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ASYMPTOTIC DISTRIBUTION OF
THE LIKELIHOOD RATIO TEST STATISTIC
IN THE MULTISAMPLE CASE

FRANTISEK RUBLIK

(Communicated by Lubomir Kubdéek )

ABSTRACT. Classical results on asymptotic distribution of the likelihood ra-
tio test statistic are extended to multipopulation setting. The assertions include
a statement on asymptotic distribution in the case of linear hypotheses and a
statement on asymptotic distribution for the hypotheses approximable by cones.
The later framework includes usual smooth hypotheses and is dealt with under
validity of local alternatives.

1. Introduction and the main results

Suppose that probabilities {ﬁq; v E E} are defined by means of densities
{f(z,7); v€E} with respect to a measure v on (X, S). Let

L(z,,...,z,,Q) =sup{ I1£(z,); ’yEQ}. (1.1)
1=
According to the classical Wilks’ result
L(zy,...,z,,2) | =
21 EERELZY IP 2 1.2
L[ OgL(xl,...,xn,Q) 7] Xk (1.2)

—_

as n — oo, provided that £ C R™, v belongs to 2 = {y € E; v, =0,...

7 = 0}, log denotes the logarithm to the base e and certain regularity
conditions are fulfilled. It is also well-known that (1.2) holds with a more gen-
eral hypothesis @ = {y € E; g,(y) = 0,...,g,(7) = 0} provided that the
underlying functions possess continuous partial derivatives which form a full
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rank matrix. The proof can be found e.g. in [9; Section 6e.3], [11; pp. 240-242]
or in [12; pp. 156-160].

However, the mentioned results do not cover the variety of the testing prob-
lems when sampling is made from several populations and a hypothesis on the
overall parameter is tested. These multipopulation hypotheses have to be han-
dled from case to case, because in typical situations sample sizes from individual
populations are not mutually equal and therefore the i.i.d. scheme cannot be
employed for finding the limiting distribution.

The aim of this paper is to provide general assertions of the type (1.2) in
the multipopulation case. Throughout the paper we assume that ¢ > 1 is an
arbitrary but fixed positive integer denoting the number of underlying statistical
populations. The parameter space of overall parameters is the g-fold Cartesian
product

— =9
==7,

where in 0 = (9?,...,031)T € © the symbol f; stands for parameter of the

jth population and the superscript T denotes the transpose of the vector. The
outcome of the sampling from the jth population will be denoted by

z(j,n;) = (w?), s ,xgljj)) . (1.3)
Thus
1'("1,_“’"(‘) = (x(l’nl)r",x(q)nq)) (14)
is the pooled sample and its distribution is the product measure
P =Byt o x P, (1.5)

where P( ") is the product measure of n; copies of P
The asymptotlc results of the paper are based on the assumptlon that

n; — 400, j=1,...,q. (1.6)

Here it is tacitly assumed that n; = ng.“) denotes sample size from the jth
population in the wuth experiment, u = 1,2,..., and the limits in (1.6) are
related to u tending to infinity, but to avoid abundant indexing the index of the
order of the experiment is omitted.

For Q C O let

L(Z (s, oy _sup{n 1 £( (2,0,)5 (6F,....60T e}, (17)

j=1li=1
It will be shown in various settings that under validity of (1.6) the weak conver-
gence

L(z

£[2logL(

(Tl], vnq)’ e)
)

‘Pe(nl,,nq)jl _>X§ (18)
(nly---,'nq)’
or
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L(x ,Q

1) | (n1,.--mq) 2
P, =X (1.9)
x(nl,...,nq)’QO) o }

holds, where x? denotes the chi-square distribution with s degrees of freedom.

Methods of the proofs used in this paper are based on the fact, that the
logarithm of the likelihood ratio is asymptotically equivalent to the difference of
distances of the MLE from the hypotheses, which was in the one sample case for
hypotheses sequentially approximable by disjoint cones established in the proof
of Theorem 1 in [4]. One of the tools which we use in the proofs is a multi-
population variant of the Chernoff lemma, presented in Lemma 2.3. Asymptotic
distribution of the LR statistics in the case of linear hypotheses is the topic of
Theorem 1.1 and is derived by means of the weak convergence result presented
in Lemma 2.5. A general class of hypotheses which includes also the hypotheses
of order restrictions studied in [13] is handled in Theorem 1.2. The asymptotic
distribution of the LR statistics in the case of the smooth hypotheses is the topic
of Corollary 1.2 and is derived by means of the sequential approximation result
of Lemma 2.9.

The probability densities will be subjected to the following regularity condi-
tions.

(C1) E is an open subset of R™ , for each € X there exist partial derivatives

0*f(z,7) -
—_ 5,7=1,...,m,
a'Via’Yj
and they are continuous on Z.
(C2) The equalities
0% f(z,7)
—— 2 dy(r) =0

hold for all y€ = and 4,5 =1,...,m.

(C3) The function f(-,-) is positive on X x = and for each parameter y € =
there exist a P_-integrable function h_ and a neighbourhood U, C E of
the point v such that the inequality

0%log f(,7*)

<
0v;0v; < (@)

holds for all v* € U, € X and 4,57 =1,...m.
(C4) For every v € Z the function

dlog f(z,7) _ (alogf(w,v) alogf(x,v))T
> 5 2
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belongs to L,(P.) and the matrix

B dlog f(z,v) 0log f(z,7) "
J(v)—-(E7< o, o, )) (1.10)

4,J=1
is positive definite and continuous on =.

—

(C5) There exist measurable mappings 9,: X™ — E such that for each pa-
rameter v € = and every real number € > 0

n—r00

1m1ﬁng@“””zma)=L@D“qxwﬁgqpnﬁ%n]:1
(1.11)

() _
Tim P (19, (2, 7,) =7l 2 €] = 0.

We remark that the symbol E,_ in (1.10) relates to the measure ﬁ,y.
THEOREM 1.1. Suppose that (C1) -(C5) and (1.6) hold, and
Q,={0€0; A0=Dh},

where A; is a k; x mq matriz, rank(A,;) = k; and b; is a vector from RF:
Let § € Q, and for i = 0,1 there exist measurable mappings 9;’1) =

------

Pg("17"'7nq) [L(x(nl,...,nq)’Qi) = L(z(nl,...,nq)’ égl),‘..,nq (w(nl,...,nq)))] —1
(1.12)
and for every € > 0

Pe(nl,m,nq) [”5(1) _ 6“ > E] —0. (113)

N1,..,Ng

(I) The weak convergence (1.8) of distributions holds with s = k.
(I1) If Q, C Q, and ky > k,, then the weak convergence (1.9) of distributions
holds with s =k, — k, .

An immediate application of the previous theorem yields the following asser-
tion.

COROLLARY 1.1. Let the homogeneity hypotheses
QOZ{QE@; /11:"':%}, Q, ={9€@; M(11) :...:M((Il)},

where for the overall parameter 6 = (9?,...,03)T € O either for all j =

1,...,q the equality p; = 6, holds, or 8, = (u;f,ajT)T denotes partition of
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the jth population parameter into the subvectors p; € RP and o, € R™7?
(thus in the first case dim(p;) = m and in the second case dim(u;) = p). Let

i = (Mg.l)T, uﬁz)T)T denotes partition of the subvector p; into the subsubvec-

tors u(-l) € R and ,u§-2) € RAim(3)=r1 | Suppose that (C1) -(C5) and (1.6) hold

f] 5
and the assumptions of the previous theorem concerning 9,:1) are fulfilled.

(I) The convergence (1.8) holds with s = (¢ — 1) dim(p;).
(1) The convergence (1.9) holds with s = (g — 1)(dim(u;) — p,) -

We remark that if in (C4) the assumption of continuity of J(y) on Z is
omitted and in (C2) also the validity of

/%’Y—) dv(z) =0, i=1,...,m, (1.14)

is assumed, then all assertions of this paper remain true. However, the present
form of the conditions makes possible to use the local asymptotic normality
theory of Le Cam, Ibragimov and Hasminskii in the form expounded in [2], which
simplifies the proofs of contiguity assertions. We remark that in comparison with
[6], the conditions (C2), (C3) are less stringent than their counterparts (R2), (R3)
ibidem, and no assumption on the Kullback-Leibler information quantity is here
included. In difference from various sets of classical regularity conditions, used
for example in [12; Section 4.4.2], [9; Section 6e] or in [1; pp. 88], the present
conditions (C1)—-(C5) do not require existence of the third partial derivatives
of the densities. Also, they do not include the integrability of a higher power of
partial derivatives of logarithm of the density, imposed in the condition C in [5].

A deeper insight into limiting behaviour of the test statistic can provide its
asymptotic distribution when the true parameter tends to the null hypothesis,
usually the rate proportional to the square root of the sample size is considered.
Such an approach is for the likelihood ratio test statistics in the one sample case
used in [6] for the hypotheses approximable by disjoint cones, and in [5] for the
hypothesis of nulity of a part of the parameter. Multipopulation versions of these
results are presented in Theorem 1.2 and in Corollary 1.2, the local alternatives
are in their proofs handled by means of contiguity properties.

Following [6] and [4] we shall say that a set Q@ C © is at § € Q sequentially

approzimable by the cone C, if for every sequence {a, }°° , of positive numbers
sup{p(6*,0 +C); 6" €Q, 16" - 0| <a,} =o(a,), (1.15)
sup{p(0 +4,Q); y€C, |yl <a,} =o0a,). '

Here

1/2
el = (a2) " e s) =mi(le -yl ves) @i

%
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is the Euclidean distance from the set S, and by the cone C' we mean any
closed convex set such that ax € C whenever z € C and the real number « is
nonnegative.

For § = (47,..., HQT)T € O the block diagonal mq x mgq matrix

J(0) = diag(J(6,),...,J(8,)) (1.17)

denotes the overall Fisher information matrix whose blocks are defined by (1.10),
T T\T

m;(0) = m;((67,---,0;)") =6, (1.18)

is projection onto the jth coordinate space and h = (Wl(h)T,...,wq(h)T)T

describes decomposition of the vector h € R™? into the subvectors from R™ .
Finally, the number

n=ny+--+n,

denotes the total sample size, i.e., n = n{*) where u is the order number of the
experiment.

THEOREM 1.2. Let (C1) -(C5) be fulfilled, (1.6) hold and

n,; .
T—L]—)ij(O,l), ji=1,...,q. (1.19)

Suppose that 0 € © is a fired parameter, for i = 0,1 the set 1, C © contains 6,
is at 0 sequentially approzimable by a cone C; and there exist measurable map-
pings ngil),...,nq = Ggl),m’nq(x(m)m’nq)) of the argument x, ., taking values
in Q, such that both (1.12) holds and (1.13) is true for every € > 0. If

lim h, =h e R™ (1.20)

U—*00

and the product measure corresponding to the uth experiment

— —(n(®) 7. (h
P*:P*:Pv(?ll)x"'xp(nq) Y(,u) = m;(0) + i)

then

L(xz , . .
L 210g_L_E_("L“‘LQI; | p*} _>£[p2(a:,cu) — p2(r,Gy) | N(3(8)2h, Imq)].

z(nl ..... ng)? "0
(1.22)
Here p is the distance (1.16) from the set G, = J(9)'/2D(p)'/*C, and

D(p)1/2 = diag(p}/Q? t ’pi/Q,p;/2’ tee ,pé/27 e )p;/Z’ A ?p(ll/z) (1‘23)
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denotes the diagonal mq x mq matriz with this diagonal. Especially, if C, C C,
are linear spaces, then

L(z Q)

("’11---:" )’ 1 *

[ |2log . ’ P
L(x(nl,...,nq)’QO)

where s = dim(C|) —dim(C,) and the noncentrality parameter of the chi-square
distribution

— X2, (1.24)

A =02 (3(8)2h,G,) — p*(3(6)/%h,G,). (1.25)

The previous theorem implies the following assertion, in which C; denotes
the class of mappings whose components have on their domain all partial deriva-
tives of the first order continuous. In (1.27) the symbol 6, stands for the tth
coordinate of the vector € R™7.

COROLLARY 1.2. Suppose that (C1) -(C5), (1.6) and (1.19) hold,
Q,={0"€0; g,(6°)=0, ..., g, (8%) =0}, (1.26)

and the functions 9;: © — R! belong to C,. Further, assume that for i = 0,1
the parameter 6 belongs to Q) , the matriz

991(9) 991(0)
90, 0 'tt) 00mg
a0 =| - : (1.27)
gk, (6) Agr.. (6)
30, 0 ) 00ma

is of rank k, and the assumptions of the previous theorem concerning éf:l)
are fulfilled. Let (1.20) hold and P* be the probability defined in (1.21).

(I) The convergence

E 2log

holds with
A=hTFT(F () 'FT) 'Foh,  F,=8,06)D(p)""/>. (1.28)
() If ky < ko, then (1.24) holds with s = k, — k, and
X = T[T (B,3(0) ' E]) ' F, — FT (F,3(6)"F7) 'F ],
F, = 9,(6)D(p)~"/%.

L(x(nl,...,nq)’ @)
L(@(ns,..ng)> o)

| P*] — 2,0

(TIT) If for the relative sample sizes the inequality lim infng-")/n(“) > 0 holds
uU—>r00

for j = 1,...,q and if the vector h = 0, then the results on limiting
distributions in the assertions (I) and (II) are valid with A = 0 provided
that their assumptions with the ezception of (1.19) remain true.
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2. Proofs

LEMMA 2.1. Let (C1)-(C4) be fulfilled. Then (1.14) holds and for i,j =

1,...,m
0% log L(=,7)

J(7):;;=-E, (T%_ : (2.1)

Proof. Validity of (1.14) follows from Proposition 1 and the relation (8)
in [2; pp. 13-16], validity of (2.1) immediately follows from (1.14) and (C2). O

Since sampling with the sample sizes n; = n{™ is carried out in the se-

quence of experiments whose ordering is denoted by u = 1,2,..., for the sake
of simplicity the pooled sample will be denoted by the symbol (cf. (1.4), (1.3))
(I:(u) = x(ngu)’m’ngu)) . (22)

In accordance with this and (1.5) let
(W) ()
P = ps? @3)

A basic tool for finding stochastic order of the remainder term in the concerned
Taylor expansion will be in this paper the next assertion.

LEMMA 2.2. Suppose that (C1) - (C4) hold and using the notation (1.1), (1.10)
for v € Z put

d(z,...,z,,7,0)

= sup{

(I) The function d(-,,d) is measurable and for every € > 0 there exists a
real number & > 0 such that

19%log L(zy,...,z,,7")

- . —n J(Y) .1 Y — < g =1,...,

p ovio; Iyl =l <6, 45 m
(2.4)

lim ﬁnsn) [d(zy,...,z,,7,8) >c] =0.

(IT) If (1.6) holds, 8 € © and measurable real-valued functions ¥, = ¥, (z™)
converge to zero in the probabilities (2.3), then (cf. (1.18))

lim P [d(z(j,n{"), 0,,0,(s™)) > ] =0

uU—>00

forall j=1,...,q and every € positive.
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Proof.
(I) The measurability follows from continuity of the partial derivatives and

separability of R™. Let

9(z,7,0) =
0% log L(z, ~* d?log L(z ..
=SUP{ gLz, 7") _ s L(z,7) s At =l <4, z,J=1,---,m}-

97} 9v; 07,0;
By (C1), (C3) and the Lebesgue theorem

Jim [ 92,7, 4P (@) =0,

and given £ > 0, there is a positive number 4 such that E_ (9(-,7,0)) < z.
Employing the law of large numbers we obtain that for such a number §

1—3(") [d(a:l,... T,,7,0) > €]

(n)[ Zg:r,,7,5)> J P d(@y, 027,002 5] — 0

as n — 00, because (2.1) holds.
(IT) Let € be a fixed positive number. According to (I) there exist positive

real numbers d; and N(j,t) such that
) 1
(n [d(.’l)l, <y Ty, J’ )>E]ST

for all n > N(j,t). Further, since (1.6) holds, given sequences {ng-")}u:I, j =
1,...,q, there exists an increasing sequence {u,};2, of positive integers such

that for all u > u,

nj:nju > N(j,1), Pa()['c/)u(x( >)26j]§;.
Hence Po(u [d(=z (j,n;u)), Y P, (W) > €] <2/t for all u > u,. 0O
In the next considerations we shall use the notation
0?log L(zy,...,x,,7) "
B((zy,---,2,),7) = Lo . 2.5
() = (Z8E e

The matrix
B, 0) = diag(B( (1,n{), 71-1(9)),_..,B(:L‘(q,n((]u)),ﬂ'q(ﬁ))) (2.6)
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is the mq x mq block diagonal matrix whose blocks are defined by means of
(2.5) and (1.18). Finally, let

Du=diag(\/ngu),...,\/ngu),\/'ng"),...,\/@,...,\/@,...,\/@)

(2.7)

denote the diagonal mq x mq matrix with this diagonal.
The following lemma is a multisample version of Lemma 1 in [4].

LEMMA 2.3. Suppose that (C1) ~(C4) and (1.6) hold, 6 € 2 C © and measur-
able mappings 0 =6 (z(")) taking values in Q are such that (cf. (1.7))

lim P(u) [L(z(“), Q) =Lz “),Ou(z(“)))] =1

U—r 00

Let éu — 6 in probabilities (2.3) as u — co. Then the random vectors

\/n(f‘)ﬂ'l (éu(x(“)) —9) )
Au(m(u)) = = Du(au(w(u)) - 0)
\/nsu)ﬂ (6, (z) - 6)
are bounded in probabilities P = P(u) ie, A (z)=0 »(1).

Proof. Choose a number § > 0 such that {* € R™?; ||§* —6|| <} C ©
and put

A, = {z(“) ; L(z™,0) = L(2™,8,(z™)), ||f,(c™) -9|| < 5}.
An application of the Taylor theorem yields that for every z(*) ¢ A,
log L(z™,4,)

log L(z™,6)" - j ]
BL;;—,H) (6, —0)+ 5(8, - 0)"B(™,02)(4, - 0),

(2.8)

= log L(z™,6) +

where ||6% — 6] < ||0,, — 6|| and (cf. (1.17))

20, ~0TBE,6,)(8,-0) = —3 A, (=) IO)A, () +2,(c™) . (2.9)

Making use of the Cauchy-Schwarz inequality and the notation (2.4) we get the
inequality

lu( ) \<HA 2)|8,, (=),

- .10
Zmzd( _},713 ), m;(0), \|9u~9||). (2.10)
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However, Lemma 2.2(II) implies that S, (z(*)) = 0p(1), which together with
(2.8) (2.10) means that on A,

L(x(“),é )
< yo— N T us
0 < log L(.T(“), 9)
dlog L(z™,8)" -
< —é’ﬁp) (B, 6) - 38, IO)A, (=) +[|A, (=)0, (1).

(2.11)
Finally, let A stand for the smallest characteristic root of J(6). Then from (2.11)
by means of (C4) and the central limit theorem we obtain that on A,

_,0logL(z™, 9 .
1A, )5 - 00) < ’Du‘g—a(a——)H 1A, )]

= 0p(M)[| A, =),

and since Pé“)(Au) — 1 as u — 00, the rest of the proof is obvious. a

The statements (2.12), (2.13) of the next corollary are well-known properties
of the maximum likelihood estimators and have been proved under various sets of
conditions. The set of conditions (C1)-(C5) differs in some way from currently
used ones, amongst which one can mention the conditions used in [6], [8], [12;
Chapter 4], the conditions in [9; Section 6e.1] or the ones used in [1; p. 88]. For
the sake of completeness we therefore prefer to include the proof of the following
lemma into the text.

COROLLARY 2.1. Suppose that the conditions (C1) —(C5) are fulfilled. Then
for the mazimum likelihood estimator ¥, from (C5) and for every parameter
YyEE

_lialogL(wl,...,wn,'y)
v 9y

where P = ﬁjn). Hence the weak convergence to the normal distribution

V(i (@, 3,) =) = 3()

top(l), (212)

. —(n) _
E[\/ﬁ('yn -NIP] — NI (2.13)
holds as n — 00.

Proof. Since 4, — v in probability, the Taylor theorem and (1.11) imply

that with probability P = 7

. tending to 1

10logL(zy,...,x,,7) 1=~ 8%logL(zy, ..., %) o . .
o ew o nk apoeme 0Tk,

j=1



FRANTISEK RUBLIK

where a(j) denotes the jth coordinate of a and |7} — 7| < |I4,, —7l|- Thus

19dlog L(z,,. ..
n dy
2 (g5 s @ ) < Sy, 2 ) 1 =
S.(xy,...,x,) = mzd(xl, ey Ty N 1A — ’7||) ,
and d is defined in (2.4). But according to Lemma 2.2 and Lemma 2.3
d(zy, -2, 7 10, =) =0p(1),  VR(¥,(zy,---52,) =) = 0p(1),

and we see that z (r,,...,z,) = oP(n“% ). The rest of the proof follows from
(2.14) and the central limit theorem. O

) = 3G, =)+ 2y a,)s (214

LEMMA 2.4. Suppose that the assumptions of Lemma 2.3 are fulfilled, (C5)
holds, and put

oK) =inf{llz—yll; ye K}, llzll = a3,  (215)
where J(6) 1is the matriz (1.17). Let
R R . T
9(u) = (917:(1,_,), caey 0:‘(#)) 3 (216)
where 0An<_u) = én(. )( (],n( ))) is the MLE from (C5).

(I) Let G, denote the set of those () for which
L(I.(u)’Q) =L(z ) g (m(“))), ||D x(“)) - ) || <M, (2.17)
L(z™,0) = L(z™,0,)(c™)),  [D, (0, (=™) = 0)|| < M, (2.18)

where D, is defined in (2.7) and M, M are fized positive constants.
Then the relation

log L(z(™, Q) — |log L(z(™, ) — 3v°(D 46, D™ (M) || I;. (™))
(u) ()

= OP(l)
(2.19)

holds with P = Py, QU(N) = {6* € Q; |ID, (8" - 0)|| < M} and
I, denoting the indicator function of this set.

(1) Suppose further that Q= {0 € ©; A0 =b}, A is a k x mq matriz of
rank k, b is a vector from R and C={zeR™; Az=0}. Then

log L(T(u ?‘Q) - |:10g L(.’L‘ “ ’H(M)) - %7}2 (Du (‘9(u) - 9)’ D“C)] = OI’(I) : (220)
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Proof.
(I) Since the set © = =7 is open, there is anelghbourhood U of the parameter

§ such that U C ©. Obviously, (M) C U and f,)(z(¥) € U for all
z(®) € G, and all u sufficiently large. Hence for such an integer u and 6*
belonging to Q¥ (M) the Taylor theorem yields that on G,

(u) p* (w) g 1 x _p T * N
log L(2,6") = 10g L(2™), 8,)) =% [Du (0 ~6(,y) | 3O)[D,(6"—,)] +. -

(2.21)
Here
u 1 ) T — u *k - * 9
zu:zu(x( )) ZE[DU(H _g(u))] [DulB("L( )70 )Du1+‘](0)”:Du(9 —e(u))]a
A A (2.22)
10** = 6y ll < 116" — 6,yll, B is the matrix (2.6) and
”Du(g* - é(u))” < ”DU(e* - 9)” + ”Du(e - é(u))” < M +M,
(2.23)
167 = 6l < 116* = Byl + 18y — Oll < v, = IIDFI(M + 2M).
(2.24)

From (2.22) - (2.24) and Lemma 2.2 one finds out that

q
) 2 o (u
2l < (W + M)* Y m?d(2(5,n), 6, ,) = 0p(1),
=1
which together with (2.21) and (2.17) implies (2.19).
(IT) Obviously, for all u sufficiently large QW (M) = 6§ + {2 € C; ||D_ 2|
<M} and

0 (D6, DLW (01) )= v* (D, (0, - 0). K, ), (2.25)

where K| = {z € R™9, AD;lz =0, |7 < M} Let II be the matrix of
projection on the linear subspace D,,C = {z € R™; AD_'z = 0} in the norm
2]l from (2.15). Then |||[II y]|| < llly]ll and with A, denotmg the greatest and
A,.o the smallest characteristic root of J(#) the mequahtles

mq

\/ /\mq HHuDu(é(u) - 9)“ S HIHuDu(é(u) - e)lll S \/x”Du(é(u) - 9)”

hold. Tence inscrting into (2.17) the constant M = A/ Ay M, we see that
on G
u

v?(D, (0 — 0), K.,) = v*(Dy (4, - 6),D,C). (2.26)
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With this choice of M validity of (2.19), (2.25) and (2.26) yields the relation
9,(a™) I, (z™) = 0p(1), (2.27)

where g, (z(*)) denotes the left-hand side of (2.20).

Finally, let € > 0 be an arbitrary but fixed real number. If § > 0, then (2.27),

the assumptions on éu, Lemma 2.3 and (C5) imply that for M > 0 sufficiently
large

lim sup P (lgu ()] > e) < lim sup [1 - Pé”)(Gu)] <4
U—r00 UuU—>00
and the relation (2.20) is proved. a

LEMMA 2.5. Let the distributions {[,(f } ue1 Of p-dimensional random vec-
tors converge weakly to the normal distribution N (0,1 p)s where 1 s the unut

matriz. If {W_ }2° | are idempotent symmetric p X p matrzces and tr(W,) = s
for all u, then

LW e) — X2 (2.28)

weakly as u — 00.

Proof. Assume first that for 7,5 =1,...,p
lim W (¢,7) = W(i,j), (2.29)
UuU—r00

where W is a real-valued p x p matrix. Then the functions h (z) = £TW
h(z) = zTWz are measurable and since z, — x obviously implies that
h,(z,) = h(z), according to [3; Theorem 5.5]

L(EIW &) = L(h,(£,)) — L(h(z)|N(0,1,)).

Taking into account (2.29) we see that tr(W) = 1Lm tr(W ) = s and the matrix
u o0
W is symimetric and idempotent. This according to [10; p. 169, Lemma 9.1.2]
means that £(z”Wz |N(0,1,)) = x? and (2.28) in this case holds.
Let us drop validity of the assumption (2.29). Since the matrices {W  }22,
are symmetric and idempotent, they are positive semidefinite and for all ¢, j =
1,...,p

0 S Wll(i7i) S tI‘(Wu) =3, IWu(va)l S \/W11(27L)W|I(J7J) S S

Hence every increasing sequence {u,}32, of positive integers contains a sub-
sequemnce {“m}t:l such that the matrices {Wu”}t=1 converge to a real

valued p x p matrix W, and according to the previous part of the proof
L&, Wy, £, ) = X5 as t = oo, which proves (2.28). O
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Proof of Theorem 1.1. Making use of (C5) we obtain that (cf. (2.16))
log L(z™,©) = log L(z™, 9(u)) +0p(1),
where P = Pé“). This together with (2.20) implies that

L(z™,0) )
2logmﬂ—) v (Du(e(u) -6), DuCi) +op(1)
p*(£,,3(0)Y/*DC;) +0p(1),
where C; = {2 € R™; A,z = 0}, p is the distance (1.16) and £, =
J(6):D,, (6, —6). Owing to (1.6) and (2.13)

£(g,) - N(OI,) (2.30)

’ “mgq
as u — 00. Since according to the assertion (i) in [9; p. 23] the matrix \I’Sf) of
projection on J(6)!/2D,,C; is symmetric and idempotent,

L(z™,0)
L(z(™, Q)
Wh =1 -0,  tr(¥P) =dim(I(6)"/*D,C;) = mg -k, (2.32)

2log = ELWDE, +0p(1), (2.31)

and the matrix W{? is symmetric and idempotent.
(I) This assertion follows from (2.30)—-(2.32) and Lemma 2.5.
(I1) By (2.31) and (2.32)

L(:z: )

2108 7w, q,) =

= §Ewu§u + OP(l) ) (233)

where W = ¥() — &) But O, C Q, implies that C, C C,, which together
with symmetry of the projection matrices leads to the equalities \I’E})\IJS’) =
T = $OF) | Thus the matrix W, is symmetric and idempotent, and the
rest of the proof follows from (2.30), (2.32), (2.33) and Lemma 2.5. a

In the following text we shall use the concept of contiguity. We recall that

a scquence {P,}>2 , of probabilities is said to be contiguous to probabilities

{Pryse,, if ILm P, (A,) = 0 whenever lim P}(A,) = 0. This is denoted by
u o0 uU—> 00

{P,} < {P}} and these sequences of probabilities are said to be contiguous, if
both {P,} < {P;} and {P}} < {P,}.

LEMMA 2.6. Suppose that (C1)-(C 4) and (1.6) hold, 8 € ©, lgn h, =
h € R™ , and in accordance with (1.21), (2.3) put P, = P<u)
(I) The probabilities {P,}2,, {P*}2, are contiguous.
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(IT) If also (C5) holds, then for the mazimum likelihood estimate (2.16) and
the matrices (2.7), (1.17)

C[Du(é(u) —0)|P:] — N(h,J(©6)™) (2.34)
as u — 00.

Proof.

(I) The proof coincides with its one-sample counterpart used for proving
Proposition 3 in [2; p. 17]. Indeed, let §,) = 6 + D'k, and

L(z™, 9)

Au=logm.

(2.35)

Since by the uniform weak convergence of probabilities one understands that
integrals of every bounded continuous function converge uniformly, from [2; p. 13,
Proposition 1] and from [2; p. 16, (12)—(14)] one easily finds out that

LALIPY) > N(=%,0%), o?>=hTI@O)h. (2.36)
This together with Le Cam’s first lemma (cf. [2; p. 499]) means that {P,} <
{P}}, the relation {P¥} < {P,} can be proved similarly.
(IT) Let
u T
S,(0) = (5 o (#(1,n{),m0) " 8, (2 (g, 1), 7, (0)) ) ,

. 1 6logf($7,”y)
S (xy,...,z,,7)= \/;ZZ

and A, = —AY, where A} is defined in (2.35). According to [2; p. 16, Proposi-
tion 2]

2
_G_+OP(1)a

where P = P, and o2 is defined in (2.36). This together with (2.12) means that
for a fixed vector g € R™? and T, = ¢"D,, (9(u) —0)

(fi) = (gTJ;fg)_l ) S.(6) — (UQO/Q) +op(1).

Hence L(T,, | P}) = N(9"h,97J(8)"'g) by Le Cam’s third lemma (cf. [2; p. 503]
or [7; p. 208]), and (2.34) is proved. O

592



ASYMPTOTIC DISTRIBUTION OF THE LIKELIHOOD RATIO TEST STATISTIC

LEMMA 2.7. Suppose that C C R? is a cone, ILm M, =M is a regular p xp
u—r oo

matriz, p =mq and v is the distance (2.15).
. _ » . _
M If ulgrolo Y, =Y ERP, then ulggov(yu,MuC) =v(y,MC).

(I1) sup{|v(y,M,C) — v(y,MC)|; y € K} = 0 as u — oo provided that
the non-empty set K C RP is compact.

Proof.

(I) Since |v(y,M,C)-v(y,, M, C)| < |lly—y,[ll, we may assume that y, = y.
But if T, I, denotes projection on MC and M, C respectively, then TI(y) =
Mz, 11, (y) = M2, where z, z, belong to C. Hence v(y, M,C) < |lly—M,z||
<v(y,MC) + Mz — M,.z]||, and

lim supv(y, M ,C) <v(y,MC).

uU— 00

Similarly, v(y, MC) < v(y,M,C) + ||IM, 2, — Mz,|||. But

Mz, — Mz, [l| < [I3@)II'/2IM,, - M|zl
-1 —1
Izl < | (30)/2M,) || IM 2, Ml < 11(I(6)*/2M,,) Il

where the last inequality holds owing to the inequality |||TL,(%)||| < |ll¥|l|, follow-
ing from [13; p. 376, Theorem 8.2.5]. Thus also the inequality

v(y, MC) < lin—x)infv(y, M, C)

holds.

(I1) Let 6, = sup{|v(y, M,C) — v(y,MC)|; y € K}. Since the function
v(-,A) is continuous and the set K is compact, there exists a point y, € K
with the property that |v(y,,M,C) — v(y,, MC)| = d,,. Choose a subsequence
{u,}2, for which

imspd, = lim g,
Since the set K is compact, there exists a subsubsequence {u, }22, such that
lim y, =y € K, and by (I)

n—oo

limsup §, = lim Iv(yutﬂ,Mlltn C)-v(y ,,’MC)I = |v(y,MC)—v(y, MC)| = 0.

Ut

u—>»00
O
LEMMA 2.8. Under validity of the assumptions of Theorem 1.2
log L (™, 0,) = [l0g L(2), 6,y) = 50* (D, (0 — 6), D(p)'/*C;)| = 0p(1).
(2.37)
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Here P = Péu), and v, 9(u) and the involved matrices are defined in (2.15),
(2.16), (2.7) and (1.23), respectively.

Proof. Let G, be the set described with (2.17) and (2.18), where Q = (,
and 0, = éf:()u) (- Let € > 0. By means of Lemma 2.3 we easily obtain that
for all M, M sufficiently large the inequality lim sup [1 - Péu) (G,)] < € holds.

UuU—>00
Hence if we show that for the set Q) (1) = {6* € Q,; ||D (6" - 0)|| < M)
and for M, M sufficiently large
[v2(D 0 DL () = (D, (8, — 6), D(p)/*C) I, (=) = 0,(1)

(2.38)
then with g,(z(*) standing for the left-hand side of (2.37) we get from (2.19)

that for every & > 0 the inequalities lim sup Péu) [lg,(z®)| > 6] < limsup[1 —
u—r 00 u—>00
P{(G,)] < € hold, and (2.37) will be proved.

Let
()
CP (M) = {yeC,; Dl < /R M},
where ), denotes the largest and A, the smallest characteristic root of J(6).

According to [13; Theorem 8.2.5], projection on cone does not enlarge the norm,
therefore on the set G, the equality

; ; —(u)
v’ (Du(e(u) - 0) ) DuCi) =0’ (Du(e(u) - 9)’DuCi (M))
holds. Since |[l|zfl|> = lllylli*| < lle + ylH13@)|lllz - yl|, for =) € G,
02D By, D" (1)) =+ (D, (0 — 6),D,C;)
< _S;ll})) H(lf) - “Du(é(u) - 0*) + Du(é(u) -0- y)” '
eerTan e IONIDL6+y - 0] (239)

< sup (M + M4 /2EM) JIO)IDlp(6 + 3,9 (31))
yeG™M (M)
Put
(u)

n =n{" 4. 4 n(")
From (1.19) we obtain that for all u sufficiently 1a1ge

sup{Ilyll; v € C;” (M)} < ID; ||,/ M <=

A
Q= i -
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Hence employing (1.15) we see that for all u sufficiently large the relations
Yy E Ugu)(M), 6* €y, p(0+v,0") <p(@+vy,9Q,)+ 1/n™ imply that
3QM
0* -0 <|6* - (6 < ,
16 =011 < 19" = 0+ )l + Il < S
D, (6" =)l < ID,llll6* - 6] < 3QM+/m,

and if M > 3QM+/m, then for y € C’_gu)(M) the equality p(y + 6,Q,) =
p(y+96, Qf")(]\;[)) holds. This together with (2.39) and the definition of approx-
imability means that given M > 0, there exists M > 0 such that for all u
sufficiently large on G,

02(D 8y D (1)) = v*(D,, (B — 9), DuC;) < 0(1). (2.40)

If u is sufficiently large, then for every 6* € Qg") (M)

QM

n(u)

6% = oIl < IDZHIIID, (6" — O)II <

and the distance p(§* — 6, C;) is attained at a vector y € C;, for which
Dyl < IDlllyll < IDII6* ~ 8l < QM /m.
Thus similarly as in (2.39) for all u sufficiently large on G|,
2 j 2 j (w) (17
v (Du (9(1:,) - 9) ) DuCi) —-v (Due(u)a DuQi (M))
<v*(D, (6 — 0),D,C QM) ) = v* (D, ), D2 (31))
<OM)ID,|l sup p(6* - 6,0 (QNVm)) = o(1),
o™ (a1)

where the last equality follows from definition of approximability. Hence (2.40)

remains true also when the left-hand side is taken with the absolute value. Fi-
nally, let ﬁj = ng.“)/n(“), j =1,...,q denote relative sample sizes from partic-

ular populations. Then D ,C; = D(ﬁ)l/zc’i, according to Lemma 2.7
] v2(D,, () ~ 6),D,.C;) = (D, (6, — 6), D()'/*C) ‘IGU (@) = op(1)
and validity of (2.38) is proved.
Proof of Theorem1.2. By Lemma 2.8,

L(a;(u), Q,) N . 1/2
OgL(z(u—),QO) =v (Du (e(u) - 9),D(p) CO)

O

—0*(D, (8, — ), D()'/C, ) + 0p(1)
= p2(§u’ Go) - P2(€ua G1) + OP(l) )
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where P = P\ and ¢, = J(0)1/2Dll(é(u) —0). Since the functions p*(-,G,)
are continuous, (1.22) follows from Lemma 2.6.

Further, let C; C C| be linear subspaces of R™. Then also G, C G, are
linear subspaces and similarly as in the proof of Theorem 1.1 (II) one easily finds
out that

p(z,G,) — p*(z,G,) = =T Az,
where the matrix A = ¥, — ¥/ is symmetric, idempotent and ¥, denotes
the matrix of projection on G,. Hence the assumptions of Theorem 9.2.1 in
[10] are in this case fulfilled with ¥ = I, p = J(0)'/2h, which implies
that £(zTAz|N(pu,E)) = x%(\), where the degrees of freedom s = tr(AT) =
rank(¥,) —rank(¥,) = k, — k, and the non-centrality parameter A = pT Ay =
p2(:u1 GO) _/)2(/1/, Gl) o

Proof of the Corollary 1.2 will be based on the following lemma, which prob-
ably does not contain new results, because the involved cones are termed in the
literature as tangent cones. Since the property (1.15) of the sequential approx-
imability was not previously mentioned in the available literature, we prefer to
include the assertion into the text.

LEMMA 2.9. Let © C R™ be an open set.
(I) Let 6 € QC © and

inV:{(né));zeV},

where W C R™4 is an open set containing 6, V C R® is an open set, s < mq
and n: V. — R™~° belongs to C, . Then Q is at 6 sequentially approzimable by
the cone

Zg11 2
C={zeR™, =d| : , (2.41)
Z1q z,
where o (8 B (9
919, e 9V
d =d[n)(¥) = : : (2.42)
IMmq—s(V Mmg—s(V
99, T XN

and ¥ = (0y,...,6,)T consists of the first s coordinates of 6.
(IT) If the matriz (1.27) is of rank k, and its elements are functions continu-
ous on O, then the set (1.26) is at 6 sequentially approrimable by the cone

C,={yeR™; §,(0)y=0}. (2.43)
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Proof.

(I) The proof can be easily carried out by means of the definition of differ-
entiable real-valued function. )

(IT) Since it is only a matter of notation, we may assume that the last k;
columns of (1.27) are linearly independent. Since g = (g,, .. .,gki)T belongs to
C, and g(f) = 0, from theorem on implicit functions one obtains that there exist
a neighbourhood U C R™¥ % of (6,,...,0 )T, a neighbourhood V C Rk

Y mag—k;

Of (B0—pis1s--++0mg) and a mapping n: U — V belonging to C, such that
W={@="y")"; zeU, yeV}

is a subset of ©, for every z € U the only point y € V satisfying g((z7, yT)T) =0
is y = n(z) and the matrix (2.42) has for every ¥ € U the form

dnl(v) = - [D (7739) )] —IH (ngﬂ) ' (2.44)

Here s = mq—k; and 8,(0) = (H(6)D(8)) is the partition of the matrix (1.27)
into the blocks determined by the last k; columns. Thus

QiﬂW={(n(Im)>; er}

and (2.44) means that the cone (2.43) equals (2.41). a

Proof of Corollary1.2. The approximating cone C, in this case
equals (2.43) with ¢ = 0, and putting Q, = ©, C; = R™? we see that (1.24)
holds with s = mq — (mq — k),

A=p2(30)%h,G,), Gy={z€R™; Az=0}, A=F,J@0) /2.

Since p?(z,G,) = mTAT(AAT)_le, validity of (I) is proved. The assertion
(IT) can be proved similarly and validity of (III) is obvious. O
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