (1= )PP (r)MP (r, 1) dr.  (9)
0 0

Proof. Replacing r by rP*! in the left-hand integral of (9), we have

1
||f||§,w = /(1 - 7.P+1)Pb—l(pp(rp+1) 1- ,.p+1)—pr: (,,.p+l’f)(p +1)7P dr
0

1
<c [a-ry ey, ) ar.

(10)
Case 1. p<gq.By Lemma 1 and (4), we have
1
Ja=n "ty ar
01 i
<cC (1 - 'r)'"l(pp('r) dr (7- - t)p_lMp(t, f[l]) dt
0/ 0/ q (11)

1 r
<c / (1—r)*1 dr / (r — )P gP(8)(1 — £) P M2 (2, fU) at
0 0
1
SC’/(I —r)”"lga”(r)M;’(r, f[ll) dr.
0
Case 2. p>gq and ¢ > 1. By Lemma 1 and (6), we have

1
/(1 —r)“lcpp(r)r”M;(r, f)dr
0

SC/(I —r)'lcp”(r)(/Mq(t,fm) dt) dr
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r

gc/(l —r)“p'1</ga(t)(1 —t)“’Mq(t,f“]) dt) dr

0

<c Q@ —r)p_ltpp(r)M;’(r, fll]) dr. (12)

o .

Case 3. p>gqand 0<q<1.By (5) of Lemma 2 and Lemma 1, we have

1
/(1 - r)'lcpp(r)rng(r, f)dr

1 T r/q
<C / (1- r)‘lso"(r)( / (r— &) M7 (¢ /M) dt) dr
0 0

(13)
1 T r/q
<C / (1—r)-t ( / (r — )77 1() (1 — t) "M (¢, F11) dt) dr
0 0
1
<C / (1 = )P~ P (r)ME (r, fI1) dr.
0
Combining (10), (11), (12) and (13), Lemma 4 is proved. ]
Proof of Theorem. By Lemma 4, we can obtain
1
17 gy = [ =) 02 ()M2(0, ) o
0
1
< [a=nrtye)mp(r, ) ar (1)
0
1/9 1
e /+/ = C(I, +1,).
0 1/9
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Therefore,
1/9
L= [@=np g =) eap (1) ar
0

< CyP(1/9)(1 —1/9)~¥P M2 (1/9, fM) (15)

1
<0 [yt - VM (r, 1) dr
1/9
=CI,.
By [11; Lemma 2], we easily obtain
2 —n(1/q'-1 /
M, (% f) < C(L—r) "IN (r, /), 0<gq <g<oo,

it follows that

1
I,= / (1 = r)P~ 192 (r) M2 (r, 1) dr

1/9

1
=2 f(l - Tz)p_1¢p(T2)M5(T2,f[1])T dr

1/3

1
<C /(1 — r)P1PPyP (r) M, (r, ) dr.
1/3
By Lemma 3 and %(r) = (1 — r)Pyp(r), we immediately obtain
1
IL,<C /(1 - r)_ltpp(r)M;’, (42,u) dr

1/3
1

<C [a-nmier(5e) (- 457 (4 ) ar
173 (16)
1
< C’/(l — ) P (r)MP, (r,u) dr
0
< € sup (p(r) My (r, )" lul g
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On the other hand,

1
Il o = [ =) )M (1)
0
1

> -1 @) - o7 vz (6 w) a

r

> C(ip(r) M, (r,u))” .

Therefore,
su M ,(r,u) < |ul, .- 17
Osglv() o (m) <llully g, a7
From (14), (15), (16) and (17), we obtain that (3) holds. This completes the
proof of Theorem. a
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