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DIOPHANTINE REPRESENTATION OF
THE DECIMAL EXPANSIONS OF e AND «

CHRISTOPH BAXA

(Communicated by Stanislav Jakubec )

ABSTRACT. Let o € {e,7}, a=[a]+ f a,(B)-B~* (where g € N\ {1} and
k=1

o (B)€{0,1,...,8-1})and ¢ € {0,1,.. ._,[3—1} . We describe short Diophantine
representations for the predicate o, (8) = ¢. The proofs use methods which were
developed for the solution of Hilbert’s Tenth Problem.

Hilbert’s Tenth Problem was solved in 1970 by Yu. V. Matijasevic [12]
relying heavily on results by M. Davis, H Putnam and J. Robinson [5].
Already in 1960 H. Putnam [15] had pointed out a surprising consequence
of this result: Any recursively enumerable set of positive integers cquals the
set of positive values of a certain polynomial whose variables range over the
nonnegative integers. Yu. V. Matijasevi¢ [13] described such a polyno-
mial for the primes. A very short polynomial for the primes was constructed
by J.P. Jones, D. Sato, H. Wada and D. Wiens [10]. Subsets of the
primes which have been treated are the Fermat-, Mersenne- and twin-primes
([6], [2]). Further examples of predicates from number theory which have been
tackled — including the Riemann hypothesis — can be found in [4] and [14;
Section 6.4]. In the present note we apply these techniques to describe such a
representation for the digits in the decimal expansion of the constants e and .
Although 7 especially has received a lot of attention and surprising new facts
about its digits have been found recently ([1]), these seem to be the first results
of this kind. A reader who wants to learn more about Hilbert’s Tenth Problem
is referred to [3], [4], [9], [11; Chapter 6], [14] and [16]. Unless stated otherwise
all occurring quantities are integers.
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11D99.
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DEFINITION. Let o € R\ Q. A sequence of intervals ([p,,q,]), 5, will be
called a rational nest of intervals for « if: B

(1) p,,q, €Qforalln>1,
(2) lim p, nlgl;o q, =a,

n— oo
(3) (»,),>; is monotonically increasing and (g,),»; is monotonically
decreasing. -
LEMMA 1.

(1) ([(1 + %)n, (1+ %)HH]) o is a rational nest of intervals for e.

2n\~2494n4+1 1 (2n 4n . . .

(2) ([2n+1( ) T2dntl Leme %9 ])nZI is a rational nest of intervals
for .

Proof. These are basic facts from calculus. Part (2) is a reformulation of

the Wallis product formula. O

LEMMA 2. Let 3 € N\ {1}, c e R\ Q and a = [o] + Z (B)B™", where

0 < a,B) < B for k> 1. Furthermore, let ([pn,qn])n>1 be a rational nest of
intervals for a, 0 S ¢ < B and k > 1. Then the following are equivalent:

(1) an(B) =
(2) There e:msts n € N such that [¥p,] = [B%q,] = ¢ (mod B).

Proof.
(1 = 2) Let l:=min{k e N| K >k, a,08) #08—1}. Then

k l
[a] + Ean(ﬂ)ﬁ—'q <p,<a<gq,<|[a]+ Zan(ﬂ)ﬁ_n + 4!

k=1 k=1

for sufficiently large n and thus

k
[8*p,] = [8*q,] = [B*c] = [a]B* + ) _ @, (B)B* ™™ = o, (8) = ¢ (mod B).
k=1
(2 = 1) As p,, < a < g, we can deduce
k
¢ =[8%p,] = [B%q,] = [B*a] = B*la] + D _ a,(0)B** = a,(B) (mod B)

and therefore o, (8) = ¢
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Remarks.

(1) The existence of one n which satisfies condition (2) implies that there
are infinitely many and we may assume n > k.

(2) If @ > 0 condition (2) can be replaced by:

(An>1)(3t > 0)([*p,] = [B*q,] = ¢ +tB).

Next we introduce some notations: Let a > 2. For n > 0 we denote by
(z,,(a),y,(a)) the solution of the Pell equation z? — (a® — 1)y? = 1 defined by

the relation z, (a) +y,(a)Va® — 1= (a++vaZ - 1)". All nonnegative solutions
(z,y) of this Pell equation are of this shape, see [3; Lemmata 2.1-2.4]. We use
Z =0 as a shorthand notation for (3X > 0)(Z = X?).

LEMMA 3. y,(a) =n (mod a—1) for n > 0.

Proof. See [3; Lemma 2.14] and [10; Lemma 2.2]. a
LEMMA 4. n+y,_,(a) < y,(a) for n > 1 which implies that the sequence
(n(a)), 5, is strictly monotonically increasing and that y,(a) > n for n > 0.

Proof. By [3; Lemmata 2.5, 2.19]

Yn(@) = 2,(a)yp_1(a) + 2,1 (a)y, (a) 2 y,_y(a) + """ 2 y,_,(a) +n.
a

LEMMA 5. Leta > 2 and P,n > 0. Then z,(a) = P"+y,(a)(a—P) (mod 2aP
—-P?-1).If0<P"<a, then P* +y_(a)(a— P) <z,(a).
Proof. This is [10; Lemma 2.4]. O

LEMMA 6. Leta>2, n>1 and y > 0. Then the following are equivalent:

(1) y=y,(a).
(2) There exist ¢,d,r,u,z > 0 such that

(i) 2> =(a® - 1)y’ +1,

(i) u?=16(a? - 1)r2y*t +1,

(i) (z+cu)? = ((a +u2(u? - a))’ = 1)(n +4dy)? + 1,

(iv) n<y.
Proof. Thisis [10; Corollary 2.6]. O

LEMMA 7. Let e > 2. If e¥(e + 2)(N + 1)2 + 1 = O for some N > 0, then
e — 1472 < N. Furthermore, for any T > 0 there is a N > 0 such that
Ale+2)(N+1)2+1=0and T|N+1.

Proof. Thisis [10; Lemma 2.3]. O

Remark. This e is a positive integer and not exp(1).
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LEMMA 8. Let 8 > 2, k,n,A,B > 1 and b,g,h > 0. The following are
equivalent:
(1) b=p* Ag=A" Ah=B" An>k.
(2) There exist a,c,d,e,i,l,m,p,q,7,u,v,z,y > 0 such that:
(i) 2= (a® - 1)y +1,
(i) u?=16(a*>-1)r*y* +1,
(iii) (z+cu)? = ((a+v2(u? — ) = 1)(n + 4dy)? +1,
(iv) m? = (a®> - 1)12 +1,
(v) l=k+i(a—-1),
(vi) n+i<y,
(vii) e=n+k+b+g+h+8+A+B+2,
(viii) e3(e+2)(a+1)2+1=0,
(ix) z=g+yla— A) +p(2aAd — A2 - 1),
(x) z=h+y(a— B)+q(2aB - B%*-1),
(xi) m=b+1(a—p)+v(2a6-p%-1).

Remark. This lemma is modelled on [10; Theorem 2.12] and has a very similar
proof. For the reader’s convenience we include the proof instead of just giving a
reference.

Proof.

(1 = 2) Define e according to (vii). Due to Lemma 7, there is a a > 2
satisfying (viii). Put y := y,,(a). By Lemma 6, there are c,d,r,u,z > 0 such
that (i), (ii) and (iii) are fulfilled, where z = z,(a). Put m := z,(a) and
l := y,(a). Then (iv) is fulfilled. Because of Lemmata 3 and 4 we get k =
[ (mod a — 1) and k <[ and there is a 7 > 0 such that (v) holds. Lemma 4
implies n +1 < n+y,_,(a) < y, ie (vi) is satisfied. Lemma 5 yields z =
g+ yla — A) (mod 2a4 — A? — 1). Conditions (vii) and (viii) and Lemma 7
imply

n+k+b+g+h+8+A+B+1 )
*
+(n+k+b+g+h+ B+ A+ B2)nthtbrothtitats <o

Therefore, it holds that 0 < A™ < a and Lemma 5 implies g + y(a — A) < z.
This proves that there is a p > 0 such that (ix) is true. It is proved analogously
that g,v > 0 exist such that (x) and (xi) are satisfied.

(2 = 1) As in the first part of the proof we see that () holds and
thus a > 2. Because of (i), (ii), (iii), (vi) and Lemma 6 we get y = y,(a) and
z = x,(a). Equation (iv) implies that m = z,(a) and I = y,,(a) for some
k' > 0. Due to (vi), | < y and therefore k' < n by Lemma 4. It follows from
(¥) that k <a—1 and n <a—1 and thus ¥’ < a—1. Using (v) and Lemma 3
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weget k=l=k" (moda—1),thus k=k", n >k, m=ux.(a) and | =y,(a).
Furthermore, () implies g < a < 2aA — A2 — 1 and A" < a < 2aA — A? - 1.
Because of (ix) and Lemma 5, g =z —y(a — A) = A™ (mod 2aA — A2 — 1) and
therefore g = A™. In the same way it is proved that b = 3* and h = B". O
LEMMA 9. Let n>1, f >0 and g =2*". Then

2
( n) =f <=
n

(Bw > 0)((29w+ f)*(9-2) < 9(49°)" < (2gw+ f +1)*(g—2) A f < 2g).

Proof. It is proved in [8] that for U > 4"*! +4

(?) —f — (szo)([U"/\/l—ZI/U] —wU+f A f <U).
(This can also be found as [16; Chapter I, Lemma 10.17].) The equation

Un

is equivalent to (wU + f)2(U —4) < U?"*! < (wU + f +1)?(U —4). Finally set
U:=2g =24+l > 4n+l 44, 0

=wU+ f

Now we are able to state exponential Diophantine representations for the
predicate a,(8) = ¢ for e and =:

LEMMA 10A. Let f € N\ {1}, e—2+2 L(B)B7"%, where 0 < a, (B) < B
fork>1,0< (< B and k>1. The followmg are equivalent:

(1) a(B)=¢.

(2) There exist n > 1 and b,g,h,s,t,z > 0 such that:

i)-(xi) b=B* Ag=m+1)"Ah=n" An>k,
(xii) bg = (C+tB)h+s,

(xiii) s < h,
(xiv) b(n+1)g = (¢ +tB)nh+ z,

)

) -

xv) z <nh.

(Numbers (i) - (xv) are for later reference only.)
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Proof. Because of Lemmata 1 and 2 we have
a(B) =
= @n>KEt20)([8*r+1)"/n"] = [+ )™ nH] = ¢ +15)
= @n>k)3s,t,z> 0)(ﬁk(n +1)" = (C+tB)n" +s A s <nl
A BEm+1)(n+1)" = (¢ +18)nn™ + 2

A z< nn")
and this is equivalent to (2). a

LEMMA 10B. Let B € N\ {1}, 7 =3+ § a,(B)B™", where 0 < a, (8) < B

fork>1,0< (< B and k>1. The follonzzilng are equivalent:
(1) @,(8)=¢.
(2) There exist n > 1 and b, f, g, h,s,t, w, z > 0 such that:
()-(xi) b=p* A g=2" A h = (4¢>)" A n >k,
(xii) 2bg = (C+tB)f?(2n+1) + s,
(xiii) s < f2(2n+1),
(xiv) bg = (¢ +tB)f*n+z,
(xv) z< f?n,
(xvi) (29w + f)*(9 —2) < gh,
ii) gh < (2qw+ f+1)*(9-2),
(xvill) f<2g.
(Again the numbers are for later reference only.)

Proof. Asin the proof of Lemma 10A we sec that
o (B)=¢
= @n>k)3b,f,9,562>0)(b=F" A f=(2) A g=2""

A 2bg = (C+tB)fP(2n+1) +s
A s< fA(2n+1)

Abg=(+tB)f’n+2 A 2< f2n)
and the proof is completed by using Lemma 9. O

THEOREM 11A. Under the assumptions of Lemma 10A the following are
equivalent:

(1) oy (8) =¢.

(2) There are a,b,c,d,e, g, h,i,l,m,p,q,r,s,t,u,v,z,y,2 > 0 and n > 1
such that conditions (1) —(xv) are fulfilled, where (i) —(xi) are taken from
Lemma 8 with A=n+1 and B =n, and (xii) -(xv) are identical with
those in Lemma 10A.
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THEOREM 11B. Under the assumptions of Lemma 10B the following are
equivalent:

(1) e (B)=¢.

(2) There are a,b,c,d,e, f,g,h,i,l,m,p,q,7,s,t,u,v,w,z,y,2>0 and n > 1
such that conditions (i) —(xviii) are fulfilled, where (i) - (xi) are taken
from Lemma 8 with A = 16 and B = 4%, and (xii) - (xviii) are identical
with those in Lemma 10B.

Proof. Theorems 11A and 11B follow from Lemmata 8, 10A and 10B. 0O

COROLLARY 12A. Let f € N\ {1}, e = 2 + i a, (B)B7"F, where 0 <
k=1

a,(B)<B fork>1and0<(<pB. Then {k eN| a (8) =(¢} = P(NZ*)NN,

where

P(a,...,2) =

=(k+ 1)(1— ((@® = 1)y +1—22)% = (16(a® — )r2y* + 1 — u?)”
- (((a+u2(u2—a))2—1)(n+1+4dy)2+1— (:1L‘+cu)2)2
—((a"’—1)12+1—m2)2—(k+1+i(a—1)-—l)2
—(n+1+1+j-y)?
—@Bnt+k+b+g+h+B+T—e)? - (e+2)(a+1)?+1-0)
—(g+yla—n—-2)+pa(n+2) - (n+2)*—1) —z)’
—(h+y(a—n—1)-i-q(2a(n-i-1)—.(n+1)2—1)—.7:)2
— (b+1(a — B) +v(2aB - B* - 1) —m)”
—((C+tB)h+s—bg)’ = (s+ f+1—h)"
~((C+tB)(n+ Dh+ 2z —b(n +2)g)* - (z-i-w+1—(n+1)h)2).

Proof. This follows from Theorem 11A by the usual construction. Note

that k and n have been replaced by k+1 and n+1 to allow k¥ and n to range
over the nonnegative integers. 0O

Remarks.

(1) In a similar way Theorem 11B implies the existence of a like polynomial
for m. Counting the additions and multiplications occurring in it one finds that
the relation «,(8) = ¢ can be proved by less than 200 additions and multipli-
cations regardless of the values of , ¢ and k. However, a universal bound of
100 operations has been established by J. P. Jones [7].
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(2) If a@ and B are positive irrationals with rational nests of intervals

([Pa(@),q,(0)]) 5, and ([p,(8),4,(B)]),, (and pi(a),p;(B) > 0), then
([Pp(0) + pn(B),4n(@) + ,(B)]),515 ([Pn(@)p,(B),4,(0)q,(B)]),5, and
(lgn(@)~ Y, p,(@)71]), 5, are rational nests of intervals for o + 3, af and a~!
respectively. This means that the results above could be used to construct
Diophantine representations, e.g. for the digits of e+n or e-m. Furthermore,

if ¢ € N, then ([(1 +(on)™)", (1 + ((m)‘l)nﬂ]) o is a rational nest of

intervals for {/e.

(3) There are only countably many irrationals for which Lemma 2 can be
used to construct such Diophantine representations as there are only countably
many Diophantine representations.

Acknowledgement

The author thanks M. Goldstern, J. Schoiflengeier and R. F. Tichy for their
interest, comments and suggestions.

REFERENCES

[1] BAILEY, D. H—BORWEIN, J. M.—BORWEIN, P. B—PLOUFFE, S.: The quest for
Pi, Math. Intell. 19 (1997), 50-57.

[2] BAXA, C.: A note on Diophantine representations, Amer. Math. Monthly 100 (1993),
138-143.

[3] DAVIS, M.: Hilbert’s Tenth Problem is unsolvable, Amer. Math. Monthly 80 (1973),

233-269 (Reprinted as Appendix 2 in: DAVIS, M.: Computability and Unsolvability, Dover,

New York, 1982).

DAVIS, M.—MATIJASEVIC, YU. V.—ROBINSON, J.: Hilbert’s Tenth Problem. Dio-

phantine equations: Positive aspects of a negative solution. In: Mathematical Developments

Arising from Hilbert Problems (F. E. Browder, ed.), Amer. Math. Soc., Providence, RI,

1976.

DAVIS, M.—PUTNAM, H.—ROBINSON, J.: The decision problem for exponential Dio-

phantine equations, Ann. Math. 74 (1961), 425-436.

JONES, J. P.: Diophantine representation of Mersenne and Fermat primes, Acta Arith.

35 (1979), 209-221.

[7] JONES, J. P.: Universal Diophantine equation, J. Symb. Logic 47 (1982), 549-571.

[8] JONES, J. P.—MATIJASEVIC, JU. V.: A new representation for the symmetric binomial

coefficient and its applications, Ann. Sci. Math. Québec 6 (1982), 81-97.

JONES, J. P.—MATIJASEVIC, YU. V.: Proof of recursive unsolvability of Hilbert’s Tenth

Problem, Amer. Math. Monthly 98 (1991), 689-709.

[10] JONES, J. P.—SATO, D.—WADA, H—WIENS, D.: Diophantine representation of the

set of prime numbers, Amer. Math. Monthly 83 (1976), 449 464.

[4

[lom)

[5

(6

—

)

538



DIOPHANTINE REPRESENTATION OF THE DECIMAL EXPANSIONS OF e AND =

[11] MANIN, YU. L.: A Course in Mathematical Logic, Springer, New York, 1977.

[12] MATIJASEVIC, JU. V.: Enumerable sets are Diophantine, Soviet Math. Doklady 11
(1970), 354-358.

[13] MATIJASEVIC, JU. V.: Diophantine representation of the set of prime numbers, Soviet
Math. Doklady 12 (1971), 249-254.

[14] MATIYASEVICH, YU. V.: Hilbert’s Tenth Problem, MIT Press, Cambridge-Massa-
chusetts, 1993.

[15] PUTNAM, H.: An unsolvable problem in number theory, J. Symb. Logic 25 (1960),
220-232.

[16] SMORYNSKI, C.: Logical Number Theory I, Springer, Berlin, 1991.

Received April 19, 1999 Department of Mathematics
University of Vienna
Strudlhofgasse 4
A-1090 Wien
AUSTRIA

E-mail: baxa@ap.univie.ac.at

539



		webmaster@dml.cz
	2012-08-01T14:24:21+0200
	CZ
	DML-CZ attests to the accuracy and integrity of this document




