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THE EGG-BOX PROPERTY OF CONGRUENCES
IVAN CHAJIDA

Let ¥ be a variety of algebras. ¥~ has directly decomposable congruences
(briefly DDC) if for every A, B of ¥~ and each ®e Con A x B there exist @,€
e Con A and @ze Con B such that @ = @, x @. Varieties having DDC were
characterized by a Malcev condition in [3]. If " has DDC and 4, Be¥", then
for each @€ Con A x B, all congruence classes of @ are “rectangular’ and they
form the so-called “‘egg-box”, see e.g. Fig. 1.

A
Fig. 1

We can ask: What can be.said about congruences if the congruence classes
of @e Con A x B are only “rectangular” but they need not form an “egg-box’.
A variety ¥ is said to have directly decomposable congruence classes (briefly
DDCQC) if for every 4, B of ¥~ and each congruence class C of @€ Con A x B,
C = pr,C x pryC, where the symbol pr,C denotes the projection of C on 4;
analogously for pr; C. Varieties having DDCC were characterized by a Malcev
condition in [2]. If ¥" has DDCC and A4, Be ¥, then for each @€ Con A x B the
congruence classes of @ from “bricks”, see, e.g., Fig. 2.

Clearly, if ¥~ has DDC, then ¥~ has also DDCC but not vice versa in a
general case. The aim of this paper is to characterize (by a Malcev condition)
varieties of algebras in which DDC and DDCC are equivalent conditions.
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A
Fig. 2
Definition. A variety ¥~ has the egg-box property if for every 4, B of ¥~ and
each @eCon A x B and each x, ye A4, z, ve B
if {(x,2), (x,v))e®, then (y,2), (y,v)>e® and
if {(x,2), (, 2)>e®, then (x,v), (y,v))>eO.
The egg-box property can be visualized by the following diagrams, see Fig. 3.
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Fig. 3

Clearly, it means that varieties having the egg-box property are the best
candidates fof DDC, since if each congruence class of @€ Con A x B has at least
one horizontal segment (i.e. {(x, z), (y, z)) € ®) or at least one vertical segment
(i.e. {(x, 2), (x, v)>€ O), then each congruence class is rectangular and all
congruence classes form the egg-box, i.e. ¥~ has DDC.
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Lemma. Let ¥ be a variety. Then ¥~ has DDC if and only if it has DDC Cand
the egg-box property.

The proof follows directly from the previous remark.

Theorem 1. Let ¥ be a variety, the following two conditions are equivalent :

(1) ¥ has the egg-box property ;

(2) there exist 5-ary polynomials p,, ..., p, such that

pi(x, x, x,y, )=y fori=0, ..., n,

Po(x, X, y, X, y) =X, Pn(l’, X, Vs X, y) =y and
iy, X, y, X, ¥) = pi (s X, ¥, X, y) for i even
pi(x, x, y, X, ¥) = pi 1 1(X, X, y, X, y) for i odd.

Proof. (1)=(2): Let F,(x, y) be a free algebra of ¥~ generated by two
free generators x, y and put 4 = F,(x, y) = B. Let @e Con A x B be a principal
congruence generated by the pair {(x, x), (x, ), i.e. @ = O((x, x), (x, y)). By
the Definition, we have

{O» %), 0, ¥)) € O((x, x), (x, y)).

By the Malcev Lemma, There exist elements z,, ..., z, of 4 x B and unary
algebraic functions 7, ..., 7, such that z, = (y, x), z, = (, ) and {z;, z;, |} =
= {7((x, X)), 7 1((x, ¥))}. Since 4 x B is generated by the elements (x, x), (x, y),
(, x), (v, y), there exist S-ary polynomials p,, ..., p, such that

5(2) = pi(z, (%, X), (x, ), (0, %), (0, ) forall i=0,..,n

Hence! pO((x9 X), (x7 X), (x’ y)a (y’ X), (ys y)) = (ya X),

pi((x9 ,V), (x’ )C), (X, y)a (y’ )C), (y, y)) =
= Di+ 1((x’ y)’ (x’ X), (X, y)9 (V, X), (y’ y))

for i even,

pi((x’ X), (X, X), (xa y)a (y’ .X'), (,V, .V)) =
=Di+ l((x’ X), (x, .X), (x’ y), (y, X), (,V, .}"))

for i odd, and
pn((‘x’ y)’ (x’ x)’ (x’ y)’ (.y’ x)’ (y’ y)) = (.y’ y)'

If we write it componentwise, we obtain (2)
(2) = (1): Let ¥ satisfy (2) and 4, Be¥", e Con A x B, x, ye A and z, veB
Suppose {(x, z), (x, v)) € O. Then, by (2),

(y’ Z) =Po((-", Z), (x’ Z)\, (x’ U)’ (,V, Z), (,V, U))

(}’, U) = p,,((x, U), (xs Z), (xa U), (y’ z)’ (y’ U)),
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thus (2) implies {(y, z), (¥, v)) € O((x, z), (x, v)) & O. Analogously, we can show
that {(x, z), (y, z))> € @ implies {(x, v), (y, v)) € O, thus (2) = (1) is proved.
Example 1. Every congruence permutable variety has the egg-box property.
If ¥~ is congruence permutable, then there exists a Malcev polynomial, i.e. a
ternary polynomial t(x, y, z) satisfying #(x, y, y) = x and #(x, x, y) = y. We can
put n = 0 and py(a, x, b, ¢, d) = t(c, t(b, a, c), d). Then

Po(x, X, X5 Y, y) = t(y’ t(x, x, }’), y) = t(y’ Y, y) =Yy
and

Po(xa X, Yy X, J’) = t(x’ t(y’ X, X), y) = t(xa Y, y) =X
Po()/’ X, Y, X, y) = t(x’ t(ys Y, X), Y) = t(x, X, y) =).

Example 2. Every 3-permutable variety has the egg-box property.
By [4], ¥~ is 3-permutable if there exist ternary polynomials #,(x, y, z) and
t,(x, y, z) such that

X = tl(x, Y, y)a tl(-x’ X, }’) = tz(x, Ys Y), tz(xs X, y) =J).
Putn=1and
p()(as bs ¢, d, }’) = tl (da tl(b’ c, C)a tZ(da d, a))

pl(a9 X, ba c, d) = t2(a, b, tz(C, C, d))
Then

Po(xa X, X5 s Y) = tl(ys tl(x’ X, X), t2(y9 s X)) = tl(y’ X, x) =)y

Pl(x’ X, X, ¥, ¥) = L(x, x, L0, ¥, ¥) =t,(x, x,y) =y
and
Po(xs X, Vs X, y) = t(x, {(x, ¥, )’), tz(x, X, X)) = tl(xa X, X)=x
Po()’, X, Y, X, y) = tl(x’ tl(x’ s y)’ t2(x’ x, y)) = (x, x, J’) =
= tZ(x’ s J’) = tz(x, Vs t2(x9 X, J’)) =pl(xa X, Vs X, y)
Px()’, X, Y, X, }’) = 120’, Y, t(x’ X, J’)) = t2(ya s y) =).

Remark 1. Both previous examples are special cases of congruence mod-
ular varieties. It is a question if also congruence modular varieties have the
egg-box property in a general case. The following theorem gives the answer:

Theorem 2. Every congruence modular variety has the egg-box property.

Proof. By [1], ¥ is congruence modular if and only if there exist an inte-
ger k > 0 and 4-ary polynomials ¢, ..., ¢, such that

ty(x, y, 2, u) = x, {,(x, y, z, ) =y and
t(x,y,y,x)=x fori=0,..k
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(%, 3, 3, 2) = 1;,1(x, , 5, 2) for i odd
t(xX, x, ¥, ¥) =t 1(x, X, ¥, ) for i even.
Putn =k —1and p(a, x, b, c, d)=1t,, (c, a, b, d). Then
po(x, X, ¥, X, y) = (X, X, y, ) = to(x, x, y, y) = x

Py, X, ¥, %, ) = (x, y, y, y) = y.
Moreover,

pxe, x, x, y, )=t (0, x, x, )=y fori=0, ... n

P, X, ¥, X%, 9) = 11 (%, 3, 3, ) = 445(%, 3, ¥, ¥) = pi 1 (0, X, 3, X, Y)
for i even, and

pix, X, ¥, %, ¥) = L1 (X, X, 9, Y) = 44 5(X, X, ¥, ¥) = Py (%, X, s X, Y)
for i odd.

Remark 2. By [3], every congruence distributive variety has DDC. As it
was mentioned above, each variety having egg-box property is the best can-
didate for DDC. Therefore, Theorem 2 implies that congruence modular varie-
ties have ““almost” DDC.
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MEPNEHANKYJIAPHBIE KJIACChl KOHI'PYSHLIUN
Ivan Chajda

Pe3ome

MHorooGpa3usle ¥~ MMMET NEPNEHANKYJIAPHBIE KJIACCHI KOHTPYIHIBIA, €CIM A JHOOBIX
anrebp A, Be ¥ u moboii kourpyeHunu @e Con A x B cnpaseaymmso: eciu {(x, z), (x, v)) € © s
HEKOTOPHIX X€ 4, z, ve B, To {(3, 2), (¥, v)) € O mns xaxmoro ye A u ecnd {(x, z), (y, 2)) € @ nna
HEKOTOPHIX X, Y€ A, z€ B, 10 {(x, V), (¥, v)) € © nns xaxaoro ve B. Mul naem ycnosus Masbuesa,
XapaKkTepH3ylole MHOrooOpa3Hs ¢ 3THM CBOHCTBOM.
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