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ON THE EXISTENCE OF CONJUGATE POINTS
FOR LINEAR DIFFERENTIAL SYSTEMS

ONDREJ DOSLY
1. Introduction

The principal aim of the paper is to study sufficient conditions for the
existence of conjugate points of solutions of linear differential systems

y' = Bx)z, z'=-Cx)y, (1.1)

where B, C are symmetric n x n matrices (i.e. B" = B, CT = C) of real-valued
continuous functions and B is nonnegative definite.

A similar problem has been recently studied for various differential equa-
tions. For example, the differential equation

y'+px)y=0, (1.2)

p(x) being a real-valued continuous function, is conjugate on R = (— o0, o)
(i.e. there exists a nontrivial solution of (1.2) vanishing in two distinct points
of R) if

t— — 00
-0

lim inff p(x)dx >0, (1.3)
t

see Tipler [19]. The self-adjoint differential equation of the fourth order

(rx)y") —p(x)y =0, (1.4)

where r(x), p(x) are real-valued functions, r(x)e C2(R), r(x) > 0, p(x)e C°(R),
is conjugate on R (i. e. there exist x,, X, € R and a nontrivial solution y(x) of (1.4)
for which y(x,) = y'(x,) = 0 = y(x;) = y'(x,)) if either

=3} 0 z
® f x2r'(x) dx = o, I x2r~'(x) dx = oo and liminff p(x)dx >0
0 —® t— —o0

t
zZ—

or
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0 0
(ii) j r-'(x) dx = o0, j r~'(x) dx = oo and there exists x,€ R such that
0 —

ummffpuxx—xydx>msw[wy
t— —o ¢

bladied]

In this paper we shall show that similar conditions are also sufficient for the
existence of conjugate points relative to (1.1). In addition, we shall also discuss
a certain duality between integral criteria for oscillation at infinity and integral
criteria for the existence of conjugate points relative to (1.1) and the differential
system y” + P(x)y = 0, where P(x) is a symmetric matrix of real-valued con-
tinuous functions.

The principal method we use is the variation principle of Conrant applied to
the quadratic functional corresponding to (1.1).

Matrix notation is used. E and 0 denote the identity and the zero matrix of
any dimension. If we need to emphasize that Eand 0 are k£ x k matrices, we shall
denote them E, and 0,. If 4 is a symmetric matrix, /,(4) < ,(4) < ... < [,(A4)
denote the eigenvalues of A4 ordered by size.

2. Preliminary results

First recall some properties of solutions of differential equation (1.2). Let this
equation be disconjugate on an interval I = (a, b), i. e. there exist no two distinct
points of I which are conjugate relative to (1.2). Then there exists a unique (up
to a multiple by a nonzero real constant) solution y,(x) of (1.2) such that
xliT Y (x)/y(x) = 0 for every solution y(x) of (1.2) which is linearly independent

of y,(x). The solution y,(x) is said to be the principal solution at b. The principal
solution of (1.2) at a is defined analogously, see, e.g. [7, p. 350]. The equation
(1.2) whose principal solutions at a and b are linearly dependent, i.e.
Vo(x) = k.y,(x), k # 0, is said to be special on I, see [5, p. 22].

The result of Tipler [17] can be seen in the following way. The equation

Y =0 @.1)

is disconjugate and special on R (y_,(x) = 1 = y_(x)) and consider equation
(1.2) as a perturbation of (2.1). Then every perturbation of (2.1) by a function
p(x) which is positive on the average on R (i. e. (1.3) holds) makes the perturbed
equation possess a nontrivial solution having at least two distinct zeros. Using
the tranformation theory of self-adjoint linear differential equations of the
second order, see, e.g., [1], one can reformulate the Tipler result in the following
way:
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Consider two equations

rx)yY +p(x)y=0, i=12, @22

r(x) > 0 on I = (a, b). Let equation (2.2), be disconjugate and special on I and
denote by y,(x) the only (up to a multiple by a nonzero real constant) solution
of (2.2), which is nonzero on 7 (i.e. y,(x) = y,(x) = y,(x)). If

lim infj Y309 (a(x) — py () dx > 0,
t—sa+ t
zb—
then equation (2.2), is conjugate on I.
Now, let us turn to the differential system (1.1) and recall some of its
properties. Simultaneously with (1.1) we shall consider the matrix system

Y =B(x)Z, Z =-C(X7, (1.1),,

where Y, Z are n x n matrices
Let (Y, Z,), i =1, 2, be solutions of (1.1),,; then

Y(x) Zy(x) — Z{ (x) Yy(x) = K, (2.3)

where K is a constant » X n matrix. A solution (Y, Z) of (1.1),, is said to be
self-conjugate if Y7(x) Z(x) — Z"(x) Y(x) = 0. The system (1.1) or (1.1),, is said
to be identically normal on an interval I whenever the only solution (y, z) of (1.1)
for which y(x) = 0 on any nondegenerate subinterval of 7 is the trivial solution
(v, 2) = (0, 0). Two distinct points x,, x,€ R are conjugate relative to (1.1) if
there exists a nontrivial solution (y, z) of (1.1) such that y(x,) = 0 = y(x,). The
system (1.1) is said to be disconjugate on I if there exist no two distinct points
of I which are conjugate relative to (1.1). Two solutions (Y;, Z)), i =1, 2, of
(1.1),, are said to be linearly independent if every solution (Y, Z) of (1.1),, can
be expressed in the form (Y, Z) = (M + Y,N, Z,M + Z,N), where M, N are
constant n x n matrices. If the solutions (Y;, Z,) are self-conjugate, one can
show, see, e.g. [16, p. 308], that these solutions are linearly independent if and
only if the constant matrix Y, (x) Z,(x) — Z[(x) Y;(x) is nonsingular.

Let the system (1.1),, be disconjugate and identically normal on I. There
exists a unique (up to a right multiple by a constant nonsingular » x n matrix)
self-conjugate solution (Y, Z,) of (1.1),, such that Y,(x) is nonsingular and
lim Y“'(lzc) Y,(x) = 0 for every self-conjugate solution (Y, Z) of (1.1),, which

is linearly independent on (Y,, Z,). The solution (¥,, Z,) is said to be the
principal solution of (1.1),, at b. For this solution we have lil’[l;l I (J Y !(s).

LB YT (s) ds) = 00. The principal solution of (1.1),, at a is defined analo-
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gously, see, e.g., [16, p. 341]. System (1.1) or (1.1),, is said to be k-general on I
if the rank of the matrix

(K;(X) IZ(X)>
Z,(%) Zy(x)

equals n + k for every xe I, see [6]. One can show that (1.1) is k-general on 7 if
and only if the rank of the constant matrix Y,7(x) Z,(x) — Z/(x) ¥,(x) equals k.

3. Conjugate points

In this section we use the variation principle of Courant (see, e.g., [18, p. 208]
or [16, p. 337])) in order to prove a sufficient condition for the existence of
conjugate points relative to the system (1.1). Before proving this result we make
one auxiliary statement. )

Lemma 1. Let the differential system

y =B(Xx)z, z/=0 (3.1)

be k-general on I = (a, b), ke {0, ...,n}, and let lil}]l A <j B(s) ds) = oo for some

(and hence for every) cel. Then there exists an (n — k)-dimensional linear space

c

V,_« < R" such that lim | u"B(s)uds = oo for every 0 # ueV, _,.

x—a+ x

Proof. Since lim / (f B(s)ds) = o0, (Y,, Z,) = (E, 0) is the principal

x—b—
solution of (1.3) at b. This system is k-general on 7, hence the rank of the matrix
K= Y!Z, — ZTY, equals k and without loss of generality we can suppose that
K = diag{E,,0,_,},i.e., Z, = K = diag{E,, 0, _,}. Write the matrix B(x) in the
form

_(B B
59 = (5% 5

where By, B,, By are k x k, k x (n — k), and (n — k) x (n — k) matrices, respec-
tively. Hence, Y, = B(x)Z, = B'T 0 , thus
By 0

J B, (s)ds+ D, D,
Y,(x) = ‘x , cel,
j BJ(s)ds + Dy D,

90



where D,,i = 1,...,4, are constant matrices. The fact that the principal solution
(Y,, Z,) is self-conjugate gives D, = D/, D, = 0 and the nonsingularity of ¥,(x)
implies that D, is also nonsingular. Moreover, there is no loss of generality in
assuming D, = E, _, and D; = 0. Let

E, f B,(s)ds

_ c — Ok O
Y= . , Z= (0 En——k>.
0 J B;(s)ds

Then (Y, Z) is a self-conjugate solution of (3.1) and Y7 Z — ZT Y is nonsingular,
hence the solutions (Y,, Z,), (Y, Z) are linearly independent.
It implies lim Y~ '(x) Y,(x) = 0, i.e.

xX—a+

E, rBz(s) B J"Bl(s)w. 0

. c
lim

xX—a+

0 J'Bz(s) fBz’(s)+D3 E,_,

c

E, —ijzm(j 33@)‘ jB,(s)+D. 0
im ; _]c cx . =
0 (j B;(s)) j By  E
x x x -1 x x x -1
f31+1>,—j32 jm) jB{ _j B{j&)
Yigh c ) N xc ( c c : -§ c _
TA-(s) [ (%)

X -1 c -1
=0, ie. lim (j B3(s)> =0, hence lim l,,((J B3(s)> >=
x—a+ ¢ x—a+

X

=0 and thus xlim+ [, (j[&(s)) = 0. Taking ¥, _, = Lin{e,,...,e,}, {e;}j-1
being the canonicaal basé of R", we have the required statement.

Theorem 1. Let the system (3.1) be k-general on I = (a, b), 0 <k<n-—1,
lim l, (j; f?(s) ds) = o0 and let there exist a,, b, € I such that the matrix C(x)

is nonnegative definite for x € (a, a,) v (b,, b). If there exists a (k + 1)-dimensional
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linear space V., = R" such that

lim inff wlC(x)wdx >0

AL
forevery 0 # weV; , ,, then there exists a pair of conjugate points relative to (1.1).
Proof. We shall construct a pair of vector functions (u(x), v(x)) such
that u(x) has compact support in (g, b) and the quadratic functional correspond-
ing to (1.1)

I(u, v; a, b) = Jb WT(x) B(x)v(x) — uT(x) C(x) u(x))dx,

u'=B(x)vonl,

is negative. Then one can find by means of the Courant variation principle a
solution (y, z) of (1.1) such that y(x) vanishes in two distinct points of (a, b).
This technique is similar to that used in [13] and [15].

Denote

X
¢ = min {liminf | z7C(s)zds
zebppy | 1mat ),
2Tz=1 x—b—

and let € > 0. There exist x,, x;€I such that C(x) is nonnegative definite for
L
x€(a, x;) U (x;, b) and I z"C(x)zdx > ¢ — ¢, for every unit vector ze V;, |,
4
whenever ¢, < x,, t, > x;. According to Lemma 1 there exists an (n — k)-dimen-
x2

sional linear space V,_, = R" such that lim wTB(x)wdx = oo for every

x—a+ |,

0 # weV,_,, hence by the Courant-Fischer min-max principle, see, e.g.,

X2
[3,p.137), lim £, ,(I
x—a+

x

B(s)ds) = 00,j=1,...,n — k. Choose x, €(a, x,) such

*2

that/, (s J B(x) dx> = landletw;,j = 1, ... n — k, be the unit eigenvectors
1 Xz

corresponding to / , j(e j B(x) dx). At least one of the vectors w; belongs to

1
*2

Vi + 1, denote this vector by w, and the corresponding eigenvalue of a'[ B(x)dx

x

by d,.
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x x -1 ‘

Further, since lir:n ], (J B(s) ds) = 00, we have lirl{l 1, ((j B(s) ds) > =0
x—b— X3 x—=b— X3

x4

and hence there exists x, € (x,, b) such that wy (J

X3

-1
B(x) dx) w, = €. Note that
the identical normality of (1.1) implies that for every ¢,, t,€ I, t, < t,, the matrix

]
f B(x)dx is nonsingular. In fact, since B(x) is nonnegative definite,
4y :

Ll
J B(x)dxz, = 0, z, being a nonzero vector, implies z; B(x)z, = 0 on (¢,, 1,), i.e.
h

B(x)z, = 0. Then (0, z,) is a solution of (1.1) on (¢,, ¢,), which contradlcts the
identical normality of (1.1). :
Now, define a pair of functions

0, 0), xe(a, x,],

(eda'J B(s)dswo, ed(r'WO), e, xl,

*

’

(u, v) = < (w,, 0), xe(x,, x5],

<IX4B(s)ds (J AB(x) dx)_l Wo, — (JWB(x) dx)_., w(,), x€(x;, x4,

0, 0), xe(x,, b).

Then u’ = B(x)v on I, suppu(x) = Iand I(u, v; a, b) = I(u, v; x;, x4) =
X2 *a —1 pX4 X4 -1
= g¥dy’w! I B(x)dxw, + wg <j B(x) dx) -[ B(x)dx (J B(x) dx) Wo—
X3 X

x| X3 3

X3 X4

C(x) dxw, — f u'(x) C(x) u(x) dx <

X3

- J‘xzur(x) C(x) u(x) dx — wy J

x2
X4

-1
sgda‘w(fwo+w{<f B(x)dx) wo—c+e<ed' +e—c+e—c+3e

X3
Consequently, taking ¢ sufficiently small ( < E) , we have I (u, v; a, b) < 0, which
was to be proved. 3

Remark 1. Comparing the statement of Theorem 1 with the Tnpler result
for equation (1.2), we see that the assumption concerning the definiteness of
C(x) near a and b has no analogy in the scalar case, but we were not successful
in proving Theorem 1 without an assumption of a similar kind. In the next
section we shall show that for certain special systems this assumption can be
omitted.
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Remark 2. Similarly as in the scalar case consider the system (1.1) as a
perturbation of (3.1). Theorem 1 states that under certain assumptions the
perturberation of the k-general system by a symmetric matrix which is positive
definite on the average on a (k + 1)-dimensional linear space makes the
perturbed system conjugate. In Theorem 1 we have only considered linear
perturbations, but the used method can be also extended to nonlinear perturba-
tions, e.g., to the system

Y =Bx)Z, Z =-C, Y. Z),

where C: R x R"*" x R"*"— R"*" is a symmetric matrix. For some ideas
concerning this method see [15].

4. The §ystem v '+ P y=0
Consider the linear differential system of the second order
y'=Px)y=0, 4.1

where P(x) is a symmetric n x n matrix of real-valued continuous functions.
This system can be rewritten in the form (1.1) (y” = z, B(x) = E, C(x) = P(x)),
hence the definitions of conjugate points, disconjugacy, etc. for (1.1) hold also
for system (4.1).

Corollary 1. If there exists a unit vector ve R" such that

lim inff' oTP(x)vdx =c¢ >0, (4.2)

= —x '
I

then there exists a pair of points which are conjugate relative to (4.1).
Proof. Similarly as in the proof of Theorem 1 let x,, x;e R be such that

j 3vTP(x)vdx > %, and let x, = x, — i, Xy = X3+ —1(; Define a function
0, xe(—o0, x|],
e(x — x)v, xe (x5 X,],
y(x) =« v, x€(x5, 3],
[1 = &(x — x)] v, X€(x3, x4,
0, xe(xy, ).
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X4 x2

We have I(y; x,, x,) = J Ty (x) =y (x) P(x)y(x))dx = SZUTUJ dx +
.\'4 XZ x3

+.azvrvf dx — SZJ (x—x)v"P(x)vdx — f

v"P(x)vdx — JX4(1 —é&(x —

&
— x))v"P(x)vdx = 2¢ — I v"P(x)vdx, £ €lx,), x,], &€[x;, x,), where the

sl
second mean value theorem of integral calculus has been used for computing the

*2
integrals J

)

&*(x — x,)’v"P(x)vdx and J (1 — e(x — x,))’v"P(x)vdx. Now,

.‘(3

. c . . . .
taking € < ’ we have /(y; x,, x,) <0, hence there exists a pair of points which

are conjugate relative to (4.1).

Remark 3. Corollary 1 can be also proved as a consequence of the
above mentioned result of Tipler and the theorem of Hartman [8, Th: 1.1], which
states that (4.1) is conjugate on an interval [ if the scalar equation

¥ +q(P(X)y =0

is conjugate on I, where q is a superadditive, superhomogeneous positive and
normalized functional on the linear space of the n x n symmetric matrices (in
Corollary 1, g(P) = v Pv). Consequently, condition (4.2) can be replaced by the
condition

liminfj g(P(x))dx=¢c>0,

zZ— 0

where ¢ is a functional with the above given properties.

Now, we shall discuss the following problem. In [9] Lewis and Hinton
conjectured that the system (4.1) is oscillatory at infinity (i.e. there exists an
arbitrarily large pair of conjugate points relative to this system) if

lim /, ( J " P(s) ds) - . @.3)

Kwong et al. [10] proved that the conjecture is true if n = 2, and Atkinson etal.
[2] showed that this result is the consequence of the fact that (4.1) is oscillatory

1
as x — oo0. Recently Byres et al. [4] and Kaper et al. [11] proved the conjecture

for a general » without any additional assumptions.

at infinity if at least (» — 1) eigenvalues of the matrix J P(s)ds tend to infinity
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There exists considerable duality between the integral criteria for the oscilla-
tion at infinity and the integral criteria for the existence of a pair of conjugate
points for differential equations of various kinds.

[e'd]

For example, equation (1.2) is oscillatory at infinity if J‘ p(x)dx = oo (see, e.g.,
[18, p. 45]), equation (1.4) is oscillatory at infinity if either
i) J r~'(x)dx = oo and f (x — x)’ p(x)dx = oo for some real x, or

ii) wazr“’(x) dx = o0 and pr(x) dx = oo (see [13]).

Comparing these criteria with the criteria for the existence of conjugate points

relative to (1.2) and (1.4) given in Sec. 1, we see that it suffices to replace the

condition requiring certain integrals to be positive by the conditions requiring

these integrals to diverge. A similar duality can be found in the oscillation theory

of partial elliptic differential equations, see [17]. These examples lead us to the

following conjecture, which is dual to the conjecture of Hinton and Lewis.
Conjecture. Let

liminf!, (J P(x) dx) >0.
et t

Then there exists a pair of points which are conjugate relative to (4.1).
Concerning the system (1.1), the following statement is dual to Theorem 1.

Theorem 2. Let (Yy, Z;) be the principal solution of (3.1) at oo and suppose that
the matrix C(x) is nonnegative definite for large x. If there exists an n-dimensional
constant vector w such that

‘[x wTY T (x) C(x) Yr(x) wdx = o0, 4.3)

then the system (1.1) is oscillatory at infinity.

Proof. To show that there exists an arbitrarily large pair of conjugate
points relative to (1.1) (i.e. that (1.1) is oscillatory at o), it suffices to prove that
for every x,€ R there exists x; > x, and a pair of n-dimensional vector-valued
functions (y(x), z(x)) with the properties:

1) y(x), z(x) are piecewise of the class C, and C° respectively,
i) y(xp) =0 = y(x)),
iii) y’ = B(x)z for xe(x,, x,),

Xl

iv) _ [27(x) B(x)z(x) — y"(x) C(x) y(x)]dx < 0.
Thoe transformation

y=Yi@u, z=Zx(x)u+ Y7 '(x)v
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tranforms the system (1.1) into the system

w =Bx, v =CXu,
where
B(x) = Y '(x) B(x) Y7 ~'(x),
C(x) = Y5 (x) C(x) Yr(x),
" see, e.g., [1].

I

-1
Let x,€ R be arbitrary. Denote t, = x,+ 1 and d = wT(J B(x) dx) w+

Xo

-+ wr<f l1.'§(x) dx)—] I | C(x)dx (J | B(x) dx>n] w. Since (4.4) holds, there

.\’0 Xo
hH
exists ¢, >, such that J wTC(x)wdx > 2d. Further, since (Y, Zg) is the
4
principal solution of (3.1),

lim /, (JY Yz'(s) B(s) YT '(s) ds) = lim /, ('r B(s) ds) = 00,

[})

x -1
we have lim wT< J B(s)ds) w =0, i.e. there exists x, >, such that
L]

X —00

wT<J‘XI B(s) ds>—l <d.

Now, define
(09 0)9 X< Xo5

( ”B'(s)ds(J 'E(x)dx)—] w, <J IBF(x)dx)_I w), xe[xy, 4,1,

(u, v) = { (w, 0), xelt, 1],

< B B(s)ds (j | B(x) dx>—l w, — (jxl B(x) dx>_] w) , X€[ty, x1],
\ Jx ty 1

©, 0), x = x,.

gl

We have I | [T(x) BX)v(x) — u"(x) C(x)u(x)] dx = J vT(x) E(x) v(x)dx +

XO
n nH

u"(x) C(x) u(x) dx — J wlC(x) wdx —

n

+ flvr(x) B(x) v(x) dx — J

Xo
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4

— Jmur(x) C(x)u(x)dx < va[<jI§(x)dx>— — J C_‘(x)dx]w +

0
X

X1 -1 1 _
+wT(J B(x)dx) w—2a’—wTj Cx)dxw<d+d—2d<0.u" = B(x)v
L L

for xe[x,, x,] and u(x)) = 0 = u(x,). Hence y* = Yzu + Ypu' = BZpu +
+ YoBv = BZpu + YR Y7 'BY{ '(Yiz— Y{Zru) = Bz, y(x)) = 0 = y(x)),
y(x), z(x) are piecewise of the class C' and C°, respectively (since so are u(x) and

o(x)) and f T B 2(9) dx — () CO) y@] dx = 270 pl% +

+ J | [T (x) B(x)v(x) — u"(x) C(x)u(x)] dx < 0. This completes the proof.

Remark 4. Note that the condition concerning nonnegative definiteness
of the matrix C(x) for large x can be omitted in some particular cases. For
example, the Leighton-type oscillation criterion for the equation
(= D"(p(x) ™)™ + g(x)y = 0 (which can be rewritten in the form (1.1) and
C(x) is nonnegative definite iff g(x) < 0, see [1]) proved recently by Miiller—
Pfeiffer [14] is the special case of Theorem 2, but it needs no sign restriction on
the function ¢(x).
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(0] CVMEQTBOBAHVIVI COITPSXXEHHBIX TOYEK
1A JUHEWHBIX NUOOEPEHLUUAJIBHBIX CUCTEM
Ondfej Dosly
PesomMme
B pa6Gote u3yyaroTcs NOCTATOYHBIE YCIOBHMS AJIS cyxuecmosaﬂm CONPSKEHHBIX TOYEK pe-

weHuit nuHelHoN muddepeHuuansHoi cucteMnbl y’ = B(x)z, =’ = —C(x)y, kne B(x), C(x) —
KBaJIpaTHble CHMMETPUYECKHE MATPULIBI MOPSIAKA 1.
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