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(Communicated by Milan Medved’)

ABSTRACT. In this paper, sufficient conditions have been obtained for the os-
cillation of bounded (unbounded) solutions of a class of forced first order neutral
differential equations with positive and negative coefficients. The techniques used
here are different from those used to be employed for such equations earlier.

1.

In recent years, some authors (see [1]-[7]) have studied oscillatory behaviour
of solutions of first order homogeneous neutral differential equations with posi-
tive and negative coefficients. These coefficients may be constants (see [3]) or
functions of ¢ (see [1], [4], [6], [7]). Some of the works with variable coeffi-
cients hold for constant coefficients ([1], [7]). In all these papers the problem
has been reduced to the existence of a positive solution of certain first order
delay-differential inequality. The assumptions are made conveniently so that the
incquality does not admit a positive solution and hence a contradiction is ob-
tained. It scems that no work has been done on oscillation of forced first order
neutral differential equations with positive and negative coefficients. The present
note is concerned with this problem for equations of the type

E t>+2 (st -] +ij Ot~ 0,) = > u(D)(t — ) = 1(1), (1)
k=1

where p;, g, € C([to,oo),[O,oo)), ¢; € C([ty,0),R), ty € R, 7, >0, o; >0
and ay >0,1<i<[,1<j<m,1<k<n. The method adopted in earlier
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papers for homogeneous equations does not work for (1). In this paper we have
developed different techniques to study oscillation of (1). All the theorems in
this paper hold for homogeneous equations. However, Theorems 5 7 hold for
equations with constant coefficients.

In (3], Farrell et al considered first order homogeneous neutral differential
cquation with positive and negative coefficients of the form

[m(t) +cz(t—71)) +pz(t—0)—qr(t—a)=0, (2)

where p, ¢, ¢ are constants. They proved that every solution of (2) is oscillatory
or tendstozeroast — 00 if —1<¢<0,14+c—q(lc—a)>0,p>qg>0,7>0,
o0 >0 and a > 0. To some extent this result is comparable to Theorem 5 of
this paper. We may note that we deal with several delays (see equation (1)). In
the process we are able to show that every bounded solution of (1) is oscillatory
or tends to zero as t — oo. The conditions in other theorems in [3] are not
comparable to our conditions in Theorems 5-7.

Yu and Wang [6] obtained the following result for
[z(t) + c(t)z(t — 'r)]/ +pt)z(t— o) —gq(t)z(t —a) =0. (3)

If p,q,—CcE C([tO,OO),[O,OO)), T> Oa o Zoa o ZOa UZ «, p(t)—q(t+a—o)
> 0 but # 0 and there hold

¢
14c(t) — /q(s) ds>0  for large t,
t—(oc—a)

and either
A> %

A<y and M>1——1-(1—A—\/1—2A—A2)
e 2

then every solution of (3) oscillates, where

or

t K]
A= lim inf [ (p(s) —q(s+a—o0)) (1 —c(s—oa)+ /q(u —0) du) ds

t—o s—ota
and
t s
M = tlim sup / (p(s) — q(s + a — o)) (l —c(s—o)+ /q(u —0) du) ds.
—00
t—o s—o+a

Although the coefficients in (3) are functions of ¢, the delays involved are single
unlike in (1). These conditions are very complicated for verification thicuol
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examples. On the other hand, our conditions in all the theorems are easy to
verify. Section 2 deals with these results. By a solution z of (1) on [¢,,0),
t, > to, we mean a real-valued continuous function z on [t, — T}, c0) such that

)+ Z (t)z(t — 7;) is once continuously differentiable for ¢ > ¢, and (1) is

satlsﬁcd 1dcnt1cally for t > t,, where T, = max{Ti,Uj,ak 1 <i<l, 1<
j<m, 1<k<n}. A SO]uthIl of (1) is said to be oscillatory if and only if it
has arbitrarily large zeros; otherwise, it is said to be nonoscillatory.

We assume that there exists F € C'([t,,00), R) such that F'(¢) = f(t).

2.

In this section we study oscillatory behaviour of solutions of (1) under certain
conditions on coefficient functions. It may be noted that some of our results are
not satisfactory for constant coefficients. However, all the results are true for
homogeneous equations.

THEOREM 1. Suppose that

(A)) ¢;<¢(t)<0 suchthath > -1,
=1

(A,) there ezists a j* € {1,.. ,m} such that o,. > max{a, : 1<k <n},
and

P23 gt —op +a)  for t2t+ Ty,
k=1
0 n
(Ag) (3 ) dt <oo,
to k=1
(A,) F(t) is bounded.
Then every unbounded solution of (1) oscillates.

Proof. Let z(t) be an unbounded nonoscillatory solution of (1) on [t , c0),
t, >t,. Suppose that z(t) >0 for t > ¢, >t . For t > t, + T, we set

l

A0 =2+ 3 e at—m) =3 / a(s)e(s —ay) ds — F(t).  (4)

1=1 k=1 t

Thus, for t > t, > t, + 7T,

(1) < - [pj.a) ~S gty + ak)]xu 0, <0. (5)
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Hence tlim z(t) = p, —oo < p < 00. Since z(t) is unbounded, there exists a
—

sequence (t,) C [t,,00) such that lim ¢, =oo, lim z(t,) = oo and z(t,) =
w— 00 w—r 00
max{z(t) : t, <t <t,}. Thus (4) yields
t—ak
+Zcxt—7' Z /q(s—Fak)m(s)ds—ﬁ,
k=1, 5.

where we assume that |[F(t)| < 8, t € [t,,00), that is,

!
t) + Zcix(t -7,)— B
=1

n t—ak
_ (Z /qk(s+ak) ds) max{z(s): t— 0. <8< t}.

k=1 t—o;x
From (A,) it follows that

n t—ak
tl_x)rgo /qk(s+ak) ds=0.
k=1 t—oj=

!
Hence, for 0 <e <1+ )" ¢;, we may find t; > t, such that

=1
n t—ag
Z /qk(s+ak) ds<e
k=1 t—ojx

for ¢t > t,. Choosing w sufficiently large such that ¢, > t, + T;,, we obtain

z(t,) > z(t,) + Zcix(tw —7,) =B —emax{z(s): t, —0,. <s<t,}

w

!
> 1+ X e - efote) -
=1
Thus lim 2(t,) = +oo a contradiction.
w—r00

If z(t) <0 for t > ¢, >t , then we put y(t) = —z(t) to obtain y(t) > 0 for
t >t and

!
+ch t—T] +Zp] yt—a qu Yyt —ay) = —f(t).
=1

Setting G(t) = —F(¢t) and proccedmg as above we get a contradiction. Hence
the theorem is proved.
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ExXAMPLE 1. Consider

[z(t) 21t:c(t - w)], + (1 + %)w(t - %) + 4—:;_?1‘(15 —27) — 212 z(t—m) .

_ 1) T—1
_(1+47r)smt+ 5 cost

for t > 4x. Here
1+4 —
F(t) = _(+dm) cost + =
47
As all the conditions of Theorem 1 are satisfied, then it follows that all un-
bounded solutions of (6) are oscillatory. In particular, z(t) = tsint is an un-

bounded oscillatory solution of (6).

sint.

It is interesting to note that equation (1) admits an unbounded nonoscillatory
solution if F(t) is unbounded notwithstanding the conditions (A;) (A;).

ExXAMPLE 2. The equation

[x(t)—%x(t—zw)} +ta(t — ) + tz(t — 27) — t12 z(t) tlx(t—w)
- t 1_ it T 2 21 oo, 4
= (7r+ 2) cost + (2 7rt) sint 2 sint + 1+ 4t° + 2 6t ;

for ¢ > 37, admits an unbounded nonoscillatory solution z(t) = t(sint + 2).
Clearly, the assumptions (A;)—(A;) hold and

sin 6

F(t) = %mnt+7rtcost+t+%—37rt2—4logt——— /—d0

is unbounded.

The following example demonstrates that the assumptions (A;) (A,) are
not cnough for the oscillation of all bounded solutions of (1).

ExanrLi. 3. Consider

[:1:(1‘,) — %m(t — 2#)]/ + t%fr(t —27) — ti;;x(t —-m) = 2(tt; 2,

for ¢t > 3x. In this case
1-2t

12
Although all the conditions of Theorem 1 are satisfied, the above equation admits
a bounded nonoscillatory solution x(t) = 2.

F(t) =




N. PARHI — S. CHAND

THEOREM 2. Suppose that the assumptions (A;)—(A;) hold and
(A4) lim F(t) =8, ~00 < B < oo,

A,) t°f°p]..(t) dt =

are satisfied. Then every bounded solution of (1) oscillates or tends to zero as
t — o00.

Proof. Let z(t) be a bounded nonoscillatory solution of (1) on [t,,0),
t, >t,.Let z(t) >0 for t > ¢, >t_. The case z(t) <0 for ¢ > ¢, may similarly
be dealt with. For t > ¢, + T, we set z(t) as in (4) to obtain (5). Since z(t) is
bounded, then z(t) is bounded and hence tlim z(t) = p, where —oo < j1 < 00.

—00

We consider three cases, viz,

(i) p+p<0,

(i) p+p =0,

(i) p+ 8> 0.
Since z(t) is bounded, from (A;) it follows that

n t

lim g (s)z(s —ay) ds=0. (7)

t— o0
k=1 t—ojx+ag
Thus g+ B < 0 implies that

0> lim [2(t) + F(t)]

t— 00

n

!
> lim [z(t) + Z cx(t — ;) — Z / g (8)x(s — ay,) ds

t— o0
k=14 o/ tau

l
2 I [x0 + Lot )
=1 l

> llmx( )+ lim ZCCEt—T)

t—o0
t— o0 i=1

(1+Z >hmw >0,

a contradiction. From (5) we obtain, for t > t, > t, + 7T,

/ [pj.(t) — Z q,(t — 0.+ ak)]r(t - oj.) dt < 0o.
k=1

to
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But (A;) and (A;) imply that

/oo[Pj.(t)—iqk(t—gj‘_i_ak)J df = oo

A k=1

Hence lim z(¢) = 0. On the other hand, p + £ > 0 and (4) yield

t—o00

0<p+p=lim[2(t) + F(t)] < lim 2(¢),

t—o00 t—o00

a contradiction. Thus p + 8 = 0. Consequently,
0= tgrgo [2(t) + F(t)]

> Iim [x(t)-i—i:cix(t—q)} (1+Z ) lim z(

Hence lim z(¢) = 0. This completes the proof of the theorem. O
t—00

EXAMPLE 4. From Theorem 2 it follows that all bounded solutions of

[x(t)—%x(t—1)]l+t—i—1x(t~1)—(2—t—f—1?x(t—%)
2 2 16
S E @ene 7R

oscillate or tend to zero as t — oo. In particular, z(t) = 217 is such a solution of

the equation. It may be noted that (A}) fails for Example 1 and (A;) fails for
Example 3.

COROLLARY. Suppose that the conditions (A;)-(A;), (A}) and (Ay) hold.
Then every solution of (1) oscillates or tends to zero as t — 0.

The proof follows from Theorems 1 and 2.
THEOREM 3. Let (A,), (A;) and (A;) hold. Suppose that
(A7) Jim F(t) =0,
(Ag) 0<¢(t) <c,; such that Xl: c; <1.
Then every bounded solution of (T)1 oscillates or tends to zero as t — oo.

Proof. Let z(t) be a bounded nonoscillatory solution of (1) on [t,,c0),
t, > ty, such that z(t) > 0 for t > ¢, > t_. Setting 2(t) asin (4) for t > t, + 7T,
we obtain (5). Boundedness of z(t) implies that z(¢) is bounded and hence
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—00 < p < oo, where tl_l’rgo z(t) = p. Further, (A;) and boundedness of xz(t)
yield (7). Consequently, from (4) we get

l
p= lim [m(t) + ezt —7)

i=1

>0.

Since z(t) is monotonic decreasing and p > 0, then z(¢) > 0 for large ¢
Proceeding as in Theorem 2 one may obtain lim z(t) = 0. Since

t—o00
!
- Z ¢;(t)z(t — ;)
=1
! t—T1;
+ch Z / 9, (8)z(s — ay) ds+z F(t—7,)— F(t)
=1 k=14_ ox Fak—T;
and
l
i [+~ 3020 70] 2 i [s0 - et m)] = (1- 306,
t— o0 i=1 t—00 i=1 i=1
then
l
-t
=1
n t=i l
< lim |z(t) + Zci / 4 (s)z(s — o) ds + ZcilF(t — 7))+ [F(t)]
fme =1 k=14 o, tap—m i=1
l n t=Ti
< lim z(t) + lim [ c; / 9. (s)z(s — o) ds
t—e0 e =1 k=1 t—ojx+ap—T;
T
ﬂﬁfg[;f%ll’(t—n)HlF(t)l <0.
Hence p = 0. Consequently, z(t) < z(t) + Z x(t — 7,) implies that
’lim z(t) = 0. If »(t) < 0 for ¢t > t;, then we th 1/(1) 2(t) and pro-

ceed as above to obtain [hm y(t) =0, that is, llm x£(t) = 0. Thus the theorcm
— 0

is proved. a
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THEOREM 4. Suppose that (A,), (A;) and (A}) hold. Let

(A7) 1<¢(t) <ey,
(Ag) p;.(t) s monotonic increasing and q,(t) is monotonic decreasing
for ke {1,...,n},
o

(Ag) J [pj'(t)/cl(t + 7 - Uj.)] dt = 0.

to-{—aj:-

Then every bounded solution of (1) with | = 1 oscillates or tends to zero as

t — 00.

Proof. Let z(t) be a bounded nonoscillatory solution of (1) (with { =

on [t,, o), t, > t,,such that z(t) > 0 for t > t, >t_. Setting z(t) as in (4) for

1)

t > t, +T,, (5) is obtained. Since ¢,(t) < ¢;, then proceeding as in Theorem 3,

we obtain

00 > p = lim [z(t) + ¢, (B)z(t —7)] >0

and hence z(t) > 0 for t > t, > t; + T, where tli}m z(t) = w. If possible, let
p > 0. Then, for 0 < € < p there exists t, > t, such that z(t) + ¢, (t)z(t —7;) >

p— ¢ for t > t,. However, for t > t, > t, + T},

+ [qu(t— 0j +ap—7) — .t —Tl)]:l:(t -0, —T)

J

< gt =05 +oyp — 1) —p.(t - 7'1)] (z(t—o0,.) +z(t — ;. — )

1 n
Sm[iqk(t—ar +ak—7'1)—pj,‘(t—frl)}.
) (z(t—aj.) +c,(t— aj‘)m(t — 0. — )

p—e -
< —— @t—o.+a, —7)—p.(t—T7)]|.
cl(t~aj,)[§ g J koot J !

Integrating the above inequality from ¢, to ¢ we obtain
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0 < 2(t) 7'1)
<A+ (p |: qks—a + o — T)—pj*( TI)]/CI(S—O'])dS
k=1
t n
<A+ (p—c¢ /( q(s—0o +ak—7'1))
i, \k=1
i—-Tl
- /pj.(s)/cl(s+71-—aj.)ds ,
t4.—T1

where A = z(t,) + z(t, — 7;). Thus 0 < 2(t) + 2(t — 1) < 0 for large t,
a contradiction due to (A ) and (Ag). Hence p = 0. Consequently, z(t) <
x(t)+c, (t)z(t—7,) implies that tl_i)m x(t) = 0. Thus tl_i)m z(t) = 0.1f z(¢) < O for
t > t,, then we put y(t) = —z(t) and proceed as above to obtain tlim z(t) =0.
— 00
Hence the theorem is proved. O
Following examples illustrate above theorems.

ExXAMPLE 5. Consider

[a:(t) + %x(t - 7r)], + (1 + %)m(t - g)

1 2 .
+ _Tra:(t—27r) + ; _ﬂz(t—w) - —ﬁ:c(t—ﬂ) = t—Z(smt— tcost),
t>m+1.
Here F(t) = —%sint. As all the conditions of Theorem 3 are satisfied, then

every bounded solution of the equation oscillates or tends to zero as t — oo. In
particular, z(t) = sint is a bounded oscillatory solution of the equation.

EXAMPLE 6. From Theorem 4 it follows that all bounded solutions of

[2(t) + 22(t — )] + (¢ — Da(t — 1) — ﬁx(t - %)
1 32 3 6
T(-12 (2t-15 ¢ (t-1)*"

t > 1 oscillate or tend to zero as t — co. In particular, z(t) = % is a bounded

nonoscillatory solution of the equation which — 0 as ¢t = oc.

In the following we develop another technique to study oscillatory asymp-
totic) behaviour of solutions of (1). This technique is found to be suitable for
the study of similar problem for second order cquation of the form 1 T s
results will be di cussed in a different paper
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THEOREM 5. Suppose that (A,), (A}) hold and

(Hy)) m>n, p(t) > q,(t) and 0, > a,, 1 <k < n, such that p,(t) > qx(t)
for some k€ {l,...,n}.

(Hy) p;(t) 1s monotonic increasing and g, (t) is monotonic decreasing for 1 <
j<mand 1<k<n.

Then every bounded solution of (1) oscillates or tends to zero as t — oo.
Proof. Let z(t) be a bounded nonoscillatory solution of (1) on [t,,00),

t, >t,. Let z(t) > 0 for t > ¢; >t . Setting

Qe

! n -
= 2(t) + YWt - ) Z/ yds—F(t)  (8)

for ¢ > t, + T, we obtain, due to (H,), that

z(t Zp](t oj)+2qk(t—0k)x(t—0k)
= 0

<- Z[pk(t —0y) — g (t — oy)]z(t — o)) < 0.
k=1

Since z(t) is bounded, then (A,), (A}) and (H,) imply that z(t) is bounded.
Hence —oo < p < oo where tl_i’m z(t) = p. From (9) it follows, due to (H,),

that z € L!([¢,,00), R) and hence g,z € L'([t;,00),R), 1 <k <n. Thus

l

lim [z(t) +Zci(t)z(t—fi):| =pn+4. (10)

t—o00
i=1

We consider three cases, viz., u+8> 0, u+6 <0 and u+5 =0.Let u+3 > 0.
Then, for 0 < € < o+ G, there exists a t, > t; + T, such that

l

o(t) > z(t) + Y ezt —7) > (n+p) —¢

i=1

for t > t, and hence x ¢ L' ([t,, 00),R), a contradiction. If x+ 3 < 0, then, for
0<e< —(u+p), wecan find a t; > t; + 7T, such that

! !
W+ 0 +e>x(t) %—z:c2 z(t — ;) >—Zw(t—77¢).
i1 i=1
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Hence z ¢ L' (It;, ), R) , a contradiction. Thus p + 8 = 0. From (8) we get
O:u+ﬁ=tgrn[ +Z t—T}
> F_@o [m(t) + Z ¢;x(t — Ti)]
Zthm z(t) + llrn Zcz (t—r,)
> lim a(t) + Zci Jim a(t - 7)

(1+Z ) lim «(t).

Thus tlim z(t) = 0. For z(t) < 0, t > t,, the proof is similar and hence is
— 00

omitted. This completes the proof of the theorem. O

Remark. The assumption (H;) means that out of m functions p;(t) it is

possible to choose n functions p,(t) satisfying p,(t) > ¢,(t), 1 < k < n, and
the corresponding delays satisfying o, > a,, 1 < k < n. It is always possible

to rearrange p;(t)’s in Z p; ®)z(t — o, ;) and rename them so that the first n
=
number of p,(t) satisfy the condition.
THEOREM 6. Let (A}), (H,) and (H,) hold. If 0 < ¢,(t) <¢,, 1 <i <,
then every bounded solution of (1) oscillates or tends to zero as t — co.
Proof. Let z(t) be a bounded nonoscillatory solution of (1) on [t , c0),
t, > t,, such that z(¢) > 0 for t > t; > t_ Proceeding as in Theorem 5

we obtain (10). Since ¢;(t) > 0, then lim [ (t) + Z z(t — 7, )] > 0. Thus
we consider two cases, viz., u + 8 > O or u+ ﬁ 0. However, p+p8 >0
implies that xz ¢ L} ([tl,oo),R), a contradiction. Hence p+ 8 = 0. As z(t) <
x(t) + Z J(t)x(t —7,), then hm :v(t) = 0. The proof for the case z(t) < 0 for
t>t 1s qlmllar and is omltted Thus the theorem is proved. O

ExXAMPLE 7. Consider
1 ! 2 1
[a:(t) - a(t - 1)] F(t—Da(t—1) - mm(t - 5)

-t .3 3 16 t>3
T(t-1)2 2t—1)* ot (2t —1)Y -7
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Hence F(t) = t%+ 3(2t8_1)3 - z(til)g - (til) . From Theorem 5 it follows that every

bounded solution of the equation oscillates or tends to zero. Clearly, z(t) =

is a bounded solution of the equation which tends to zero as t — oco.

EXAMPLE 8. From Theorem 6 it follows that all bounded solutions of

[2(t) + 22(t — 1)) +22(t — 1) - e_t+1/2m(t - %) =—et—e 2 t>1,

t

oscillate or tend to zero as t — oo. In particular, z(t) = e~ is such a solution.

Remark. We may note that Theorem 2 cannot be applied to Example 7 as (A,)
fails to hold. On the other hand, Theorem 5 cannot be applied to Example 4
as (H,) does not hold. Further, Theorem 6 cannot be applied to Example 5 as
(H,) fails to hold. Theorem 3 cannot be applied to Example 8 since (A4) does
not hold.

THEOREM 7. Let (A})), (H;) and (H,) hold. Let —co < ¢; < ¢;(t) < —1.
Then every bounded solution z(t) of (1) oscillates or lim |z(t)| =0.
t—o00
Proof. One may proceed as in the proof of Theorem 5 to obtain x €
L'([t;,00),R) . Hence lim |z(t)| = 0. O

t—o00

Remark. Theorems 5-7 hold for equations with constant coefficients.
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