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THE DISTRIBUTIVITY PROPERTY
OF VALUATION RINGS

JAN MINAC

In order to make this paper self — contained we repeat some basic facts about
valuation rings (see [1]).

Let K be a field, I" an additive abelian totally ordered group. By a valuation (of
the field K) we mean a mapping v: K'=K—-{0}->»I such that v(xy)=
v(x)+v(y) and v(x + y)=min {v(x), v(y)}. The set of all x such that v(x)=0 or
x =0 forms a ring V. This ring is said to be the valuation ring of v.

We shall say that A = K is a valuation ring if A is the valuation ring for some
valuation v of K.

This valuation v is uniquely determined by the ring A up to equivalence. This
means that if A is a valuation ring for two valuations v;, v, with the valuation
groups Iy, I, respectively, then there exists such an isomorphism @: I'— I, that
Dovy =,

The set of all subrings of a field K forms a lattice if the lattice operations are N
and v. Hereby A v B denotes the ring generated by the AuUB.

It is easy to show that every overring of a valuation ring is again a valuation ring.
Thus together with A, B the join A v B is also a valuation ring.

If v,, v, are valuations corresponding to the rings A,, A, respectively, then we
denote by v, v v, the valuation which corresponds to the ring A v B.

Let v;, v; be the valuations of the field K and A,, A; their valuation rings. If there
is no relation of inclusion between the rings A;, A;, we shall say that the valuations
v;, v; are incomparable.

Let P be the greatest common prime ideal of the rings A,, A;. Let A; = I be the
set I; — {*v:(x)|x € P}. Then it is easy show that A, is such a subgroup of I, that
a factorgroup I;/A; is a naturally ordered group. Moreover, we can identify the
group of values of valuation v, Vv v, with this factorgroup. Let ©, be a canonical
homomorphism I';—I;/A;. Then we shall say that a pair (a;, o)) € I;XT; is
compatible if O,(a;) = 6;.(q;).

Finally we can formulate the Ribenboim approximation theorem. (Theorem 1,
chapter E, [1])
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Let v, v2, ..., v, be pairwise incomparable valuations of the field K, and let
(ay, ..., a,) € I'X...xT,. Then there exists an element x € K such that v,(x)=a;
(i=1, ..., s)if and only if every pair (&, ;) (i, j=1, 2, ..., s i# j) is compactible.

In this paper we show that every triple of valuation rings has the distributivity
property. More precisely, there holds:

Theorem. Let K be a field and A,, A, As be valuation rings of the field K. Then
we have

AiN(A:vA))=(ANA)V(AINAS). 1)

Moreover, we shall show that this need not be true if at least one of the rings A,,
A3, A, Is not a valuation ring. Before proving the Theorem, we prove the following
Lemma.

Lemma. If A is a valuation ring and B a ring with a unit, then AvB =
{a-blae A, beBj}.

Proof. Since AvB={Za,~b,|a,»sA, b.eB, neN}, (N is the set of natural
i=1

numbers), it is sufficient to show that every element of the form a,b, + ..+ a.b,
can be written as ab, where ac A, b e B.
Let v be a valuation of the field K for which A is its valuation ring. Then let

bje{b, ..., b,} be an element such that v(b,-)=lrg_isn {v(b;)}. Then we have

v(abb;")=v(a)+v(b)—v(b)=0

Hence a,b,b;' +...+ ab,.b;'€ A and the element a,b, +...+ a,b, has the
required form b;(a,b,b;' +...+ a,b.b;'). The lemma is proved.

Proof of the Theorem. First at all we exclude some trivial cases. If A,> A; or
A;D A,, the distributivity equality holds, since both sides of (1) are equal to
A.NA, or A;nA,, respectively. If any of the rings A, A;is an overring of A,, then
we have also the distributive identity, since both sides of (1) are equal to A,. From
now we assume that the rings A,, A2, A, are not in the above inclusions.

Since (AiNA,)V(AiNnAs)c(A,vA3)NA, holds in every lattice, it is sufficient
to prove the converse inclusion.

Thus we want to show that every element a,a; € A,, a, € A,, as€ A, is contained
in (AinA;)V(AINA,).

From a,a;€ A, we have either a,€ A, or as€ A,. Lete.g., a,€ A,. Now if we find
an element d € K — {0} such that a.d '€ A;nA,, and a;d € AsnA, then a.a;=
(a2d”")(das) € (A2nA,) v (A;nA,) and the Theorem will be proved.

(Further we shall assume that a; ¢ A, (since otherwise it is sufficient to put d = 1)
and a,#0 (since if 2,=0 and a;¢ A;, we can put d=a;").)
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Let v,, v2, v be valuations on the field K which corresponds to the valuation
rings A,, A., A,, respectively. We wish to find an element d for which

1. Ul(d)é Ul(az)
2. —U1(d)§ vl(aa)
3. v(d)=va(az)
4. —vs(d)=vs(as)
We can even find such an element d for which there holds:
1'. ‘Ul(d):'vl(az)
2. v2(d) = vy(az)
3. v3(d)=0.

These conditions are stronger, for 1’,2', 3’ imply 1, 2,3, 4. Indeed 1'> 1, 2'> 3,
3'3 4, since vs(a;) Z0= —vs(d). We further get 2 from v,(d) = v,(a;) = —vi(as).

By the above hypothesis we have as the only possible inclusion among the rings
A, A,, A; the inclusion A, A,;. We shall show that in this case condition 2’
implies 1’. Indeed, we have the following chain of implications:

v2(d) = v2(a2) > v2(da; ) = 0> v(d'a) = 0> da;!

has an inverse element in A; = vy(da; ') =0 = vi(d) = vi(a,). Hence in this case it
is sufficient to find an element d satisfying conditions 2', 3'. Since A, A, are
incomparable rings we can apply the Ribenboim Theorem in the same way as in the
following case, when the rings A,, A,, A, are pairwise incomparable.

To apply the Ribenboim Theorem we must, for the sake of 3’ add a non-negative
element, namely ¢ from the valuation group of v, in such a way that the triple
(vi(az), v(az), ¢) becomes compatible. If v, (a;)=0, we can take vs(a,), if not,
then we can take the zero element, since in this case

(vsvu)(a:)=0, (vsvv:)(a:)=0.

Now by the Ribenboim Theorem we know that there exists an element d for which
the conditions 1’, 2’, 3’ are satisfied. This proves our Theorem.

Remark. Now what about the dual distributive property? In an arbitrary lattice
both distributive identities required for all triples are equivalent. Hence we expect
that also the dual condition holds for any triple of valuation rings. This is true, but
we must be a little careful. In the proof of the dual identity we have to use the fact
that every overring of a valuation ring is a valuation ring. We begin with an element
(A1vA;) N (A,vA;) and we can use the theorem, since A,V A; is also a valuation
ring. Hence ‘

(Al VAg)ﬁ(Al VAz) = [Alﬂ(A1 VAz)] V[Asn(A1VA2)]
= A] V[(A3nA1) \Y2 (A}nAZ)] (2)
=A, V(AsﬂAz)-
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We now show that if we require that only two of the rings are valuation rings,
then the identity (1) need not be true. It is interesting that the dual identity (2) is
true even if only the two rings, A, and A, are valuation rings. (A, being any
subring.)

Example 1. Let x, y be independent variables over a field L. We consider the
rational function field K = L(x, y) and define the following subrings A;, A,, A; of
the field K.

_[(pox) | Pai(x) | » Pa(%)
Al_{(ro(x) y(h(x)+m Y 4.(x)

Dn+1(X) Dn+2(x) m-1 bn+m(x))

+ o pyntEmmesl)
/qn+l(-x) qn+2(x) qn+m(x)

where pi(x), q:(x)+# 0, are polynomials in the variable x over L, and x does not

diVide QO(X), q’l+l(x)’ p'l+1(x)’}

A; is defined by interchanging x and y in A,..

A;=L [-]1;] — the ring of polynomials in the variable %

The ring A, is a valuation ring for the valuation v,: K- {0}—>Z X Z (Z is the
set of integers), where the set Z X Z is lexicographically ordered, (this means that
(a, b)=(c, d) if and only if either a < c or a = ¢ and b =d) and v, is defined by

(” ™Mx"pe(x) + Y™ pi(x) + ...+ Yy pe(x)
1

yx"qo(x) +y™  qu(x) + ... + y"‘“’q:(x)) = (my=mz, 1, =),

where pi(x), q:(x) are polynomials in the variable x and x does not divide po(x),
qo(x).
Thus the rings A,, A, are valuation rings, but A, is not a valuation ring, since y,

%é A, and it is impossible for any nontrivial valuation v to have negative values on
1
both y and v

Now we have %G(AzVAg)ﬁAl and since A;nA;=L, we have

:‘_Xé A3 = A3VL = AgV(AznAl) o] (A3nA1)V (AznAl)

Hence the distributivity does not hold.
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Example 2. We change the role of A, in the preceding Example by putting
B,=A; B;=A, Bs;=A, Then again the identity (B,nB;) v (BinB;)

= Bin(B,Vv Bs) does not hold since %e B, n (B;VvB;), indeed %=%-§, but

%é (BlnBz)V(Blnt) = L.

Example 3. The rings in Example 1 do not satisfy the dual distributivity law.
Indeed in the notation of Example 1 we have

i—e (A,vA;)N(AVA;) but ;lr—¢A, =A,vL=A,v(A:nA),).

A final remark. Let A,, A,, A; be subrings of the field K such that A,, A are
valuation rings. Then

(A1VA2)ﬁ(A1VA3)=A1V(A2f'\A3). (3)
To show this we need the following Lemma P.

Lemma P. Every overring B of the intersection A = A;N A, is an intersection of
two valuation overrings B,, B, of the rings As, A,, respectively.

To see this we shall use the following well — known facts about valuation rings
have not been quoted above.

First of all we recall one of the many possible equivalent definitions of a Priifer
ring.

The subring R of the field K is a Priifer ring if and only if any ring S between R
and K is integrally closed. ([2], Theorem (11.10) (ii))

Next we have:

Every integrally closed ring is an intersection of valuation rings. ([2], Corollary
(10.9))

Every finite intersection of valuation rings is a Priifer ring. ([2] Theorem (11.12))

Every valuation ring B which contains a finite intersection (1) A, of valuation

i=1

rings contains some of the valuation rings A,. ([1], Chapter E, Corollary 2c)

Now we are ready to prove the Lemma P. Indeed if we use the above facts we
have gradually:

AsNnA;=A is a Priifer ring. B is integrally closed. B is an intersection [ | C, of

iel
valuation rings. Every G, is an overring of A; or A,.

#=(0,9(0.9)

CroAj3 Cj>A2
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Hence, indeed, B is equal to the intersection of two valuation overrings of the rings
A, A,, respectively.
Now we prove (3). We have

(A1V Az)r\(Al VA;) c [AzV(A1 V(AzﬂAg))]ﬁ[AgV(AlV(AznA‘_;))].

But according to (P) there exist rings A4, As such that A,> A,, As> A, and

AsnAs = A;v(A:nA;). From this and from the distributive law for every triple
- of valuation rings we have

[A:v(Ai1V(A:nA))N[AsV (A1 V(AN ASL))]
=[A2v(AnAj)]N[AsVv(ANAS)]
=(A2vAIN(AVAS)N(AsvA)N(AsVAs)
=AN(A:VA)NAsN(A,VAS)
=A.NAs,

and SO (AIVAz)n(A1VA3)CA]V(AznA;;).
Since the converse is true in every lattice, the relation (3) is proved.

REFERENCES

[1] RIBENBOIM, P.: Théorie des valuations, Les presses de I'université- de Montreal 1965.
[2] ENDLER, O.: Valuation theory, Springer Verlag, Berlin—Heidelberg—New York 1972.

Received August 24, 1979

Matematicky tstav SAV
Obrancov mieru 49
886 25 Bratislava

3AMETKA O CBOWCTBE JUCTPUBYTUBHOCTH
B KOJIIbLIIAX HOPMHUPOBAHUWA

SIn MuHay
Pe3ioMme

B craTtbhe nOKa3bIBaE€TCs, YTO BCE CEMEHCTBA, COCTOSIIIME U3 TPEX KOJIELL HOPMUPOBAHUA, YAOBJIC-
TBOPSAIOT o6om nHCTpHGyTHBHblM TOXJECTBAM, HO 3TO HE BCETrAa BEPHO, €CJIU TOJILKO JIBA 3JICMECHTA U3
3TOrO CEMEWCTBA SBNSIOTCA KOJIBIAMU HOPMHPOBAHHA.
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