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RANDOMLY COMPLETE n-PARTITE GRAPHS
YOUSEF ALAVI*—DON R. LICK**—SONGLIN TIAN*

Let G be a graph containing a subgraph H without isolated vertices. In [3] the
concept of “randomly H graphs” is defined as follows: We call G a ramdomly
H graph if any subgraph of G without isolated vertices which is isomorphic to
a subgraph of H, can be extended to a subgraph H, of G such that H, is
isomorphic to H. The property of being a randomly H graph is a generalization
of the properties of “arbitrarily traceable graphs” (later referred to as “‘random-
ly eulerian graphs”) introduced by Ore [4] in 1951, “randomly hamiltonian
graphs” introduced by Chartrand and Kronk [2] in 1968, and “radomly
matchable graphs™ introduced by Sumner [5] in 1979. In [5] a historical
background of how the concept “randomly” is used in some areas of graph
theory is provided.

Every nonempty graph is randomly K, while every graph G without isolated
vertices is a randomly G graph. Let P, denote the path of order n. In Figure 1,

Fig. 1

the double star graph S is randomly P, but not randomly P,. The graph K(3,4)
is randomly K(2,2), while the graph G = K(2,2,3) in Figure 2 is not randomly
K(2,2,2). This follows since there is no way that the subgraph F, even though
it is isomorphic to a subgraph of K(2,2,2), can be extended to a subgraph K of
G that is isomorphic to K(2,2,2).

In [3] the authors pointed out the following concerning isolated vertices: In
the definition of randomly H graphs, it was stipulated that H and F be without
isolated vertices. Suppose that H has order m and that ¢ is the class of all
randomly H graphs. Let H' = H u nK,, where n is a positive integer. If, in the
definition of randomly H graphs, the requirement that H is without isolated
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vertices is deleted, then the class % of all randomly H’ graphs consists of those
graphs in 4 having order at least m + n. Hence it suffices to assume that H is

without i1solated vertices.
Wy
F: VzéwZ

.

Fig.2

The authors [3] also point out the following: Since a graph G without isolated
vertices is a radomly H graph if and only if G U K| is randomly H, we can assume
that every randomly H graph is free of isolated vertices. In order to avoid a
situation where only complete graphs would be randomly H for a variety of
graphs H, we have required F to be without isolated vertices; otherwise, for
example, only complete graphs of order at least 2 would be randomly K, (which
can be seen by taking F to be the empty graph on two vertices).

In [3] Chartrand, Oellermann, and Ruiz characterized graphs that
are randomly H graphs where H is 2K,, P,, K,(n > 2), or C,. They also charac-
terized grphs G that are randomly H graphs for every subgraphs H of G. In this
paper we characterize graphs G that are randomly complete n-partite graphs.

Even though all the terms used in this paper may be found in [1], we will
define a few here. The graphs G is said to be n-partite, for n an integer at least
2, if it is possible to partition the vertex set V of G into n subsets V, V5, ..., V,
such that every edge of G joins a vertex of V, to a vertex of V,, v # u. The sets
Vi, V,, ..., V, are called partite sets of the n-partite graph G. If n = 2, such graphs
are called bipartite graphs. A complete n-partite graph G is an n-partite graph
with partite sets V;, V5, ..., V, having the additional property that if u is a vertex
of V,and vis a vertex of V,, v # u, then uv is an edge of G. If the set V, has order
P.. | < v < n, then the symbol K(p,, p,, ..., p,) is used to denote this complete
n-partite graph. The set of neighbors of a vertex of a graph G is the set of all
vertices of G adjacent to v. We shall use |G| to denote the order of the graph G
and |S| to denote the number of elements of the set S. If U is a nonempty subset
of the vertex set V' (G) of a graph G, then the subgraph <U) of G induced by U
is the graph having vertex set U and whose edge set consists of those edges of
G incident with two elements of U. A subgraph H of G is called induced if
H = (U) for some subset U of V(G).
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In the remainder of this paper we shall characterize randomly complete
n-partite graphs. In order to study these graphs, we will use the following
notation. We will be using n > 2 positive integers p,, p,, ..., p, and will asume
that

p<p,<..<p, and p=p +p,+..+p,.

When the integers p,, p,, ..., p, are given we will use K to denote the complete
n-partite graph K (p,, p,, ..., p,)- We begin with the following observation.

Proposition 1. If the graph G is randomly K, then
a) G contains a subgraph isomorphic to K;

b) the order of G is at least p;

c) G is connected,;

d) the minimum degree of G is at least p — p,; and
e) the maximum degree of G is at least p — p,.

We are now ready to prove the first result about randomly complete n-partite
graphs.

Proposition 2. Let G be a randomly K graph with p,_, > 2. If G contains a
subgraph isomorphic to K, . |, then G is complete.

Proof. Assume that the maximum order of a complete subgraph of G is
t. Then t > n + 1. Let H* be a complete subgraph of G of order ¢. If H* has the
same order as G, then G is complete. We assume that |G| > |H*|. Since G is
randomly K, Proposition 1 implies that G is connected and so there is a vertex
vof V(G) — V(H*) that is adjacent to a vertex v, of H*. If v is adjacent to all
of the vertices of H*, then V(H*)u {v} induces a complete subgraph of G of
order ¢ + 1, which is a contradiction. Thus there is some vertex v, of V' (H*) such
that v is not adjacent to v, in G. Let v;, v,, ...,v, ., be any other n — 1 vertices
of H*. Then the set of vertices V' = {v, v,, ..., v, , , } induces a complete subgraph
H of G of order n + 1. Also the vertex v is adjacent to v,, and v is not adjacent
to v,, and V(H)=V. Let H’ be the n-partite subgraph of G with
V(H')=V(H)vu{u}, partite sets V, ={v, v,,,}, Va={v,, v}, and V,={v,},
3<v<n and edge set E(H") = E(H) v {vv;} — {v,v,}. Then H’ is isomorphic
to a subgraph of K (since p, _, > 2) and can be extended to a complete n-partite
subgraph H"” of G isomorphic to K.

We show that v and v, are not in the same partite sets of H” which implies
that they are adjacent in G, a contradiction which completes the proof. Each
vertex of the set V — {v,, v,} must be in distinct partite sets of H” because they
are mutually adjacent in H". This represents n — 1 distinct partite sets of H".
Now if v, and v, are in distinct partite sets of H” they must be different from the
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n — 1 partite sets already mentioned because v, and v, are each adjacent to every
vertex of V — {v,, v,}, then H” would have n + 1 distinct partite sets in a
complete n-partite graph. Since this is a contradiction, v, and v, must be in the
same partite set of H". Since v is adjacent to v, in H”, it is in a different partite
set of H” than v, and so v is also adjacent to v,. This is the desired contradiction,
which completes the proof.

We now characterize those graphs that are randomly complete bipartite. The
case K(1, n) was covered in [3].

Theorem 1. A graph G is randomly K(p,, p,), p» = p, = 2, if and only if G
isomorphic to a complete bipartite graph K(s,, s,) where s, > p, and s, > p,, or G
is isomorphic to a complete graph K, where p’ > p, + p,.

Proof. It is easy to see that if G is isomorhic to K, , where p’ > p, + p,
or G is isomorphic to K(s), s,), where 5, > p, and s, > p,, then G is randomly

K(p\, py).

Assume that G is randomly K(p,, p,) and that G is not complete. Then G
contains a subgraph H isomorphic to K(p,, p,). By Proposition 2, G contains no
subgraph isomorphic to Kj, and so the subgraph induced by each partite set of
H is empty, implying that H is an induced subgraph of G. Let G’ be a complete
bipartite subgrph of G containing a subgraph isomorphic to K(p,, p,) of maxim-
um order, say t. Then t > p, + p,. Let V| and V; be the partite sets of G’.
Proposition 2 implies that G’ is an induced subgraph of G.

If V(G)=V(G’), then, since G’ is an induced subgraph of G, G = G".
Suppose that G’ is a proper subgraph of G. Since G is connected, there exists a
vertex v of V' (G) — V(G’) that is adjacent to a vertex of V' (G’). Since G contains
no subgraphs isomorphic to Kj, there exists a partite set V;, i = 1| or 2, such that
v is adjacent to none of the vertices of V.. Select v, of ¥; and v, of V. Without
loss of generality we may assume that vv, is not an edge of G and that vv, is an
edge of G. Let w be any other vertex of V. Then the subgraph of G induced by
{v, v,, v,, w} is the path vv,v,w which is isomorphic to a subgraph of K(p,, p,).
Since G is randomly K(p,, p,), {{v, v,, v,, w}> can be extended to a complete
bipartite subgraph G” of G that is isomorphic to K(p,, p,). Since the path vv,v)w
is a subgraph of G”, vw must be an edge of G” (and of G). Thus v is adjacent
to each vertex of V. The graph T induced by V| u ¥V, U {v} is a complete bipartite
subgraph of G containing G” of order ¢ + 1. Since this is a contradiction,
G = G’, which completes the proof.

We now look at some special cases of the complete n-partite graphs where
n > 3. We begin by considering the case where the graph G is a complete
n-partite graph. *
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Proposition 3. Let n, p;, P2 ---sPus S1s 52 ..., 8, be positive integers with n > 3,
PEP<...<p,and s, £ < ... <5, If G = K(s), Sy ..., 8,) is randomly K,
then s, > p, and s, = p,, 2 < v<n.

Proof. Since G = K(p\ P2 ---»P,) is randomly K, G contains a subgraph
isomorphic to K. Thus p,<s,, 1 <v<n.

Let V;, V,, ..., V, be the partite sets of G with |V,| =5,, 1 < v < n. We begin
by showing that p, = s,. Suppose that s, > p,. Let v be a vertex of V] and let V,,
be a subset of p, + 1 vertices of V,. Let K(1, p, + 1) be a star with center at v
and endvertices in V. Since n > 3, K(1, p, + 1) is isomorphic to a subgraph of
K. The graph G is randomly K and so K(1, p, + 1) can be extended to a complete
n-partite subgraph H of G that is isomorphic to K. There exist two vertices x and
yin ¥,/ such that x and y belong to different partite sets of H, so that x and y
are adjacent in H. But x and y belong to the same partite set of G and so x and
y are non-adjacent in G. This is a contridiction and so s, = p,.

Let v be the largest integer such that s,>p,, 2 <v<n. Since 2<v<n,
K = K(p,, p,, ..., p,) contains a subgraph isomorphic to the graph ' = K(p, + 1,
DPvi1s--sPn)- Let V. beap,+ 1subset of V,. Let H be the subgraph of G induced
by the set VU V,, , UV, ,u...UV,. Then H is isomorphic to T = K(p, + 1,
Sy 415 -+-»5,) Which is isomorphic to a subgraph of K and can be extended to a
complete n-partite subgraph H’ of G which is isomorphic to K. There exist two
verties x and y of ¥, such that x and y belong to different paritie sets of H” and
so are adjacent in H’ (and in G), while they belong to the same partite set V, of
G and so are non-adjacent in G. This is a contradiction, and so p, = s,. Thus
pu=s,for2<pu<n.

Proposition 4. Let n, s,, p,, p»-...,P, be positive integers with n > 3 and
<8 <p<...<p,.- If G=K(s), py, ..., p,) is randomly K, then s, = p, = ...
.=p,andp, =5, — 1.

Proof. Assume that not all of the p’s are equal to s,. Let v be the smal-
lest subscript such thats; < p,,2 < v<mn. Thatis,s;, =p, = ... =p,_,. Let I,
V,, ..., ¥, be the partite sets of G such that |V|| = s,and |V,| = p,, 2 < p < n. Let
Vi ={v,,. 0, ...,0,} be aset of t = p; + 1 vertices of V|, let u be a vertex of ¥, and
let V)=V, — {u}. Let T be the complete n-parite subgraph of G with partite sets
VI/’ VZ’ tees Vv~l’ Vv,’ Vv+ 1o 20 I/n Here ”/11 =D + 15 |VV1 =Dv— 1’ and |I/;l| =p;n
2 < u < n, vnot equal to u. Let S be the subgraph of T (and of G) with vertex
set V' (S) = V(T) and edge set

E(S)= E(T) — {vv,:v is a vertex of V,}.

Then S is isomorphic to a subgraph of K and can be extended to a complete
n-partite subgraph S’ of G that is isomorphic to K. Because of the construction,
each of the sets ¥}, 2 < u < n, unot equal to v, is a partite set of S”. The vertices
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of V)'u ¥V, cannot be contained in any of these n — 2 partite sets because they
are adjacent to vertices of these sets. Since each vertex of Vis adjacent to each
vertex of V) — {v,}, all the vertices of V," — {v,} must be contained in one of the
partite sets of S’, say U,, while all of the vertices of ¥,/ must be contained in a
different partite set U, of S’. Since |Vy—{v}l=p,, |V ]=p,— 1, and
p,> p; + 1, we have that v, must be in the partite set U, of S’. Then in S’ (and
G), v, is adjacent to all of the vertices of U,, and in particular, v, is adjacent to
v, of U,. Thusin S’, v, and v, are adjacent, which contradicts the fact that v, and
v, are non-adjacent in G. Thus, s, = p, = p; = ... = p,. We assume next that
s >p + 1. Let 1, V,, ..., V, be the partite sets of G = K(s,, p,, ..., p,), where
Ml=s,and |V, | =p,,2<v<n Lett=p + 1andlet V= {v,, v5,...,v,} be a
set of t = p, + 1 vertices of .} and let v be a vertex of V;. Let V,’ =V, — {u}. Let
T be the complete n-partite subgraph of G with partite sets V), V5, V;,..., V,.
Here [V|] =t =p, + 1 and |V}] = p, — 1. Let S be the subgraph of T with vertex
set V(S) = V(T) and edge set
E(S) = E(T) — {vv,:v is a vertex of V,}.

Then S is isomorphic to a subgraph of K and can be extended to a complete
n-partite subgraph S’ of G that is isomorphic to K. The sets V5, V,, ..., V, must
be partite sets of S’ and the verices of V,’u V; cannot be contained in any of
these n — 2 partite sets. Thus there are two partite sets of .S’ that can contain
the vertices of VU V,". Since each vertex of V; is adjacent to each vertex of
V) — {v}, all of the vertices of V' — {v,} must be contained in one partite set U,
of S’ and all of the vertices of V,’ must be contined in another partite set U, of
S1. If v, is in U,, then S’ has two partite set with different sizes than the partite
sets of K, since s, = p, > p, + 1; which is a contradiction. Thus v, must be a
vertex of U,. But then v, and v, are adjacent in S’ (a subgraph of G), but
non-adjancent in G. This is a contradiction, and so s, = p, < p, + 1. Since
p<s,p=s-—1L
We now look at the complete n-partite graph K(p,, p,, ..., p,) where
n=p=..=p,_;=1 and p,,_£2.

We can rewrite such a complete n-partite graph as the join of a complete graph
with n — 1 vertices and a totally disconnected graph on p, vertices. We shall use
the notation K, + K, for such a complete n-partite graph. The complete graph
K, we can denote by K, + K.

Theorem 2. Let m > 2 and n >3 be integers. The graph G is randomly

K, ., + K, if and only if G is isomorphic to K, + K, where

r>n—1,m>s>0, and r+s>m+n—1.
Proof. Assume that G is randomly K, _, + K,. Then G contains a sub-
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graph isomorphic to K, _, + K,, and the order of G is greater than m + n — 1.
Let H be a complete subgraph of G of maximum order ¢. Then the order of H
is at least n, that is, t > n. If |H| = |G|, then G is isomorphic to K, (we can write
K, as K, + K,) and we have finished. We assume that V' (G) = V(G) is not
empty. Since G is connected, let v be a vertex of V' (G) — V (H) that is adjacent
to a vertex u of H. We claim that k = |[Nw)nV(H)|=|V(H) —1. If v is
adjacent to all the vertices of H, then V' (H) u {v} induces a complete graph of
order ¢+ 1; a contradiction. So k< |V(H)| — 1. Let x, y be vertices of
V(H) — {u} such that v is not adjacent to either x or y. Let S be a subset of V' (H)
of order n containing x, y, and u. Then the subgraph (S of G induced by S is
isomorphic to K,. Let H’ be the subgraph of G whose vertex set is
V(H") = V({S))u{v} and whose edge set is E(H") = E({S))u {uv}. Then,
since m > 2, H' is isomorphic to a subgraph of K, _, + K,,. Since G is randomly
K, ,+ K,, H’ can be extended to a complete n-partite graph H"” of G that is
isomorphic to K, _, + K. Thus v is adjacent to exactly one of the vertices x and
y, which is a contradiction. Thus k = |V (H)| — 1.
We next show that if ¥ and v are vertices of V' (G) — V(H) such that

IN@) NV (H) = IN@)nV(H) =|V(H) -1,

then N(u) n V(H) = N(v) n V(H). Suppose to the contrary that these two sets
. are not equal. Let {x} = V(H) — N(u) and {y} = V(H) — N(v). Then x and y
are distinct vertices of H, u is not adjacent to x but to all of the other vertices
of H, and v is not adjacent to y but to all of the other vertices of H. Let T be
a subset of V' (H) of order n — 1 containing x and y. The subgraph (T') of G
induced by T is isomorphic to K, _,. Let H’ be the subgraph of G whose vertex
set is V(H')=V({KT))u{u,v} and whose edge set is E(H') = E({T))u
U {uy,vx}. Then H’ is a subgraph of G that is isomorphic to a subgraph of
K,_, + K, and so can be extended to a complete n-partite subgraph of G
isomorphic to K, _, + K. Thus ux and vy are edges of G, a contradiction, and
we have that N(w)u V(H) = N(v)u V(H).

We now show that (V' (G) — V (H)) is a totally disconnected subgraph of G,
that is, if u and v are vertices of (V' (G) — V (H)), then u and v are non-adjacent.
Suppose to the contrary that (V' (G) — V (H)) is not totally disconnected. Since
G is connected, there are vertices  and v of (V' (G) — V (H)) that are adjacent
and such that u« is adjacent to a vertex w of V' (H ). Using the result from above,
u is adjacent to |V (H)| — 1 vertices of H. Suppose that x is the vertex of H such
that x is not adjacent to u. Let S be a subset of H of order n — 1 that contains
x and w. Then the subgraph {S) of G induced by S is isomorphic to K,,_,. Let
H'’ be the subgraph of G with vertex set V(H’) = V({S)) v {u, v} and edge set
E(H) = E({S)) v {uw, uv}. The subgraph H’ of G is isomorphic to a subgraph
of K,_, + K, and can be extended to a complete n-partite subgraph H” of G
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that is isomorphic to K,_; + K. Let T be the set of vertices of H” that have
degree m +n— 2 and let T’ be the set of vertices of degree n — 1. Then
|T| =n—1and |T’| = m. Since x and u are not adjacent G (and in H"),

deg,-x <m+n—2 and deg,u<m+n-—2.

So x and u are vertices of T". Since u and v are adjacent, and u is in T, v must
be in T. So in H”, x and v must be adjacent. By the above results,

NwnV(H) and N@w)nV(H)

are the same set, say V(H) — {y}. Then the graph induced by V(H) N {u,
v} — {y} is a complete subgraph of G of order |V (H)| + 1, which has one more
vertex than H. Since this is.a contradiction, the graph induced by V' (G) — V(H)
is totally disconnected.

Combining the results from above, we get that G must be isomorphic to the
graph Ky _, + I?|G|_,H|+|. Since |H| = n, we have |[H| — 1 > n — 1. Suppose
that |G| — |H| + 1 > m. Then G contains an induced subgraph R that is isomor-
phic to K(I, m +1). Also K,_, + K,, contains a subgraph isomorphic to
K(1,m + 1). Because R is an induced subgraph of G it is not possible to extend
R to asubgraph of G isomorphic to K, _, + K,,. Since this is a contradiction,
|G| —|H|+ 1 <m. Letting r=|H|—1 and s =|G| — |H| + 1, we have the
desired result. :

Conversely, we need to show thatif r<n—1,m>s>0,andr +s>m +
+n—1,then G = K, + K, is randomly K, _, + K,,. Suppose that ¥, and V, are
subsets of V' (G) such that (¥]) is isomorphic to K, and (¥, is isomorphic to
K. Let H be a subgraph of K, + K, that is isomorphic to a subgraph of
K, \+ K, If[V(H)nV,|<n—1,let Sbeany (n — 1)-subset of ¥, containing
V(H) N V,. Then H is a subgraph of {(Su V) and {Su V) is isomorphic to
K_+K,If|VIH)NV,|=n—1+10<t<mthen|V(H)=n—1+1t+
+WVH)AV)|<n—1+m, so that |V(H)n V)| <m —1t. Not that H is a
subgraph of K, _, + K, and |V(H)n V| =n—1+1t, V(H)N V] contains an
independent set (with respect to H) of ¢ vertices, say S,. Let S, be a (m — f)-sub-
set of FV, that contains V(H)nV, Then H is a subgraph of
(VH)N V)N S,> — — E({S,)) which is isomorphic to K, _, + K,,. Hence, in
each case, H can be extended to a subgraph of K, + K, that is isomorphic to
K,_, + K,. This completes the proof.

We are now ready to consider the case where p,_, > 2.

Theorem 3. Let n >3, P <P, <...<p, be positive integers such that
DPu—1 = 2. A graph G is randomly K if and only if G is isomorphic to one of the
following
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(i) K, where p=p, +p,+ ... T p,,
(ii) K, or

(iil) K(s, 53, ..., S, where s;=pi+1=p, 1 <i<nand2<j<n.

Proof. Assume that G is randomly K and that G is not complete. Then G
contains a subgraph H isomorphic to K. By Proposition 2, G contains no
subgraph isomorphic to K, . ,, and so the subgraph induced by each partite set
of H is empty, implying that H is an induced subgraph of G. Let G’ be an
induced complete n-partite subgraph of G containing a subgraph isomorphic to
K of maximum order. If the order of G’ is ¢, then t > p. Let ¥, 1 < n < n, be
the partite sets of G’. Again, Proposition 2 implies that G’ is an induced
subgraph of G.

We claim that G’ is the graph G. Suppose to the contrary, that G’ is a proper
subgraph of G. Since G is connected there exists a vertes v of V(G) — V(G’) that
is adjacent to a vertex of V' (G’). Since G contains no subgraph isomorphic to
K, ., there exists a partite set V,, for some v with 1 < v <n, such that v is
adjacent to none of the vertices of V. Select a vertex v, from V, for each u,
1 < p < n. Without loss of generality, we may assume that vo, is not an edge of
G and that vv, is an edge of G. The subgraph G” of G induced by the vertices
v, Uy, Uy, ..., U, is isomorphic to a subgraph of K. Since G is randomly K, G” can
be extended to a complete n-partite subgraph T of G that is isomorphic to K.
The subgraph of G induced by the vertices v,, v, ..., v, is isomorphic to K,, and
so the vertices v,, v,, ..., v, must lie in distinct partite sets of T. The fact that v,
is not an edge of G implies that v is adjacent to all of the vertices v,, 2 < u < n.
Since v,, vy, ..., v, Were arbitrary vertices of 1}, V,, ..., V,, respectively, for any
vertexwof V* = V;u V,u...u V,, vis adjacent to w. If we now interchange the
roles of v, and v,, we see that every vertex of V;is adjacent to v. Thus v is adjacent
to every vertex of ¥, U V* and so the subgraph T’ induced by the set of vertices
V(G’)u {v} is isomorphic to a complete n-partite graph which contains 2
subgraph isomorphic to K and has order p(G’) + 1 = ¢t + 1. This contradicts
the choice of G’. Thus there are no vertices in V(G) — V(G’), and so
V(G) = V(G’). Finally, since G’ is an induced subgraph of G, G’ = G. Since G
is a complete n-partite graph, Propositions 3 and 4 imply that G fits part (ii) or
(iii) in the statement of the theorem. Conversely, if G is isomorphic to K or K,
p’ > p, it follows that G is randomly K. So assume ¢ > 2 and n > 3. We need
to show that if py=c—1and p,=¢, 2 < v<n, then K’ = K(s, 55, ..., 5,),
where s, = ¢, 1 < u < n, is randomly K. Suppose that H is any subgraph of K’
isomorphic to a subgraph of K. Then p(H) N p(K’) = p(K) + 1. Then there is
a vertex v in V(K) — V(K’). Then H is a subgraph of {(V(K’) — {v}) which is
isomorphic to K. Since any subgraph of a graph can be extended to the graph
itself, H can be extended to a subgraph of K’ that is isomorphic to K. Therefore
K’ is randomly K, which completes the proof.
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The general question here is for what classes of graphs H is it possible to
characterize all those graphs G that are randomly H. This paper has answered
the question for one class of graphs, namely, the complete n-partite graphs.
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CJIVYAVIHO IOJILHBIE n-AOJIbHBIE IPA®BI
Yousef Alavi—Don R. Lick—Songlin Tian
Pe3rome

Iycte G rpad, cogepxawmii cyérpa¢ H Ge3 m3onuposaHHbix BepnH. I'pad G HasbiBaeTcs
cnyuyaitno H rpadoM, eciiu npou3BoHklii cyorpad rpada G 6e3 u30IUPOBAHHBIX BEPLINH, KOT-
opslii u3oMopdHbIit cybrpady rpada H, MoxHO pacumputh Ha cybrpap H, rpada G xoTopsiit
uszomopdurlii rpagy H. CpoiictBo 6uTh ciyuaitHo H rpadom sBisercs o6oOLIeHHEM TaKHUX
CBOMCTB KaK «CJIy4aliHO TPOXOIALIMI» HIIM «CIy4aiiHo 3ynepoBble rpadpp», «ciay4aiiHO ramuib-
TOHOBBIE rpadbl» MM «CIyYailHO mapocodetaHus cnocobusie rpdem. Ilycts K(py, py, ..., p,)
O3HayaeT MOJIHLIA n-I0NbHBIH rpad ¢ knaccamu V, nopsaaka p,, 1 S p s n. I'naBHbIR pe3ynbTaT
— 3TO XapaKTepu3auus Tex rpadoB, KOTOpLIE SBIAIOTCA ciaydaiino K(py, pa, --., P,) Tpadamu.
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