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ABSTRACT. The object of this paper is to introduce some sequence spaces which
arise from the notions of strong almost convergence and a modulus function f.

1. Introduction

Let m be the set of all the real or complex bounded sequences with the norm
|lz|| = sup|zx| < co. A sequence z = (xx) € m is said to be almost convergent
k

if all of its Banach limits coincide. Lorentz [5] has proved that z is almost
convergent to a number s if and only if

n+k
tkn = (k+1)_1Zxk — S
im—n

as k — oo uniformly in n. We denote the set of all almost convergent sequences
by ¢é and we denote the set of all sequences which are almost convergent to zero
by é. Maddox [7] has defined that z is strongly almost convergent to a
number s if and only if

k
tin(lz —s|) = (k+1)7' > |@ign — 5| >0

1=0

as k — oo uniformly in n. We denote the space of all strongly almost convergent
sequences by [¢] and we denote the space of all sequences which are strongly
almost convergent to zero by [é&]. It is obvious that

[éo] C gl cécm.
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Das and Sahoo [2] extended the space [¢] to the space [w], where [w;]
is the space defined recently in [2] as follows:

m
[wq] = {x : (m4+1)71 Ztkn(|:c—s|) as m — oo uniformly in n for some s}.
k=0

It is obvious that [¢] C [w1] and [¢] — limz = [w;] — limz = s.

The notion of a modulus function was introduced by Nakano [10].
Ruckle [12] has investigated the sequence space defined by a modulus func-
tion f. Recentlyy, Maddox has introduced and discussed some properties
of three spaces defined using a modulus f, which generalized the well-known
spaces wp, w and Wy, of strongly summable sequences, (Maddox [8], [9]).
It may be noted here that the spaces of strongly summable sequences were dis-
cussed by Maddox [6]. In [11], the spaces [éo], [c] and [cs] Were extended

Now we extend the spaces [w1] and [wo] to the spaces [w1(f)] and [wo(f)].
Then we extend the relationship between the uniform statistical null sequences
and the sequence space [wo( f)] .

2. Definitions

We recall that a modulus f is a function from [0,00) to [0,00) such that
(i) f(z) =0 if and only if z =0,
(i) f(z+y) < f(z)+ f(y) for z,y >0,
(iii) f is increasing,
(iv) f is continuous from the right at 0.

Since |f(z) — f(y)| < f(z —y), in view of (iv), f is continuous on [0,00). A
modulus may be bounded or unbounded. For example, f(z) =P (0 <p <1)
is unbounded, but f(z) =z/(1 + z) is bounded.

Now suppose that we are given a modulus f. We define

k
[e(f)] = {x: (k+1)_12f(|x,~+n—s]) — 0 as k — o0,

i=0 uniformly in n, for some s}.
m k
[wl(f)] = {ac : (m+ 1)_1 Z(k+ 1)_1 Zf(|$i+n — s|) — 0 as m — o0,
k=0 1=0

uniformly in n, for some s}.

If we put s = 0, then we obtain [wo(f)]. Note that, if we put f(z) =z,
then [wi(f)] = [wi1] and [wo(f)] = [wo].
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If f is a modulus, then [wo(f)] and [w1(f)] are linear spaces. We consider

only [wi(f)]. Suppose that zx — s in [wi(f)], vk — s in [wi(f)] and
a, p are in C. Then there exist integers K, and B, such that |a| < K, and
|¢| < B,. We therefore have, uniformly in n

m k
(m+ 1)_1 Z(k +1)” Z f |a171+n + WYiyn — (s + /‘S,)D
k=0 1=0
m k
<K4(m+1) 12 (k+1)" Zf(|w,~+n—s|)
k=0 1=0

m k
+Bu(m 4+ 1)) (b + 1)) f(lyien — 5'1) -
k=0 1=0
This implies that az + py — as + us’ in [wl(f)] .

3. Main results

We now establish a number of theorems about the sequence spaces mentioned
above.

For the proof of Theorem 1 we will use the following lemma.

LEMMA. Let f be a modulus. Let 0 < § < 1. Then for each x > 6 we have
flz) <2f(1)871

Proof.
f(z) < F(L+[67"2]) < F() + F([67 )
< F) +[57 2l f(1) = F)(1+[6712])
SFW+67 ) <2f(1)6
where [h] denotes the integer part of h. a

THEOREM 1. Let f be any modulus. If § = tlim f@)/t > 0, then [wi(f)]
= [wi].

Proof. We note that the limit exists for any modulus f by [9; Proposi-
tion 1] of Maddox. Then z € [w;] implies that

m k
a(m,n) = (m+1)"1Y (k+ 1) |@i4n — 5| >0
k=0 1=0

as m — oo, uniformly in n for some s. For arbitrary € > 0, choose §, with
0 < 6 < 1, such that f(u) < e for every u with 0 < u < §. We can write for
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each n,
m

k
(m+1)7) (k+1)7 Zf(mm ~s))

k=0

=(m+1)" 1Z(k+1) 1 Zf (|Zitn — $)

k=0
|Iz+n_3|<6

R N SEIRID DY)

k=0
|z,+n—s|>5

<e+2f(1)6 " a(m,n) — 0,

by the lemma as m — oo, uniformly in n. Therefore = € [wl(f)] )
Note that in this part of the proof we do not need 8 > 0.
Now suppose that 8 > 0 and z € [wl(f)] Since this 8 > 0, we have
f(t) > Bt for all t > 0. It follows that = € [wl(f)] implies that = € [w1]. O
)

We now establish some relations between [é(f | and [wi(f )] .

THEOREM 2. Let f be any modulus. Then [¢(f)] C [w1(f)]-

k
Proof. If (k+1)71 Y f(|zi4n —s|) — 0 as k — co uniformly in 7, then
i=0
its arithmetic mean also converges to 0 as m — oo uniformly in n. O

Although it seems likely that [é( f )] is strictly contained in [wy(f )] , we have
been unable to prove it. It is therefore an open question.

Recall, see [3], that if z is a sequence of complex numbers, we say that z is
statistically convergent to s if

lim n~ 1|{k<n |mk—s|25}l:0 for each ¢ >0,

n—0o0
where the larger vertical bars indicate the number of elements in the enclosed
set. The set of all statistically convergent sequences is denoted by S. Strong
summability and statistical convergence were introduced separately, and until
recently, followed independent lines of development by Connor, see [1].

DEFINITION. The number sequence x is uniformly statistically convergent to 0
provided that for each € > 0,

hm(k—{—) max|{0<z<k |mi+n|25}'=0.

The set of all uniformly statistically null sequences is denoted by S, -

It is easy to see that Sy, C So. In this form, S, -convergence is seen to be
part of uniform zero density convergence as defined in [4].
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THEOREM 3. Sy, C [wo(f)] if and only if f is bounded.

Proof. Suppose that f is bounded and that z € S,,,. Since f is bounded,
there exists an integer K such that f(z) < K for all z > 0. Let € > 0. Then
for each n we have

m k
(m+4y4§:w+4y4§:fumﬂm

=(m+1)" Z(k+1 Zf |$1+n

|5"1+n|>e
+(m+1 IZ(k+1 Zf |$1+n|
k=0 |a:p-rn|<z
sw%+n*§:w+4yﬁxg%uosisk:mwﬂzsﬂ+f@y
k=0 -

We now select N, such that

(k+ D70 <i <k foisnl 2 e} <

for each n and k& > N.. Now for k > N. we see that

(m+1)71> (k+1)” 1Zflaw ) <(m+1) 1ZK—+f ¢)
k=0 1=0
=e+ f(e),

and so, letting € — 0, the result follows.

Conversely, suppose that f is unbounded so that there exists a positive se-
quence v, with f(v,) = p? for p=1,2,. . Now the sequence z is defined by
z; =, if i = p? for p= 1,2, ...,and z; = 0 otherwise. Then, we have

k+ 1) max[{0 <i <kt Joal > e} < (k+ 1) WVEFT
n>0

as k — co. Hence (z;) € Sy,, but = ¢ [wo(f)], contradicting Sy, C [wo(f)].
This completes the proof. O

Acknowledgement

The authors are grateful to the referee for making valuable comments which
improved the presentation of the paper.

279



(1]
(2l

(3]
(4]

(5]
[6]
(7]
(8]
(9]

SERPIL PEHLIVAN — BRIAN FISHER

REFERENCES

CONNOR, J. S.: The statistical and strong p-Cesaro convergence of sequences, Analysis
8 (1988), 47-63.

DAS, G.—SAHOQO, S. K.: On some sequence spaces, J. Math. Anal. Appl. 164 (1992),
381-398.

FAST, H.: Sur la convergence statistique, Colloq. Math. 2 (1951), 241-244.
FREEDMAN, A. R.—SEMBER, J. J: Densities and summability, Pacific J. Math. 95
(1981), 293-305.

LORENTZ, G. G.: A contribution to the theory of divergent sequences, Acta Math. 80
(1948), 167-190.

MADDOX, I. J.: Spaces of strongly summable sequences, Quart. J. Math. Oxford Ser. (2)
18 (1967), 345-355.

MADDOX, I. J.: A new type of convergence, Math. Proc. Cambridge Philos. Soc. 83
(1978), 61-64.

MADDOX, I. J.: Sequence spaces defined by a modulus, Math. Proc. Cambridge Philos.
Soc. 100 (1986), 161-166.

MADDOX, I. J.: Inclusion between FK spaces and Kuttner’s theorem, Math. Proc. Cam-
bridge Philos. Soc. 101 (1987), 523-527.

[10] NAKANO, H.: Concave modulars, J. Math. Soc. Japan 5 (1953), 29-49.

[11] PEHLIVAN, S.: Sequence space defined by a modulus function, Erc. Univ. J. Science 5
(1989), 875-880.

[12] RUCKLE, W. H.: FK spaces in which the sequence of coordinate vectors is bounded,
Canad. J. Math. 25 (1973), 973-978.

Received March 24, 1993 * Department of Mathematics

Revised October 18, 1993 Faculty of Science

S.D. University
32001 Isparta
TURKEY

** Department of Mathematics
and Computer Science
University of Leicester
Leicester
LE1 7TRH
ENGLAND

280



		webmaster@dml.cz
	2012-08-01T10:11:36+0200
	CZ
	DML-CZ attests to the accuracy and integrity of this document




