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SOME FAMILIES OF ANALYTIC FUNCTIONS 
W I T H NEGATIVE COEFFICIENTS 
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(Communicated by Michal Zajac) 

ABSTRACT. By making use of the familiar Salagean derivatives, the authors 
introduce and study a certain subclass T^k(aiP,ry) of normalized analytic func­
tions with negative coefficients. In addition to finding a necessary and sufficient 
(and sharp) condition for a function to belong to the class T*k (a, /3,7), a number 
of other potentially useful properties and characteristics of functions in this class 
are investigated rather systematically. Finally, several applications involving an 
integral operator and some fractional calculus operators are also considered. 

1. Introduc t ion and definitions 

Denote by Ak the class of functions of the form: 
CO 

/(*) = * + E aJz° ( f c € N : = { l , 2 , 3 , . . . } ) , (1.1) 
j=fc+i 

which are analytic in the open unit disk 

U := {z : z e C and \z\ < 1} . 

Also let the operator: 
Vn (nGN 0 :=NU{0}) 

be defined, for a function / G Ak, by 

V°f(z) = f(z), 

V1f(z) = zf'(z), 
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and 
Vnf(z) = V(Vn~1f(z)) ( u € N ) . 

The operator Vn is known as the Salagean derivative operator of order n G N0 

(cf. [9]; see also [6], where it was used recently in determining several interesting 
criteria for univalence of analytic functions). 

For a function f(z) given by (1.1), it follows from the above definition that 

oo 

Vnf(z)=z+ J2 JnaJzJ (riENo). (1.2) 
j=k+1 

With the help of the operator Vn, we say that a function f e Ak is in the 
class A* k(a, /?, 7) if and only if 

-ц*) -- <ß 
(1.3) | 7 F n > ^ ) + l - ( l + 7 ) a | 

(zeU; n e N 0 ; 0 = A = 1; 0 = a < l ; 0 < / ? = l ; 0 = 7 = 1), 

where, for convenience, 

F M . = (l-\)z(-Dnf(z))' + \z(Vn+*f(z))' = <t>n+(z) 

"•^ ' ' (1 - \)Vnf(z) + \V"+*f(z) ' 1tntX{z) ' 

Let Tk denote the subclass of Ak consisting of functions of the form: 

0 0 

f(z) = z- Yl ajZ
j ( a i = 0 ; j = k + 1, k + 2, k + 3 , . . . ; k G N) (1.4) 

j=k+i 

and define the class 7 ^ ^ , / ? , 7) by 

Tn
;!fcKl3'7) = < f c (« , / i , 7 )nT f c . (1.5) 

We note that, by specializing the parameters fc, A, a, /?, 7, and n, we can 
obtain the following subclasses studied by various authors. 

(i) T0*k(a,l,l) = V(k,\,a) ( A l t i n t a g [1]), 

(ii) 7 j 1 ( a > l , l ) = T*(a) and ^ ( a , 1,1) = ^ ( a , 1,1) = C(a) 
( S i l v e r m a n [11]), 

(iii) T0°fc(a, 1,1) = Ta(k) and 7?ffc(a, 1,1) = T°k(a, 1,1) = Ca(k) 
( C h a t t e r j e a [4] and S r i v a s t a v a et al. [15]), 

(iv) T*k(a, 1,1) =T(k,\,a,n) (Aouf and S r i vas t a v a [3]), 
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where V(k,\,a,n) represents the class of functions / G Ak which satisfy the 
inequality [3; p. 763, Equation (1.5)]: 

((l-\)z(V«f(z))' + \z(V^f(z))'\ 
[ (1 - \)Vnf(z) + W-^f(z) J > a (1.6) 

(zeU; n<EN0; O ^ A ^ l ; 0 = a<l). 

The present paper aims at providing a systematic investigation of the various 
interesting properties and characteristics of the general class T^k(a, /3,7), which 
we have introduced here. Our results involving the class T^k(a,fi,^) provide 
improvements and generalizations of those given by (for example) the aforecited 
earlier authors. 

2. Coefficient inequalities and 
other basic properties of the class 7^\(a,/?,7) 

THEOREM 1. Let the function f be defined by (1.4). Then f G T^k(a,p,-f) 
if and only if 

00 

£ r ( l - A + Aj){(j-l)(l+/37)+/3(l+7)(l-a)}a j^/5(l+7)(l-a). (2.1) 
j = k+l 

The result is sharp. 

P r o o f . Assume that the inequality (2.1) holds true. Then, for \z\ = r < 1, 
we observe that 

k,A(~0 - VV,lA(*)| - /?Nn,A(*) + { - - ( - + 7 ) « K , A ( * ) | 
OO 

- Y fa-Hw-V'1; 
j=k+l 

-ß (l + 7 ) ( l - a ) - Y, A l - A + AjKU-cO + O - a h } ^ - 1 

i=k+\ 

й Y jn(i-x + xj)(j-i)aj 

00 

f[(l + 7 ) ( l - a ) - £ І n (l«Л + Лj){(l-a) + ( i - o ) 7 K ] 

j = k+l 

~ß 
j=k+l 
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oo 

< Yl jn(l-A + Aj){(j -1)(1 +h) +/?(1 + 7)(1 - a ) K -/?(1+7)(1"«) 
j=fc+i 

where we have used the inequality (2.1). Hence, by the Maximum Modulus The­
orem (cf, e.g., [5]) and (1.3), / G Tn^(a,/3,7). 

Conversely, we assume that the function / is in the class T^k(ot^ /?,7) • Then 
we have 

-^AC*) - 1 

7E„ lAW + l - ( l + 7)« 
OO 

- E A l - A + AjXJ - l ) ^ - 1  

j=fc+i  
OO 

(l + 7 ) ( l - a ) - E j " ( l - A + A j ) { ( l - a ) + (j-a)7}aj^-1 

j=fc+i 

</5 ( « G M ) . 

Since \9K(z)\ <. \z\ for all z, we obtain the inequality: 

/ 

9t 

E f U - A + AjXj-na.^'-1 

j=fc+l 
\ 

l ( l + 7 ) ( l - a ) - E j " ( l - A + A i ) { ( l - a ) + ( j - a h } a , ^ - 1 

\ j=fc+i 

(zeu). 

<ß 

(2.2) 
Now choose values of z on the real axis so that Fn x(z) is real. Upon clearing 
the denominator in (2.2) and letting z —> 1— through real values, we find that 

OO 

^ra-A+A^a-i)^. 
j=fc+i 

OO 

^ / 3 ( l + 7 ) ( l - a ) - / 3 £ J - ( i _ A + Ai){( l -a) + ( j - a ) 7 } a j , 
j=*+l 

which leads us readily to the inequality (2.1). 
Finally, by noting that the function / given by 

f{z) = z fll + 7 ) ( 1 - «) z3 

i " ( l - A + A i ) { ( j - l ) ( l + /? 7 )+/ i ( l + 7 ) ( l - a ) } (2.3) 
( j ^ f c + 1; fcGN) 

is an extremal function for the assertion of Theorem 1, we complete our proof 
of Theorem 1. • 
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COROLLARY 1. Let the function f defined by (1.4) be in the class 7^\(a5/?,7) • 
Then 

a, ъ 
< /?(l + 7 ) ( l - a ) 

j ~ j"(l - A + Xj){(j - 1)(1 + h) + 0(1 + 7)(1 - «)} (2-4) 

(jZk + 1; keN). 

The equality in (2.4) is attained for the function f(z) given by (2.3). 

Remark 1. Since 

1-X + Xj^l-H + HJ (j^k + 1; k€N; O ^ A ^ / J ^ I ) , 

we have the inclusion property: 

T*k(a,M) ' T*k(a,M) (0 ^ A ^ M ^ 1). 

Furthermore, for 0 ^ c^ ^ a2 < 1, it is easily verified that 

( i - l ) ( l + /37) + /?(l + 7 ) ( l - ^ ) ^ ( j - l ) ( l + /?7) + /?(l + 7 ) ( l - ^ 2 ) 
1 — ax — 1 — ^2 

so that, with the aid of Theorem 1, we obtain the inclusion property: 

Tlk(a2,&,i) C Tn\k(av/3n) (0^a1^a2<l). 

THEOREM 2. For each n € N0 , 

TnW«>MCT^(i,/?,7), 
where 

c . = (1 + h)(k + a)+ P(l + 7)(1 ~ a) 
(l + /?7)(* + l) + /J(l + 7 ) ( l - a ) ' 

P/ie result is sharp. 

P r o o f . Suppose that the function / defined by (1.4) belongs to the class 
7;+i,*(«>/?,7). T h e n ' by T ^ o r e m 1, 

oo 

£ r + 1 ( l -A+Aj ){ ( i - l ) ( l+ / ? 7 )+ / ? ( l+7 ) ( l - a )}a j ^ /3 ( l+7 ) ( (2.5) 
j=fc+i 

To prove that / G 7^\ (£,/?, 7), it is sufficient to find the largest £ such that 

oo 

£ i - ( l - A + Aj){( i - l ) ( l + /37) + /?(l + 7 ) ( l - 0 } « j ^ / J ( l + 7 ) ( l - - 0 - (2-6) 
j=fc+i 
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In view of (2.5), (2.6) will hold true if 

(j-!)(!+Pi) + (3(1+ l)(l-Q _ j[(3 - ! ) ( ! + /?7)+/?( l+7)( l -a)} 
1 - f _ 1-a 

(j = k + l; keN), 

that is, if 

^(l+(ll)(3-l + a)+(}(l + l)(l-<x) (j>k + 1. k e N ) (27) f = (l + (3l)j+f3(l+ i)(l-a) (J = fc + ! ' k€N). (2.7) 

Since the right-hand side of (2.7) is an increasing function of j , letting j = k+1 
in (2.7), we obtain 

(1 + Pl)(k + a)+ p(l + i)(l-a) 
? = (i + /*y)(fc+l) + /J(l + 7 ) ( l - _ ) ' 

which proves the main assertion of Theorem 2. 
Finally, by taking the function / given by 

f(z) _ - p(l + i)(l-a) k+1 
H) (k + im + \k){(l + pi)k + p(l+i)(l-a)} [ j' 

(2.8) 
we can see that the result of Theorem 2 is sharp. • 

Remark 2. Since £ > a, it follows from Remark 1 that 

Tx
k(Z,(3,i)cTx

k(a,/3,i) ( n € N 0 ) 

and hence that 

T^+ltk(a,P,l) C Tx
k(S,f3,i) C Tx

k(a,(5,i) (n e N0 ) , 

where £ is defined with Theorem 2. 

THEOREM 3. Le* 0 ^ ĉ . < 1 (j = 1,2) and 0 < /3. ^ 1 ( j = 1,2). Tften 

^ ( " i - f t , 1) = Tn^(a2,/32,1) (n G N0 ) (2.9) 

if and only if 
_____a_\ ________)_ 

1 + ft l + / ? 2 ' 

In particular, if 0 ^ a < 1 ana7 0 < /3 _^ 1 ; £/ien 

^ ( ^ ; l ) = ^ ( ^ ^ , l , l ) = p ( M , ^ ^ , n ) 

( n e N , , ) . 
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P r o o f . Let us first assume that the function / defined by (1.4) is in the 
class T^k{al,/3lil) and let the condition (2.10) hold true. Then, by (2.1), we 
get 

j " ( l - A + Xj){(j - 1)(1 + /32) + 2/32(l - a2)} 
E ••-..:• •- — 

j=k+l 
2/?2(l - a2) -> 

^ r ( l - A + Aj){Q-l)(l + /?,) + 2/i1(l-o1)} 

which shows that / G T^k(a2, f32,l), again with the aid of Theorem 1. 
Reversing the above steps, we can similarly prove that, under the condi­

tion (2.10), 
/€7^(a 2 , / J 2 , l ) => feT^a^^l). 

Conversely, the assertion (2.9) can easily be shown to imply the condi­
tion (2.10). The proof of Theorem 3 is thus completed by observing that (2.11) 
is a special case of (2.9) when 

<*i = a , P\=P, P2 = 1 • 

D 

Similarly, we can prove the following theorem. 

t 0 = a< 1, 0<P 

Tn\(a,P1n1) = Tn\(a,(32,l2) (neN0) (2.12) 

THEOREM 4. Let 0 __ a < 1, 0 < /?. 5_ 1, and 0 5_ 7. 5_ 1 (j = 1,2). Then 

if and only if 

/?1(l + 7 i ) _ / ?
2 ( l + 72) 

1 - 0 ! 1 - 0 2 
In particular, if 0 < /3 _ 1 and 0 _ 7 _ 1 ; t/ien 

Tn

л

fc(a,0,7) = TД ( a , / _ ( 1 Д 7 j 7 , l ) (n Є N0 ). (2.13) 

3. Inclusion properties associated 
with modified Hadamard products 

Let f(z) be defined by (1.4) and let 
oo 

9(z) = z- Y, bjzJ (bj=0' i = fc+l,fc + 2,fc + 3 , . . . ; keN). (3.1) 
j = k+l 
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Then the modified Hadamard product (or convolution) of f(z) and g(z) is 
defined here by 

oo 

(f * g)(z) := z - Y, aih3z3 , , 
i=T+i (3-2) 

( o ^ O ; bj^O; j = k + l,k + 2, k + 3,. . . ; fcgN). 

We now prove the following theorem. 

THEOREM 5. Let the function f defined by (1.4) and the function g defined 
by (3.1) belong to the class T^k(r},P,j). Then the modified Hadamard product 
f * g defined by (3.2) belongs to the class T^k(r},P,^/), where 

(A; + l )"( l + A/c){(l + /?7)fc + / 3 ( l + 7 ) ( i - a ) } 2 

- / ? ( l + 7 ) ( l - a ) 2 { ( l + /?7)fc+ /?( !+7)} 
7? : = 

(* + 1)"(1 + Лfc){(l + ß!)k + ß{\ + 7)(1 - «)} - {/3(1 + 7)(1 - <*)Y 

The result is sharp. 

P r o o f . Employing the technique used earlier by S c h i 1 d and S i l v e r ­
m a n [10], we need to find the largest rj such that 

oo 

J2 jn(l-A+Aj){(j-l)(l+/3^^ (3.3) 
j=k+i 

Since 
oo 

£ j"(l - \ +\j){(j - 1)(1 + ^) + 0(1+ 1)(l-a)}aj=p(l + 1)(l-a) 
j=fc+1 

and 
oo 

£ r ( l - A + A j ) { ( j - l ) ( l + /37) + ^(l + 7 ) ( l - a ) } 6 j ^ / 3 ( l + 7 ) ( l - a ) , 
J = A:+1 

by the Cauchy-Schwarz inequality, we have 

^ 3"(1 - A + \]){(j - 1)(1 + /i7) +/j(l + 7)(1 - a)} / - T - < , „ ^ 

, £ , W+7)(i-~) V«A'S1- (3'4) 

Thus it is sufficient to show that 

( j - l ) ( l + /?7)+j9(l + 7)(l-*7) h 

: a- b • 
1-rj 3 * 

g ü - W + ^ + ^ + 7 Д i - « ^ { j Ł k + 1 . fcєN)> 
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that is, that 

/7T<- ( l -»){0-l)( l + /?7)+g(l + 7)(l-°)} , .> ,_ , . , , _ „ , 
V , ° A ' ( i - t t ) ) 0 - 1 ) ( i + W + /;(1 + 7)( i - , )} 0 - * + l i * « « ) -

Since (3.4) implies that 

£X<; f3(l + 1)(l-a)  
V J i - j n ( i _ A + A j ) { ( j - l ) ( l + 0 7 ) + 0(l + 7 ) ( l - « ) } 

( j g f c + 1; fceN), 

we need only to prove that 

0(l + 7 ) ( l - « )  
j"(l - A + Aj){(j - 1)(1 + 0 7) + 0(1 + 7)(1 - a)} 

£ ( l - r ? ) { ( j - l ) ( l + 07) + /3(l + 7 ) ( l - a ) } (j>k+1. k e N ) 

- ( l - a ) { ( j - l ) ( l + 0 7 ) + 0( l + 7 ) ( l - « ) } V 

or, equivalently, that 

j"(l - A + Aj){(j - 1)(1 + 07) + 0(1 + 7)(1 - «)} 2 

< -0 (1 + 7)(1 ~ ")2{(j ~ 1)(1 + Pi) + /3(1 + 7)}  
77 = j»(l - A + Xj){(j - 1)(1 + 07) + 0(1 + 7)(1 - « )} 2 - {/?(! - 7)(1 - «)} 2 

( j^ fc + 1; fceN). 
(3.5) 

Since the right-hand side of (3.5) is an increasing function of j , by letting j = 
k + 1 in (3.5), we obtain 

(fc + l ) n ( l + Afc){(l + Pl)k + /?(! + 7)(1 - a)}2 

-0(1 + 7)(1 - a ) Ҷ ( l + Ø7)fc + 0(1 + 7)} 

(fc + 1)»(1 + Лfc){(l + Ø7)fc + ß(l + 7)(1 - <*)}2 - {ßO- + 7)(1 - *)Y 
4= ~ —— , . , f , . „ , , „,. " ~ ľTг 7ZZ—'~ZZ 772 ' 

which proves the main assertion of Theorem 5. 
The sharpness of the result of Theorem 5 follows if we take 

f(z) = g(z) 

= z 0( l + 7 ) ( l - o Q zk+i ( k e N ) 

(k + 1)"(1 + Afc){(l + 07)fc + 0(1 + 7)(1 - a)} 
(3.6) 
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THEOREM 6. 7/ each of the functions f and g belongs to the same class 
7n\(a, /? ,7) ; then (f * g)(z) belongs to the class 7 ^ ( p , 1,1) or, equivalently, 
V(k, A,p,n) ; where 

(k-r1r(1 + Ak){(1 + /?7)k + /3(1-f7)(l-^)}2-(fc + 1){/3(1 + 7)( l -a)} 2
 ( 3 ? ) 

(k + 1)"(1 + Ak){(1 + /37)k + 0(1 + 7)(1 - a)}2 - {/3(1 + 7)(1 - a)}2 

The result is the best possible for the functions f(z) and g(z) defined by (3.6). 

P r o o f . Proceeding as in the proof of Theorem 5, we get 

£ i " ( l - A + Aj){(l + / J 7 ) ( j - l ) + /?(l + 7 ) ( l - a ) } 2 - j { / 3 ( l + 7 ) ( l - a ) } 2 

P~ j « ( l - A + Aj){(l + ^ 7 ) ( i - l ) + /3(l + 7 ) ( l - a ) } 2 - { / ? ( l + 7 ) ( l - a ) } 2 

(j^ifc + 1; JfceN). 
(3.8) 

The right-hand side of (3.8) being an increasing function of j , setting j = k + 1 
in (3.8), we obtain (3.7). 

This completes the proof of Theorem 6. • 

THEOREM 7. Let the function f defined by (1.4) and the function g defined 
by (3.1) be in the same class 7^fc(a,/?,7). Then the function h(z) defined by 

oo 

h(z):=z- J2 («?+ &?)*'' 
j=k+l 

belongs to the class T„k(o,P,l)> where 

(k + l ) n ( l + \k){(l+(ly)k + 0(1 + 7)(1 - a)}2 

-2/3(1 + 7 ) ( l - a ) 2 {( l+ / J 7 ) f c + /?(! + 7)} 
a := 

(k + 1)»(1 + Afc){(l + /37)fc + /?(1 + 7)(1 - a)} - 2{/3(l + 7)(1 - a)} 

The result is sharp for the functions f(z) and g(z) defined by (3.6). 

P r o o f . By virtue of Theorem 1, we obtain 

< 0 " ( l - A + Aj){(l + / ? 7 ) ( j - l ) + /3(l + 7)(l - a)} ^ 2 

2 * 

^ / j " ( l - A + Aj){(l + /?7)( j- l ) + /9(l + 7 ) ( l - a ) } V 2 

.álA /3(l + 7)(l-a) )ai 

, f f j"(l-A + Aj){(l+/37)(j-l) + /3(l + 7)( l-a)} V < 
-V.=-V+1 /?(l+7)(l-a) "V = ' 

(3.9) 
Similarly, we have 

V / / i n ( i - A + Aj){(i + /?7) ( j - i ) + /3(i + 7 ) ( i - q ) } y . 2 < , m 

^ A /3(l + 7)( l -a) 1 ' " • • ' 
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It follows from (3.9) and (3.10) that 

V> l / 0 " ( l - A + A j ){ ( l+ /?7) ( j - l ) + /?(l + 7 ) ( l - a ) h 2
/ 2 , , 2 ^ , 

J =?+ 1 2 { /3(l + 7 ) d - a ) J <"- +b^1-
Therefore, we need to find the largest a such that 

j"(l-A + Aj){(l + / ?7) ( j - i ) + /?(l + 7 ) ( l - q ) } 
/ ? ( l+ 7 ) ( l -<7) 

„ 1 fjn(l - A + Aj){(l + /37)(j - !)+/?(! + 7)(1 - «)} V 
-2V /?(l + 7 ) ( l - a ) J 

( j^Ar + 1; lc6N), 

that is, 

< 

j"(l-A + Aj){(l + / ?7 ) ( j - l ) + /?(l + 7 ) ( l - a ) } 2 

-2/3(1 + 7)(1 ~ a)2{(l + ßl)(Ô ~ 1) + /?(! + 7)} 

j"(l-A + Aj){(l + / ? 7 ) ( j - l ) + / ? ( l + 7 ) U - a ) } -2{/5(l + 7 ) ( l - a ) } 

( J > * + 1). (3.11) 

Since the right-hand side of (3.11) is an increasing function of j , we readily have 

(k + 1)"(1 + A*){(1 + pj)k + (3(1 + 7)(1 - a)}2 

o ь 
< 2ß(l + jJ(lj-a)2{(l + ß1)k + ßJ,l+j)} 

(k + 1)"(1 + \k){(l + fo)k + (3(l + 7)(1 - a)}2 - 2{/?(l + 7)(1 - a)}2 ' 
(3.12) 

and Theorem 7 follows at once. D 

4. A family of integral operators 

THEOREM 8. Let the function f defined by (1.4) be in the class T*k(a,/3,j), 
and let c be a real number such that c > — 1. Then the function F(z) defined 
by 

z 

F(z):=^Jtc-1f(t)dt (O-l; f € Ak) (4.1) 
0 

belongs to the class 7^\(tt, /?,7), where 

(1 + ^){k + (c + l)a) + P(l + 7)(1 - a) 
к, := (1 + /?7)(ft + c + 1) + ß(l + 7)(1 - a) 
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The result is sharp for the function f(z) defined by (2.8). 

P r o o f . From the representation (4.1) of F(z), it follows that 

j=k+l 

We need to find the largest K such that 

{(l + i 9 7 ) ( j - l ) + ^( l + 7 ) ( l - K ) } ( c + l) 

( l - « ) ( c + j ) 
^ ( l + /j7)(i-l) + ^(l + 7)(l-q) + fcGN) 

1 — a 
or, equivalently, 

(l + /?7){a(c + l) + (j-l)}+^(l + 7)(l-a) (,> fc + 1 . k£N) K = {1+Pl){c + j) + P{1 + l){1-a) ( - = * + - . * € N ) . 
(4-2) 

The right-hand side of (4.2) being an increasing function of j , setting j = k + 1 
in (4.2), we obtain 

^ (l + /?7){fc + ( c + l ) a } + / 9 ( l + 7 ) ( l - a ) 
K = (1 + /?7)(fc + c + 1) + /?(1 + 7)(1 - a) ' 

which completes the proof of Theorem 8. ---

Proceeding as in the proof of Theorem 8, we can deduce: 

THEOREM 9. If f e 7^fc(a,/?,7), then the function F(z) defined by (4.1) 
belongs to the class 7^\(lx, 1,1) or, equivalently, P(fc, A,/z,n); where 

(1 + /37)(c + fc + 1) - c/3(l + 7)(1 - a) 
M I " (l + /37)(c + fc + l) + /9(l + 7 ) ( l - a ) ' 

The result is sharp, the extremal function f(z) being given by (2.8). 

THEOREM 10. Let the function F(z) given by 
oo 

F(z) = z- Y, djzJ ( d j ^ ° ; j = fc + l,fc + 2,fc + 3 , . . . ; fcGN) 
j=k+i 

be in the class T^k(a^ /3,7), and let c be a real number such that c > — 1. Then 
the function f(z) defined by (4.1) is univalent in \z\ < R, where 

R.= i n f (3n-1(l-* + VH(l+P'l)U-l) + 0{l + 'l)(l-<*)}(c+l)\1/U~l) 

j^fc+iV ^(l + 7)( l -a)(c + j) J 
(4.3) 
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The result is sharp. 

P r o o f . We find from (4.1) that 

A . ) - - - ^ - . - £ ( & ) - • • 
In order to obtain the desired result, it suffices to show that 

\f(z) - 1| < 1 whenever \z\<R, 

where R is given by (4.3). Now 

\m-M= E 3^-d5\zr\ 
j=k+i c + i 

Thus we have \f'(z) - 1| < 1 if 

i=fe+i c + i 

But, by Theorem 1, we know that 

f > j " ( l - A + Aj){(l + / 3 7 ) ( j - l ) + / ? ( l + 7 ) ( l - « ) } , <x 

fi^x /3(l + 7 ) ( l - a ) j = " 

Hence (4.4) will be satisfied if 

J(c + j ) . ,,-_! j"(l-A + Aj ){ ( l+ j g7) ( j - l ) + jg(l + 7 ) ( l - « ) } 
c + 1 | Z | /3(l + 7 ) ( l - a ) 

that is, if 

/ j"-1( l-A + Aj){(l + ̂ 7)(j-l) + /3(l + 7)(l-«)}(c + l)y / ( i~1 ) 

'*' V /?(l + 7)(l-a)(c + j ) J 
(j = k + l; k€N). 

(4.5) 
Therefore, the function f(z) given by (4.1) is univalent in \z\ < R, where R is 
defined by (4.3). The sharpness of the result follows if we take 

f(z) = z /3(l + 1)(l-a)(c + j) , 
V ' i«( l - A + Aj){(l + /?7)(j - 1) + /3(1 + 7)(1 - a)}(c + 1) (4.6) 

(j = k + l; k€N). 

D 
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5. Applications of fractional calculus 

Many essentially equivalent definitions of fractional calculus (that is, frac­
tional derivatives and fractional integrals) have been given in the literature (cf., 
e.g., [8] and [13]). We find it to be convenient to recall here the following defini­
tions which were used earlier by O w a [7] (and, more recently, by S r i v a s t a v a 
and A o u f [12]; see also A o u f [2]). 

DEFINITION 1. The fractional integral of order \x is defined, for a function 
f(z)t by 

^ / ( z ) = r ^ / ( 7 - ^ ^ ( / i > 0 ) ' (5J) 

0 

where f(z) is an analytic function in a simply-connected region of the complex 
z-plane containing the origin, and the multiplicity of (z — C)M_1 is removed, by 
requiring \og(z — C) to be real when z — ( > 0. 
DEFINITION 2. The fractional derivative of order \i is defined, for a function 
f(z), by 

0 

where f(z) is constrained, and the multiplicity of (z — C)-Ai is removed, as in 
Definition 1. 

DEFINITION 3 . Under the hypotheses of Definition 2, the fractional derivative 
of order n + /J, is defined, for a function f(z), by 

^ + M / » = £;{*>*M} {0<I*<1\ neNJ. (5.3) 

THEOREM 1 1 . Let the function f defined by (1.4) be in the class T„k(ct,/3,7). 
Then 

| 0 J M (*>*/(*)) I 
> _ _ _ _ _ _ (x /3(i + 7 ) ( i -q)r ( fe + 2)r(2 + M) k\ (5 . 
-T(2 + fi)\ (k + l)n-i(l + \k){(l+p<y)k + /3(l+7)(l-a)}r(k + 2 + n) J K ' } 

( | z | - r < l ; / x > 0 ; » € {0 ,1 , . . . ,n}) 

and 

|OJ" (©*/(*)) | 
< _ _ _ f 1 + /?(i + 7)( i -q)r(fc + 2)r(2 + /i) A (55) 

'(2 + AOV (fc + l )"- i ( l + Afc){(l + /37)fc + /3(l+7)(l-«)}r(fc + 2 + /x) ) K'> Г(2-

(\z\=r< 1; /x>0 ; i£ {0,1,. .. ,n} ). 
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Each of the assertions (5.4) and (5.5) is sharp. 

P r o o f . We observe that 

f(*)zT*k(a,fi,<j) <==> £7(*)eTn
A_i)fc(a,/J,7) 

and that (cf. Equation (1.2)) 

oo 

Vif(Z)=Z- J2 JSZJ (^No)' 
j=k+1 

In view of Theorem 1, we have 

oo 

(k + 1)»-*(1 + \k){(l+p<y)k + (3(l+<y)(l-a)} £ 3% 
i=k+1 

oo 

^ £ J-( l_A + Aj){(l + /?7)(j-l)+/?(l+7)(l-a)}a j 
j = k+l 

£p(l + <j)(l-a), 

so that 

f > ,i < /3(l + 7 ) ( l - g ) f 5 6 ) 

j ^ + l
 j~ (k +1)^(1+ \k){(l + (31)k +(3(1 + ^(1-a)}' 

Consider the function G(z) defined by 

G(z) : - T(2 + /J,)z-<tD-<l(Vif(z)) 

— £ Г(j + l)Г(2 + M) 

=Г+1 ГÜ + 1 + /.) ' 
3 

oo 

j = f c + 1 

where 

*0):=ffi±m±Jfi U J t + 1; t s K . „ > 0 ) . 

Since $(i) is a decreasing function of j , we get 

0<^(j)^^(fc+l) = r r ( t +
) 2 + y ) (J = fc+1; fc6N; /x>0). (5.7) 
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Thus, by using (5.6) and (5.7), we see that 

\G(z)\ = r - $(fc + l)rfc+1 Y, Jiai 
i=k+l 

> r /j(i + 7)(i-a)r(fc + 2)r(2 + /.) fc+1 

(fc + l)"- i(l + Afc){(l + /37)fc + ;0(l + 7)(l-a)}r(fc + 2 + /i) 

( | z | = r < l ; n>0; i € {0,1,. . . ,n} ) 

and 
oo 

\G(z)\ = r + $(fc + l)rfc+1 J2 3iai 
i=k+l 

< r , /?(i + 7 ) ( i -q ) r ( fc + 2)r(2 + ,u) fc+1 

(fc +1)"-*(1 + Afc){(l + /37)fc + p(l + 7)(1 - a)}r(fc + 2 + fi) 

(\z\ = r<l; n>0; i G {0,1, . . . ,n}) , 

which prove the inequalities (5.4) and (5.5) of Theorem 11. 
The equalities in (5.4) and (5.5) are attained for the function f(z) given by 

&f(z) = z /?(i + 7 ) ( i - q ) zk+i 
Jy ' (fc + l ) " - 1 {( l + /37)fc + y9(l + 7 ) ( l - a ) } ( l + Afc) (5.8) 

(ken). 

This completes the proof of Theorem 11. D 
Setting i = 0 in Theorem 11, we obtain: 

COROLLARY 2. Let the function f defined by (1.4) be in the class T^k(a, fi, 7 ) . 
Then 

iDrvooi 
ri+M / /?(l + 7 ) ( l - a ) r ( fc + 2)r(2 + /x) k\ 

- r ( 2 + /i)V (fc + l)"(l+Afc){(l+/?7)fc + /?(l+7)(l-a)}r(fc + 2 + /x) ) 

( | 2 | = r < l ; n>0) 
(5.9) 

and 
\D-"f(z)\ 

r1+" / , ^(l + 7)( l -a)r(fc + 2)r(2 + /x) fc
N 

< 
. ( )9(l + 7 ) ( l - a ) r ( f e + 2)r(2 + ji) A 

T(2 + M)V (k + lY(\+\k){(l+Pi)k + $(l+i)(\-a)}T(k + 2 + li) ) 

(|*| = r < l ; / i > 0 ) . 
(5.10) 

The estimates in (5.9) and (5.10) are sharp for the function f(z) given by (5.8) 
with i = 0 . 
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THEOREM 12. Let the function f defined by (1.4) be in the class T.^k(cx, /3,7) • 
Then 

> 

| -^Cp7(*)) | 
r 1 + " / /Kl + 7)(l-c*)r(fc + 2)r(2 + /z) 

-r T(2 + /i)V (fc + l)"-ť(l+Afc){(l + i97)^ + /?(l + 7)(l-a)}r(fc + 2 + /i) 
(|z| = r < l ; 0 = / J < 1 ; i e {0,1,... ,n - 1} ) 

(5.H) 
and 

\D»(V*f{z))\ 
r1+» (, , /?(l + 7)(l-«)r(fc + 2)r(2 + /t) ^ 

- r ( 2 + / l ) V 1 + (fc + l ) « - i ( l + Afc){(l + /?7)fc + / 9 ( l + 7 ) ( l - a ) } r ( f c + 2 + p ) r / 

(|z| = r < l ; 0 = / t < l ; i G {0,1, . . . , n - 1} ). 
(5-12) 

EVzc/i of the assertions (5.11) and (5.12) is sharp. 

P r o o f . Consider the function H(z) defined by 

H(z) := T(2 - ii)z^lD^(Vif(z)) 

j = f c + i x ^ + i W j = f c + 1 

where 

*(->•= r^ + i-jo ( i = fc + 1 ; fc6N; ° = li<1)- (5-1 3) 
It is easily seen from (5.13) that 

^ ^ ( i = fc + l ; fceN; 0 = /i 

(5.14) 

0 < <P(j) < tt(fc + 1) = V{k
v
+

k
 l^2_ Jf] (j = fc + l ; fceN; 0 = M < 1 ) -

Consequently, with the aid of (5.6) and (5.14), we have 

oo 

|tf(2)| = r-*( fc + l)r f c + 1 Yl 3i+lai 
j=k+l 

> r /j(i + 7 ) ( i - g ) r ( f c + 2 ) r ( 2 - M ) r f c + 1 

(fc + l)"-i(l+Afc){(l+^7)fc + /?(l + 7)(l-a)}r(fc + 2-/x) 
( | z | = r < l ; 0 = / i < l ; t £ { 0 , 1 , . . . ,n - 1} ) 

(5.15) 
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and 

oo 

\H(z)\ <=r + <!>(k+ l)rk+l J2 J i +X-
i=fc+i 

< r , f3(l + j)(l-a)T(k + 2)T(2-ti) k+l 

(k + l)n-i(l+\k){(l + p1)k + /3(l+i)(l-a)}T(k + 2-fx) 
(|z | = r < l ; 0 = M < 1 ; i 6 {0,1,.. . ,n - 1}). 

(5.16) 
The estimates in (5.11) and (5.12) follow from (5.15) and (5.16), respectively. 
Each of these estimates is sharp for the function f(z) given by (5.8). • 

Letting i = 0 in Theorem 12, we have: 

COROLLARY 3. Let the function f defined by (1.4) be in the class T^k(a, /?, 7) . 
Then 

Wf(*)\ 
> r 1 -" ( p(l + 1)(l-a)T(k + 2)T(2-p) k\ 
-r(2-A*)V (k + l)n(l+\k){(l + l51)k + f}(l + i)(l-a)}T(k + 2-ii) / 

(|*| = r < l ; Q = n<l) 
(5.17) 

and 

< 
= Г(2 

\D»f(z)\ 

^_(1 + /?(i + 7 )( i-a)r(fc + 2)r(2-Ax) k\ 
-IJ) \ (fc + l)"(l+Afc){(l + /37)fc + /9(l + 7)(l-a)}r(fc + 2-L i) ) 

( | * | = r < l ; 0 = M < 1 ) . 
(5.18) 

The estimates in (5.17) and (5.18) are sharp for the function f(z) given by (5.8) 
with i = 0. 

Remark 3. Many of the results of this section can suitably (and fairly easily) be 
extended to hold true for such generalized fractional calculus operators as those 
with the Gauss hypergeometric function kernel, which were considered earlier 
by Aouf and S r i v a s t a v a [3; p. 786, Definition 4] (see also S r i v a s t a v a 
and Owa [13]). 
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