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ABSTRACT. In 1963, H. Sachs developed the concept of describing finite
groups by triangulations of closed oriented surfaces. This paper presents a new
method for constructing Sachs triangulations. The method starts with an arbi-
trary map on a closed orientable surface, called dessin d’enfant. With the help of
it, a Sachs triangulation is generated. The method is used to construct reflexible
regular maps on closed oriented surfaces.

In 1963, H. Sachs [4] developed the concept of describing finite groups by
triangulations of closed oriented surfaces. Later, this description was studied
by W. Voss and H.-J. Voss; for a survey, see H--J. Voss [7]. J. Siran,
M. Skoviera and H.-J. Voss [6] used these Sachs triangulations in con-
structing regular maps.

This paper presents a new method for constructing Sachs triangulations. The
method starts with an arbitrary map D on a closed orientable surface, called
dessin d’enfant. With the help of D, a Sachs triangulation T'(D) is generated.
The main result of this paper is formulated in Theorem 10 (Section 5). The
method is used to construct reflexible regular maps M on closed oriented sur-
faces of type {p,q}, for all integers p and ¢ with ¢ > 3 and p > 3q, where p
denotes the vertex valence, and ¢ the face length. If ¢ = 3, and p > 3 is an
odd number, then M is even a Sachs triangulation. In this way, a reflexible reg-
ular Sachs triangulation of each odd valence p (p > 3) and a reflexible regular
triangulation of each even valence p (p > 4) are obtained.

This new method is described in Section 2, Section 1 gives the basic con-
cepts. The valences of the Sachs triangulations constructed by this method are
considered in Section 3. In Sections 4, 5 and 6, regular maps, regular maps of
given type, and reflexible regular maps of given type are constructed, respec-
tively. The concluding remarks of Section 7 present a construction similar to
that of D. S. Archdeacon, P. Gvozdjak, and J. Sirdn [1], and some
open problems.

AMS Subject Classification (1991): Primary 05C10, 05C25.
Key words: regular map, Sachs triangulation.
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1. Concepts

Let G be a finite group. A triple (z,y,z) of elements z,y,z € G is said
to be reqular if ¢ # y # z # =, and zyz = e. With zyz = e also yzz = e
and zzy = e. If (z,y,2) is a regular triple, then (y,z,2’) with 2/ = (yz)~! is
regular, too. To each regular triple (z,vy,2) an oriented triangle D(z,y,z) with
arcs (z,y), (y,2), (2,z), and vertices z, y, z is assigned in such a way that
D(,3,7) = D(&/,y/, ') if and only if (&/,1/,2") € {(2,9,2), (4, 2,2), (2,2, 9)}
otherwise D(z,y,z) and D(z',y’,2') are disjoint (Figure 1.1). In the set ¥ of
all triangles thus obtained, an arc occurs at most once. If (z,y) is in some
triangle of ¥, then (y, ) is in a triangle of ¥, too. In the sense of combinatorial
topology, oppositely directed arcs (z,y), (y,z) are identified to obtain an edge
[z,y] (Figure 1.2). Identifying step by step all oppositely directed arcs, a set ©
of triangulations of closed oriented surfaces is obtained.

FIGURE 1.1. FIGURE 1.2.

If the elements z, y of the regular triple (z,y,2) commute, then zyz =
yrz = e, and the triangulation T is formed by the two triangles D(z,y, 2) and
D(y,z,z) only. Hence, T is the sphere with a cycle of length 3 on it which
triangulates that sphere. It is called the trivial triangulation.

Consequently, in the following, we shall consider non-commuting elements
of G. In fact, two non-commuting elements z, y form with z = (zy)~! a
regular triple (z,y, z). Thus, to each pair of non-commuting elements z,y € G
a triangulation T'(z,y) of a closed oriented surface S(z,y) is obtained. Such
a triangulation is called a Sachs triangulation. It is a component of the set ©
defined above. The octahedron T'((12)(34), (1234)) is presented as an example
in Figure 1.3. It belongs to the symmetric group S, on the four symbols 1,2, 3, 4.

The subgroup of G generated by z and y is denoted by G(z,y). Any two
different triangles in T'(z,y) are either disjoint, or have precisely one vertex
in common, or have precisely one edge and its end vertices in common. Such
triangulations are said to be simple. The basic disc K(z,y) of T(z,y) through
y with center = consists of the edge [z,y] and all triangles of T'(z,y) incident
with the vertex z (see Figure 1.4). An automorphism a of a triangulation is a

194



SACHS TRIANGULATIONS, GENERATED BY DESSINS D'ENFANT, REGULAR MAPS

triple of one-to-one mappings of the vertex-set, the edge-set, and the triangle-
set onto the vertex-set, the edge-set and the triangle-set, respectively, preserving
incidences. The inner automorphism f, of G with f_(g) = 2~ 'gx foreach g € G
induces an orientation preserving automorphism of T'(z,y) with the property
that K(z,y) is rotated clockwise over two sectors around x. That is to say, if
Y = YyyYss--->Ys» Y = Y are the neighbours of =, which appear in this order
on the bounding cycle of K(z,y) clockwise, then f, (z) =z and f, (y;) = y;,
for all s > 7 > 1, where the indices are to be taken modulo s.

(12)(34)

(1432)

(1234)

14)23) K(x,y)
FIGURE 1.3. FIGURE 1.4.

In general, an automorphism of an arbitrary triangulation T of a surface S
that rotates the star neighbourhood K (z,y) as above is called a 2-rotation (based
at z). If for every vertex z of the triangulation T there is a 2-rotation based
at z, then T is called a 2-rotary triangulation. Thus each Sachs triangulation is
a 2-rotary simple triangulation. These 2-rotations have the following property:
if D(a,b,c) is a face of T'(z,y), then f,f,f, is the identical automorphism e

because f,f,f.(9) = fc(fb(fa(g))) = (abc)"lgabc = g for all g € G.

(13)(24)
()

©
(13)(24)

FIGURE 1.5. The octahedron with its 2-rotations.
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Now we consider an arbitrary 2-rotary simple triangulation T'. It can easily
be proved that the product of the 2-rotations of the vertices of a triangle face
taken in the anticlockwise order is the identity automorphism e. A triangula-
tion T is said to have an obstacle if T has two different arcs with the same
2-rotations. An example is the octahedron with the vertices 1,2,3,4,5,6 de-
picted in Figure 1.5. Each 2-rotation (13)(24), (24)(56), and (13)(56) appears
twice on the octahedron. Obviously, the octahedron has obstacles.

THEOREM 1. Let T be a 2-rotary simple triangulation without an obstacle.
Then a Sachs triangulation is obtained whenever to each vertex its 2-rotation is
assigned.

The original question posed by H. Sachs [4] was the following: How are
properties of groups related to properties of their Sachs triangulations and vice
versa? For further reading concerning this question, the reader is referred to [7].
In the present paper, the method is used in constructing regular maps of given
type (Theorem 10).

2. Construction of Sachs triangulations
from dessins d’enfant

In the Conference on Topological Graph Theory in Donovaly, Slovakia, in
1994, R. Nedela and M. Skoviera presented the concept of a dessin
d’enfant. This concept was first introduced by A. Grothendieck [2]. In
their talk, R. Nedela and M. Skoviera (see [3]) used the notation “dessin
d’enfant” for very elementary maps, from which they constructed large and
complicated maps of high symmetries. In this paper, very elementary dessins
d’enfant, namely, plane trees and plane trees with precisely one additional loop
are used in constructing large Sachs triangulations. From these triangulations
regular maps with desired properties are derived. The main result is presented
in Theorem 10.

We define a dessin d’enfant D to be a map on an oriented closed surface;
half-edges are allowed, i.e., edges starting in a vertex and ending in no vertex
(see Figure 2.2). Since D is a map, the underlying graph is connected.

To each such map D, three permutations on the set of the arcs of D are as-
signed, namely, the edge inversion L, the edge rotation R, and the face boundary
permutation B. In order to define these permutations, each edge is replaced by
two opposite directed arcs; each half-edge at vertex P is replaced by an arc
leaving P and ending in an auxiliary pendant point which does not count as a
vertex. Let these arcs be denoted by 1,2,...,n. In the figures, the label of an
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arc a is put into the face bounding a from the left. Even, if the dessins d’enfant
are drawn without arrows, the direction of each arc can easily be determined.

The edge rotation R of D is obtained by the anticlockwise 1-rotations of
the outward directed arcs around all vertices of D. The edge inversion L of
D consists of all transpositions (7,j) such that the arcs ¢, j belong to the
same edge. The boundary of a face F consists of all arcs bounding F in the
anti-clockwise sense. The boundary permutation B of D is obtained by the anti-
clockwise 1-rotations of the bounding arcs around all faces of D (see Figures 2.1
and 2.2). It can easily be seen that RLB =e.

(D1,l1) (DZyIZ)
R R =(124) ) R = (123)
L = (12)(34) L=(12)
3¢ B = (243) 3 B = (23)
FIGURE 2.1. FIGURE 2.2.

In the following, this situation will be interpreted as follows. Let a dessin
d’enfant D be endowed with a labelling ! of its n arcs by 1,2,...,n, where
[ is a bijection of the arc set of D onto {1,2,...,n}. In D, let the arcs of D
be fixed, and only the labels of the arcs be shifted under the actions of R, L,
B. So R is now obtained by the anticlockwise 1-rotations of the labels of the
outward directed arcs around all vertices of D, the permutation L consists of
all transpositions (A, \’) of labels A, X’ of arcs forming the same edge, and B
is obtained by the anticlockwise 1-rotations of the labels of the bounding arcs
of all faces of D.

Let (D,l) be a dessin d’enfant D with a labelling [ of its arcs, and let R,
L, B be the edge rotation, the edge inversion L and the boundary permutation
B of (D,l). In what follows, we assume that the triple (R, L, B) is regular. The
Sachs triangulation T'(R,L) = T(L, B) = T(B, R) is also denoted by T'(D,1).

Given a labelled dessin d’enfant (D,!), we denote the triangle with vertices
R, L, Bby A =A(D,l).If A can be mapped by a sequence of 2-rotations onto
a triangle A’, then there exists a labelling I’ of D such that the permutations
assigned to the vertices of A’ are the edge rotation R’, the edge inversion L',
and the boundary B’ of (D,l).

In Figures 2.3 and 2.4, we have presented the triangulations T'(D,,l;) and
T(D,,l,), where (D,,l;) and (D,,1,) are the dessins d’enfant of Figures 2.1
and 2.2, respectively. Each labelled (D,!) is depicted in the triangle, to which
it is related. In order to get the triangulation T'(D,,l;) = T'((123),(12)(34))
of the sphere in Figure 2.3, the left hand part has to be put above the right
hand part, and the outer cycles have to be identified (permutations are written

197



HEINZ-JUERGEN VOSS

without parentheses, different cycles of the permutations are separated by a line).
The Sachs triangulation T'(D,,!;) belongs to the symmetric group S, on three
symbols. In order to obtain the triangulation T'(D,,,) = T'((123),(12)) of the
sphere in Figure 2.4, oppositely directed arcs have to be identified. The Sachs
triangulation T'(D,,(,) belongs to the alternating group A, on four symbols.

13/24 13/24 13/24] 1324

FI1GURE 2.3. Opposite directed arcs have to be identified.

FI1GURE 2.4. Opposite directed arcs have to be identified.

Obviously, the labellings of D which are assigned to triangles of T'(D,!) are
obtained by taking the orbit of the original labelling ! under the group (R, L, B),
where (R, L, B) denotes the subgroup of the symmetric group S,, of n symbols,
generated by R, L, B.

How to find all triangles A’ together with the labellings I’ of D so that
(D,U") is assigned to A’? These triangles A’ and these labellings I’ of D can
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recursively be determined according to the following rules.

e Rule I.
Edge rotation at the vertex R: 2-rotate (D,l) anticlockwise around R and
apply R to (D,l), i.e., shift the labels of (D,l) around each vertex of D
according to R (in Figure 2.3, these vertices are depicted by small rectangles).

e Rule II.
Edge inversion at the vertex L: 2-rotate (D,[) anticlockwise around L and
apply L to (D,l), i.e., exchange the labels of each pair of arcs of (D,!)
belonging to the same edge (in Figure 2.3, these vertices have valency 4 and
appear as simple crossings).

e Rule III.
Boundary shifting at the vertex B: 2-rotate (D,l) anticlockwise around B
and apply B to (D,!), i.e., shift the labels around each face of (D,!) accord-
ing B (in Figure 2.3, these vertices are depicted by small circles).

The easy proofs of the validity of the Rules I-1III are omitted here.

By this method, D can be spread over the whole triangulation, having dif-
ferent labellings at different triangles. Moreover, by these rules, we have a new
method for constructing the Sachs triangulation T'(R,L) = T(D,!). If there is
an orientation preserving, label preserving homeomorphism of (D,!) onto (D,)
(i-e., image and preimage of each arc have the same labels), then R, L, B of
(D,1) and R', L', B’ of (D,l') are equal. Since in every two distinct triangles of
T(D,1) the sets of assigned group elements are different, there is no nontrivial
orientation preserving, label preserving homeomorphism between two labelled
dessins d’enfant belonging to different triangles of T'(D,1).

3. Properties of the constructed Sachs triangulations

3.1. The distribution of labelled D’s on T'(D,!).

Let (D,l), T(D,l) and R, L, B be defined as before. The triangle with the
vertices R, L, B is again denoted by A. If the rules I, II, III are successively
applied to the dessin d’enfant (D,l) of A, then either to each triangle or to
every second triangle of T'(D,!) the dessin d’enfant D with a certain labelling
is assigned. The first case is shown by the Sachs triangulation T'((123), (12)) of
the symmetric group S; on three symbols, depicted in Figure 2.4. The second
case is shown by the Sachs triangulation T'((123),(12)(34)) of the alternating
group A, on four letters, depicted in Figure 2.3. In the first case, let us consider
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the dessins d’enfant (D,l;), (D,l,) of two neighbouring triangles (which have
an edge in common). It is obvious that |{R,, L, B,;} N {R,,L,, B,}| = 2, and
an edge rotation coincides with a boundary permutation or an edge inversion,
or a boundary permutation coincides with an edge inversion. Hence, at least two
permutations of {R, L, B} have the same cycle structure and are conjugate in
(R,L,B).

3.2. The orbits of T'(D,l).

The cycle structure of a permutation p can be described by the type(p). The
type(p) is the n-tuple (b;,b,,...b,), where b, means that p has in its cycle
representation b, cycles of length i, n >4 > 1.

It is well known that two permutations of the same conjugacy class have
the same type. On the Sachs triangulation T'(z,y), there are group elements
of at most three conjugacy classes because on T'(z,y), there are at most three
vertex orbits under the actions of the 2-rotations of T'(z,y) (for more details,
see [7]). Hence, only permutations of at most three types appear on each Sachs
triangulation.

In the following, only dessins d’enfant D will be considered in which the edge
rotation R, edge inversion L and boundary B do not commute, and type(R) #
type(L) # type(B) # type(R). Then (R,L,B) is a regular triple, and our
construction results in a nontrivial Sachs triangulation T'(D,!) = T'(R, L) having
three different orbits O(R), O(L), and O(B). By Section 3.1, a labelled dessin
d’enfant is assigned only to every second triangle of T'(D, ). If the type condition
type(R) # type(L) # type(B) # type(R) is not fulfilled, then both possibilities
described in 3.1 can occur. This is shown by the triangulations T'((123), (12)(34))
and T((123), (12)) . However, the related triples ((123),(12)(34),(234)) of the
group A,, and ((123),(12),(23)) of the group S,, respectively, do not satisfy
the type condition type(R) # type(L) # type(B) # type(R).

3.3. The valences of T'(D,!).

If X is a fixed vertex of T'(D, 1), then all labelled dessins d’enfant appearing
in the basic disc K(X) around X are obtained by 2-rotating one of them around
X and applying precisely one of the Rules I, II, III. Let this one be denoted by
(D, 1), being related to the triangle D of K(X). These 2-rotations end when
a labelling !’ of D describing the same permutations as (D,!) is obtained for
the first time. Hence A is reached, and (D,!’) can be obtained from (D,l) by
an orientation preserving and label preserving homeomorphism of (D,l) onto
(D,U") (see Figure 2.3).

These observations imply that the valences of all vertices are even.

If each labelled dessin d’enfant (D,!’) assigned to a triangle of K(X) can
be mapped onto (D, I) by an orientation preserving and label preserving home-
omorphism, then the valency v(T : X) of X in T'(D,!) is two, and T'(D,1) is
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a trivial triangulation. This case is excluded if D has at least five arcs, at least
two of which form an edge.

In the following, let D satisfy these requirements. Then each triangulation
T(D,!) is nontrivial and v(T': L) =4, v(T : R) > 4, and v(T : B) > 4.

4. Constructions of regular maps with group labellings

4.1. Construction of regular maps.

Throughout this paper, only maps on closed oriented surfaces will be consid-
ered.

A 2-rotary map M is called regular of type {p,q} if the automorphism group
of the map M acts regularly (i.e., simply transitively) on the arcs of M, where
p is the vertex valence, and ¢ is the length of the face boundaries. In the proof
of Theorem 2, we need the following reformulation: a 2-rotary map M is regular
if and only if the 1-rotation of each face and the rotation around the middle of
each edge are automorphisms of M.

Let (D,l), T(D,l), R, L and B be defined as before. Next, all vertices of
O(R) of T are deleted as well as all edges incident with them. In the remaining
map, each vertex of O(L) has valence 2. If each of these vertices together with
its two incident edges is replaced by an edge, then a map T, is obtained having
valence v(T' : B)/2. A map Ty is obtained in a similar way.

Since the Sachs triangulation T'(D,l) is a 2-rotary map, we have:

THEOREM 2. T}, and Ty are dual regular maps of types {v(T:B)/2,v(T:R)/2}
and {v(T : R)/2,v(T : B)/2}, respectively.

Proof. A 1l-rotation of Tf around a vertex corresponds to a 2-rotation
of T around this vertex of O(B), a rotation around the middle of an edge of
Ty, corresponds to a 2-rotation of 7' around a vertex of O(L), and a 1-rotation
around the center of a face of T, corresponds to the 2-rotation of T' around a
vertex of O(R).

The proof for T is similar. O

Next, all O(R),O(L)-edges of T are deleted. In the remaining map, each
vertex of O(L) has valence 2. The triangulation cTj is obtained by replacing
each of these vertices together with its two incident edges by an edge. It is
a 2-rotary triangulation having 1-rotations around the vertices of O(B); the
valences of ¢TI’y are v(cTy : B) = v(T : B) and v(cITy : R) = v(T : R)/2. The
triangulation cT'g is defined similarly.

In order to relate the structures of ¢TI, and T with the structure of T,
some well known concepts are used.
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Let M again denote a map on a closed oriented surface. A cellular subdivision
of M can be derived from M by introducing a new vertex in each face and joining
it with all vertices of the boundary by an edge. A barycentric subdivision of M
is obtained from M by subdividing each edge by a vertex, introducing a new
vertex in each face and joining it with all vertices of the boundary by an edge.

THEOREM 3.

(1) T is a barycentric subdivision of both regular maps Ty and Tg.
(2) T s a cellular subdivision of T, :=T \ O(L).
(3) cT'y and cTy are cellular subdivisions of Ty and Ty, Tespectively.

4.2. Construction of group labellings.

The concept of a Sachs labelling of a triangulation is generalized to arbitrary
maps. Let f be a mapping of the vertex-set of a map M into a finite group G.
The mapping f is said to be a group labelling if for each face F of M the
following conditions hold:

(i) the group elements assigned to the vertices of F' are pairwise distinct;
(ii) the anticlockwise product of these elements around the boundary of F
is the identity element e of G.

If there are no two distinct edges having the same labels at their end vertices,
then the group labelling f is called a Sachs labelling.

By construction, T has a Sachs labelling.

What kind of labellings of T, T; and Tz can be derived from the labelling
of T'?

THEOREM 4. Let the orders of R, L, and B coincide with v(T : R)/2,
v(T : L)/2, and v(T : B)/2, respectively. If the boundaries of the faces of
Ty, Ty, or Ty have even length, then the anticlockwise product of the group
elements of the boundary of each face is the identity.

If the boundaries of the faces of Ty or Ty have odd length, then replace
each group element by its square. Then the anticlockwise product of the squares
around the boundary of each face is the identity.

Proof. We prove the theorem only in the case where the boundaries of the
faces of T, have an odd length s = v(T : R)/2. The other cases can be proved
similarly.

Let B,,B,,...,B, be the group elements on the boundary éF of a face F'
of Ty in anticlockwise order. Then in T, the face F' of T}, corresponds to a
basic disc K(R). On its boundary 6F, a vertex L, lies between B; and B, ,
s > 1> 1 (indices modulo s).

Since T is a Sachs triangulation, B,L, = R™! = L;B,;, . With (L,)? = e,
s>1>1, and R® = e this implies:

B,L,L,B,B,L,L,B,...B,L.L B, =R * =e.
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Hence,
22 2 _
BiB;...B; =e.

Note that ¢TI, and cIT'y have two classes O(R) and O(B) of vertices.

THEOREM 5. If in cT'y, (or cT'g) each label of O(R) (or O(B), respectively)
is replaced by its square, then the anticlockwise product of the labels around each
triangle face is the identity.

Proof. Let (B, B,,R') be a triangle face of cT',.

In T, the edge (B, B,) of cT}y, is subdivided by a vertex L, and (B, L, R')
and (R',L, B,) are two neighbouring triangles of T'. Hence (R'B;L)(LB,R') =
R'B,B,R' =e and B,B,R"” =e.

The proof for ¢TIy is similar. O

5. Construction of regular maps

_T_T)_ e —T— e _T_T_ D3,2k+1)3

—?—T— e —I- - _T_T_ D3,(21(+1)3+1
O_T_T_ v —T— e _T_T_O D3 ak+1)342
O_T_T_ . —I— s _T_T_o D3 2k+1)3+3
o—r—?—— .. —T— . _T_I_O D3,(2k+1)3+4
O_I_T_ - —I‘ .. —T_I_o D3 (2k+1)345

FIGURE 5.1.

The path with j vertices will be denoted by D Let k£ and g be integers with
k>1and g > 3. Let Dq,(%“)q denote the map obtained from an embedding

203



HEINZ-JUERGEN VOSS

of pyy,q into the sphere by adding g — 2 half-edges to each inner vertex of p,, 41
and g—1 half-edges to each end vertex of p,, , ; in such a way that all half-edges
lie on the same side of Py, (see Figure 5.1 and Figure 5.2).

W W S

Dy (2k+1)4

-
S

) ; ; | : D4,2k+1)4+1
o ; ; I : Dy (2k+1)4+2
. ; ; | : Dy (2k+1)4+3
) ; ; | : Dy (2k+1)4+4
o ; ; | : Dy, 2k+1)4+5

; ; | : D4 2k+1)4+6

FIGURE 5.2.

SIS I I

Obviously, the permutations R, L, B are of different type, because R has
precisely 2k + 1 cycles of length g, L has precisely 2k cycles of length 2 and
(2k + 1)(q¢ — 2) + 2 fixpoints, and B consists of one cycle of length (2k + 1)g.

Themap D = D, (5, 11), is asymmetric in the sense that there is no nontrivial
orientation preserving homeomorphism of D onto itself. Nevertheless, there is
an orientation reversing homeomorphism p of D onto itself, a special reflection

of D.

If g is odd, then p has precisely one fixed half-edge ~. The map D, ok+1)q+1

is obtained from D, o)), by adding a new vertex to h in such a way that h
becomes an edge.

If g is even, then p has no fixed half-edges, but there is precisely one pair
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of half-edges h’,h” with p(h’) = h” (and p(h") = h'), being neighbours on the
boundary of the only face of Dq,(2k+1)q' Then Dq,(2k+1)q—1 is obtained from
D, (ak+1)q Py identifying the two endpoints of h’, h” (which are not vertices)
in such a way that a loop is obtained bounding a face.

Let e =1 if ¢ is odd, and e = —1 if ¢ is even. The maps D, c2k+1)g+2: and

Dq’(2k+1)q+e+2i, qg—12>1>1, are obtained from Dq,(2k+l)q and Dq’(2k+1)q+e,

respectively, by adding an end vertex to each of 2i half-edges h,, ph, h,, ph,,
.., h;,ph; in such a way that these half-edges become edges. Obviously, h ¢
{h,,phy,...,h;,ph;}, because p(h) = h. Thus D, , is defined for all ¢ > 3 and
p>3qif ¢ is odd, and p > 3¢ — 1 if ¢ is even.
The construction implies:

PROPOSITION 6. The dessin d’enfant D__ has no nontrivial orientation pre-
serving homeomorphism onto itself. Moreover, there is one orientation reversing
homeomorphism p of D,, onto itself.

By construction of D_ _, the permutations R, L, B have pairwise different
types; besides fixpoints, R has only cycles of length g, L has only transpositions,
and B has only one cycle of length p. The orders of R, L, and B are o(R) = gq,
o(L) = 2, and o(B) = p, respectively. By Proposition 6, there is no nontrivial
orientation preserving homeomorphism of D, , onto itself; hence there is also no
label preserving one. Applying Rules I, II, and III to the basic discs around the
vertices of O(R), O(L), and O(B), respectively, the sequence of 2-shifts only
ends if all labels are again in their starting position. Consequently, v(T : L) = 4,
v(T : R) = 2q, and v(T : B) = 2p. Theorem 3 of Section 4.1 implies:

THEOREM 7. The Sachs triangulation T(D, ), where ¢ > 3 and p > 3q, is
a barycentric subdivision of the regular map TR(Dq p) of type {p,q} and also of
the regular map TB(Dq ) of type {q,p}.

Now, we assign to each vertex of T the square of the former label. Since
(T : L) =20(L), v(T : R) = 20(R), and v(T : B) = 20(B), Theorem 4 implies:
the anticlockwise product of these labels around each face is the identity.

When is this labelling a Sachs labelling of T, ?

We start with two lemmas.

LEMMA 8. Any two vertices of O(B) have different labels in T.

Proof. Assume there are two vertices X,Y € O(B) with the same label
B*. Then, in both of the two disjoint basic discs K(X) and K(Y) of T, all
1-shifts of the boundary B* around the outer face of D occur. Since D is a tree
or a tree with one loop, respectively, the set Sy (and Sy ) of the labellings of
D in K(X) (and K(Y)) are uniquely determined by B*. Hence Sy =S, and
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T has distinct triangles with the same permutations assigned to their vertices.
This contradiction proves the lemma. O

The type of a permutation x is denoted by type(z) = i*j? if z has o

cycles of length ¢, B cycles of length j, and no other cycles. The validity of the
following lemma is obvious.

LEMMA 9. For any two permutations z,y € S, of the same type 1°(2k + 1)}
(k > 1 an integer),

c#ty = 2* #£y*.

THEOREM 10. The map Tx(D, ), ¢ > 3, p > 3q, is a regular map on a
closed oriented surface of type {p,q}. Moreover, for each integer q > 3 and
each odd integer p > 3q a Sachs labelling of TR(qup) is obtained by replacing
each label B by its square B?. Further, for each even integer ¢ > 4 and each
integer p > 3q, the original labels form a Sachs labelling.

The regularity of the map TR(Dq,p) follows immediately from Theorem 2.

We remark that for odd ¢ > 3 and even p > 3q the existence of a Sachs
labelling of TR(qu) is an open problem.

Proof. The first part of this assertion follows from Theorem 2. By
Lemma 8, any two vertices of TR(Dq,p) have different “original” labels. By
Lemma 9, any two vertices have different “squared” labels. Thus Theorem 4

implies that for odd p the squared labels and for even ¢ the original labels form
a Sachs labelling. O

D3,3 é Ds,s i D3y7

FIGURE 5.3.

If the method is applied to the dessins d’enfant of Figure 5.3, then also regular
Sachs triangulations of vertex valences 3 (tetrahedron), 5 (icosahedron), and 7
are obtained. With case ¢ = 3 of Theorem 10 this implies:

THEOREM 11. The triangulations Tp(D; ) are regular maps for each odd
vertex valence p > 3. The squared labels form a Sachs labelling.

If the method is applied to the dessins d’enfant of Figure 5.4, then also regular
triangulations of vertex valences 4 (octahedron), 6, and 8 are obtained.
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/Q) ) > >

FIGURE 5.4.

THEOREM 12. The triangulations Tp(D; ,) are regular maps for each even
vertezr valence p > 4. The squared labels form a group labelling.

Notice that in general this group labelling is not a Sachs labelling.

Proof. The first part of this assertion follows from Theorem 2.
Next let B, B,, By be the labels of a triangle A of Tx(D;,,), p > 10.

B} # B} # B} # B} (1)

Proof of (1). If, without loss of generality, B? = B2, then the bound-

ary of K(B;) in T(D;,) has only the vertices L, R, By'LB,, Bi'RB,

B7?LB? = L. Hence, v(T : B;) = 4. This contradicts the consequence of
Theorem 7 that v(T : B;) = 2p > 20. Thus (1) is proved for p > 10.

(1) implies with Theorem 4 the validity of the second part of Theorem 12 for
p > 10. The case p =4, 6, or 8 is proved by a direct construction. O

For Ty (Dq,p) the following result can be proved in the same way.

THEOREM 13. The map Tx(D, ), ¢ > 3, p > 3¢, is a regular map on a
closed oriented surface of type {q,p}.

Similarly, the following result can be proved:

THEOREM 14. The cellular subdivision cT'y(D, ) of Tr(D,,) is a Sachs
triangulation. Its Sachs labelling is obtained by replacing each group element of
O(R) by its square.

6. Reflexible maps

6.1. Inverse Sachs triangulations.

Let T be a triangulation of a closed oriented surface with a group labelling.
Replace each group element by its inverse. If (z,y, 2) is a regular triple of group
elements assigned to some triangle of 7', then (27!,y~!,z71) is a regular triple,
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too. Hence, replacing each group element by its inverse results in a group la-
belling of 7%, where T is obtained from T by reversing the orientation of the
underlying surface.

Next, let (D,l), R, L, B and T(D,l) be defined as before. The dessin
d’enfant (D, 1) is assigned to the triangle A labelled (R, L, B). The triangle A*
labelled (R*, B, L) has with A the common edge (L, B), where R* = L™!BL.

Let (D?%,1) denote the labelled dessin d’enfant obtained by reflecting (D, 1)
(changing the orientation of the underlying surface) and reversing the direction
of all arcs, where the labels are fixed at the arcs, i.e., image and preimage have
the same label. Then R*~', L= and B~! are the rotation, edge inversion and
the boundary permutation of (D?,1) respectively, and (D%, 1) is assigned to A*
of T¢. Thus T¢ = T¢(D,1) = T(D%,1).

6.2. Reflexible maps.

Let D and D* be two homeomorphic dessins d’enfant. Then the Sachs tri-
angulations T(D) and T(D*) are homeomorphic.

If D is a reflexible map, i.e., D and D* are homeomorphic, the Sachs trian-
gulation T(D) and T*(D) & T(D") are also homeomorphic. Hence, T'(D) is a
reflexible map.

THEOREM 15. With D also T(D) is a reflexible map.

Remark. The nonreflexible dessin d’enfant D, ¢ of Figure 5.4 generates a non-
reflexible Sachs triangulation T'(D).

COROLLARY 16. Besides D; ¢, the dessins d’enfant used in Section 5 are
all reflexible. Consequently, besides TR(D3’6), all reqular maps constructed in
Section 5 — see Theorems 10-14 — are all reflexible.

7. Concluding remarks

The method presented here constructs certain Sachs triangulations. If a regu-
lar triple (z,y, 2) of permutations x, y, z is given, one of which has type 192°,
b> 0, say y, then a dessin d’enfant with R =z, L =y, and B = z can easily
be found.

If all three permutations are not of type 122°, b > 0, then a similar con-
struction can be developed with generalized dessins d’enfant. This method will
be presented in a further paper.

In this volume, D. S. Archdeacon, P. Gvozdjak, and J. Sirdn [1]
present a method in constructing regular maps, which is similar to the method
presented here. The idea of this construction can be described in our notation
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as follows: In our construction of T'(z,y), two triangles with the same group
elements are identified. This occurs if there is an orientation preserving, la-
bel preserving homeomorphism of one of the assigned dessins d’enfant onto the
other one. In the construction of D. S. Archdeacon, P. Gvozdjak and
J. Sir4n in [1], only two triangles with the same dessin d’enfant are identified,
i.e., in both triangles, the two dessins d’enfant have the labels at the same places.
If (D,!) has no orientation preserving, label preserving homeomorphism, then
both methods results in the same map. For example, this is the case for all D wp

We conclude the paper with three open problems.
PROBLEM 1. Let D be a regular map. Is T(D) isomorphic with D?
PROBLEM 2. Has each 2-rotary simple triangulation a Sachs labelling?

In all investigated cases such a labelling could be found. For Problem 2, see
also Section 1, especially Theorem 1. Problem 2 is also open for the regular
triangulation Dj ,, where p is an even integer.

PROBLEM 3. Is there a Sachs triangulation of genus 27

Acknowledgement

I thank J. Siran, M. Skoviera, and the referees for their very valuable com-
ments.

REFERENCES

[1] ARCHDEACON, D. S.—GVOZDJAK, P.—SIRAN, J.: Constructing and forbidding au-
tomorphisms in lifted maps, Math. Slovaca 47 (1997), 113-129.

[2] GROTHENDIECK, A.: Esquisse d’un programme. Preprint, Montpellier, 1984.

[3] JENDROL, S.—NEDELA, R.—SKOVIERA, M.: Constructing regular maps and graphs
from planar quotients, Math. Slovaca 47 (1997), 155-170.

[4] SACHS, H.: Problem 26. In: Theory of Graphs and its Applications. Proc. Symposium
held at Smolenice in June 1963, Publ. House Czechoslovak Acad. Sci., pp. 162-163.

[5] SACHS, H.: Graphs and surfaces assigned to finite groups. In: Problémes Combinatoires
et Théorie des Graphes. Colloques internationaux C. N. R. S. 260, 1978, pp. 371-375.

[6] SIRAN, J.—SKOVIERA, M.—VOSS, H.-J.: Sachs triangulations and regular maps,
Discrete Math. 134 (1994), 161-175.

[7] VOSS, H.-J.: Beschreibung von Gruppen durch Triangulationen orientierbarer Flichen.
In: Graphentheorie Band 1: Anwendungen auf Topologie, Gruppentheorie und Verbands-

theorie (K. Wagner, R. Bodendiek, eds.), BI - Wiss. Verlag Mannheim, Wien-Ziirich, 1989,
pPp- 92-156.

209



HEINZ-JUERGEN VOSS

[8] VOSS, H.-J.: Symmetries of groups and of triangulations of oriented surfaces. In: Cate-
gory Theory and Applications (Potsdam, 1988) (K. Denecke, H.-J. Vogel, eds.), Potsdamer
Forschungen, Schriftenreihe PH Potsdam, Nat. Reihe B 62, 1989, pp. 130-141.

[9] VOSS, W.: Gruppen und Graphen I., Wiss. Z. TH Ilmenau 24 (1978), 63-78.

[10] VOSS, W.: Gruppen und Graphen II, Wiss. Z. TH Ilmenau 24 (1978), 47-61.

[11] VOSS, W.: Gruppen und Graphen III, Wiss. Z. TH Ilmenau 30 (1984), 61-69.

[12] WHITE, A. T.: Graphs, Groups and Surfaces. North-Holland Math. Stud. 8, North-
Holland, New York-Amsterdam-London, 1973.

Received March 24, 1995 Fachrichtung Mathematik

Revised July 20, 1996 Institut fir Alg.ebm .
Technische Universitat Dresden

Mommsensstrasse 13
D-01062 Dresden
GERMANY

E-mail: voss@NALWO1.math.tu-dresden.de

210



		webmaster@dml.cz
	2012-08-01T11:35:34+0200
	CZ
	DML-CZ attests to the accuracy and integrity of this document




