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A NOTE ON RESTRICTED MEASURABILITY

GALINA HORAKOVA—JAN SIPOS

McMinn in [2] introduced into the general theory of measure a concept of
restricted measurability and established the condition under which it is equivalent
to the measurability in the usual Carathéodory sense. It is our aim to give another
condition under which the two concepts of measurability are equivalent and to
show that our condition is somewhat weaker than that of McMinns.

Throughout this paper we consider X to be a fixed set with respect to which we
make definitions.

Definition 1. Let u be an outer measure on a hereditary o-ring ¥. Let B < ¥ be
a hereditary family. A set E in ¥ is called u measurable A iff, for every set B in 2.

u(B)=u(BNE)+u(BNE’),

where E' =X —E is the complement of E.

It is clear that if B = J then we obtain the usual measurability introduced by
Caratheodory.

We shall denote the o-ring of all ¢ measurable & sets by &, and the o-ring of
all u measurable sets by &. Recall that ¥ =%y.

Clearly ¥ =« ¥ holds for every hereditary 3B < .

“Definition. 2. & is called u convenient iff u is an outer measure defined on
a hereditary o-ring ¥, B « 3 is hereditary, and corresponding to each A € ¥ of
a finite outer measure there exists such a sequence {C,}:, such that

u (A - DC.-) =0
i=0
and, for each integer i,
CcC..eRB,

C. is p measurable 9.

Theorem 3. (Theorem 3.4. of [2]). If B is u convenient, then E is u measurable
whenever E is u measurable B, i.e. Ya=.
For our next consideration we need the following:

177



Definition 4. _
(i) If ¥ is a hereditary o-ring and y is an outer measure on 7, we shall denote by
H the set of all elements of a finite outer measure in .
(i) For any two elements E and F in H we shall write

o(E, F)=u(E~F),

where E -~ F = (E — F)U(F — E) is the symmetric difference of the sets E and
F.
(iii) By H. we denote the following H.={E/ E € H, u(E)>0}.
It is easy to verify that the function @ is a pseudometric on H.
The following two assertions are the principal theorems of this paper.

Theorem 5. If BN H is dense in H.., i.e. BnH> H.. (where 8N H denotes the
closure of the set BN H in the pseudometric space (H, @)), then E is u measurable
B iff E is u measurable, i.e. Fz=.

Proof. If E € ¥s, we must show that

(1) u(A)=u(AnE)+u(AnE’)

for every A e .
If u(A) is zero or infinite, then (1) is trivial. If now 0<u(A)<, then A € H..
From the density of 8nH in H. it follows that there exists a sequence of sets

B,eBnH,n=1,2, ... so that B,—>A. The set E is u measurable B from which
we have
(2) u(B.)=u(B.nE)+u(B.NnE")

for every n.
We shall show that

#(A)=lim, u(B,).
Clearly
B.c(B.—A)U(A —B,)UA
and
A c(A -B,)u(B,—A)UB,,

and so by the monotonity and subadditivity of 4 we have

u(B.)=eo(B,., A)+u(A)
_and

u(A)=o(A, B,) +u(B,).
Since o(A, B,)—0, we obtain
u(A)=lim, u(B,).
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Similarly
u(B.NnE)->u(AnE) and u(B.nE')—>u(AnE’).
Reference to (2) completes the proof.

Theorem 6. If & is u convenient, then BNH is dense in H.

Remark. Clearly then 8nH is dense in H. too.

Proof. Let A be from H. We take such a sequence {Bx}-, that for each integer
n :

BchgH, Bge%
B? is u measurable 3B and

3) u (A - 032) =0

n=1
Let us put B,=BponA for n=1, 2, .... We prove that B, 3 A. We have

o(A, B.)=u(A —B,).

The sets B2 are from %, and so (Theorem 3) also from &. Since u is an outer
measure on ¥, ua defined on & by pa(C) = u(AnC) is a measure for every
A € ¥. Hence

lim, pta(BS)=Ha (OBS) .

n=1

Since B, =B2nA, it follows that

(4) lim, u(B.)=u (CJ Bn) .

n=1
B, is u measurable, hence

u(A)=u(AnBY)+u(A —BY)
and so

From this and from (4) we have
w(a)~u (UB.) =tim, u(a ~B,).
By subadditivity of ¢ we have

ozutar -1 ()54 (A~ 02) 5 (a- )

n=1 n=1} n=1
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therefore by (3) we have
lim, u(A —B,)=0,

and so B, >A.

The following example shows that Theorem S is stronger than Theorem 3.

Example 7. Let us put X={1, 2, ...}, #=2%,for AcX u(A)=0if A =9,
u(A)=1if A is finite and non void and u(A) = if A is an infinite set. Then u is
an outer measure on . Let B ={A < X/A be finite}. Then BnH is dense in H,
but & is not u convenient and ¥z = {#, X} =%.

We give one more example to show that the condition given in Theorem 5 is not
necessary for = %.

Example 10. Let X={a, b, ¢}, #=2%, u(A)=1if A0 and u(#)=0. Let
B=22 g 2t Then Fo=F={0, X} and BnH is not dense in H., since

u(X —B)=1 for every B € 3.
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3AMEYAHUE O CYXEHHOW U3MEPUTEJIIbHOCTH
lanuna F'opakosa, Sx llnnow

Petiome

ITycTb p-BHEWIHas Mepa Ha HacleACTBEHHOM o-kKoabue X. [lycth B < H HacnenacTBeHHbIN Kiacc.
MuoxecTBo E € 9 Ha3biBaeTcs y-u3MepHMbIM B, €CITH 1JIA BCAKOro B € B uMeeT MeCcTO COOTHOLLIEHHE

u(B)=u(BNE)+u(BnE’).
ITycTb nceBOOMETPHKA O, HA MHOXECTBE BCEX 3JIEMEHTOB KOHEYHOW BHELLIHEN MEPbI ONpeAeNeHa no

¢opmyne
0.(E, A)=p(E-A).

B crathe goka3biBaeTcs cleaylouias Teopema:
Ecnv BHelIHas Mepa 1 KOHEYHa H & maoTHO B ¥ B nceBaoMeTpuke @,, To E € ¥ u-usmepumo A

TOTA2 U TOJILKO TOrfxa, Koraa E sBnsercs U -A3MEPHUMBIM B CMBbICIIE Kapa'reonopu.
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