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WITH CONSTRAINTS II
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(Communicated by Gejza Wimmer)

ABSTRACT. Mathematical models of many events and processes involve some-
times more unknown parameters than it can be interpreted. Thus a problem
arises whether some of them can be neglected without an essential disagreement
between experimental data and the reduced model. The aim of the paper is to
contribute to a solution of the problem.

Introduction

A utilization of mathematical models of real events and processes is of a great
importance in such a case only when all parameters of a model can be interpreted
in the language and terms of the science region where the model is used. However,
a good fitting of data need sometimes larger numbers of parameters than it can
be interpreted. Thus a problem of underparametrization of a model arises.

It can be solved at least in two ways, i.e. either to test a hypothesis that
the neglected parameters are zero, or to find a neighbourhood of zero where the
nonzero values of the neglected parameters do not cause any essential deteriora-
tion of statistical inference. The aim of the paper is to contribute to the second
approach.

1. Motivation example

Let in R (three dimensional Euclidean space) points A, P, P,, B be given
by coordinates A — (z,, 0, By+08,z,+722 = O,), P, — (5,0, By+B,z,+723),
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LUBOMIR KUBALEK

Py v (24,0, Bp+Bz5+722), B = (24,0, B+ 2, +72; = ©,). The coordi-
nates ¢ are known, z, =4, z, =6, 3 =8, r, = 10 and also the heights ©,
and ©, are known. The parameters f,, B,, 7 are unknown. The differences of
heights

hy =By + bz, + yzy - (By + By, + ’yxf) )
hy = By + Bz3 + vz3 — (By + By +723),
hy =By + Bizy + vz — (By + Byzg + 'ng)

are measured. (In geodesy it is a problem of levelling traverse between two fixed
points A and B.)

The model of measurement is

2,2
Ty =Ty, To— Ty

2 _ .2 B,
Y ~,4 Ty — Ty, xg a:% ( ),2
Ty — Tz, Ty— T3

and the constraints are

z,, x° Jé; 1 CH
(2 () ()e-(8)
Here ¥ is the covariance matrix of the observation vector Y. For the sake of
simplicity let ¥ = o2 (1 is identity matrix).
The problem is to estimate the parameters §,, 8, and v and to decide,
whether the parameter 7. can or cannot be neglected. If it cannot be neglected,
then to determine a region around zero, where the nonzero values of v do not

cause any essential deterioration of statistical inference on parameters 3, and
B, , respectively, based on simplified (underparametrized) model (2).

2. Notation and auxiliary statements

Consider linear regression model with constraints of type II

Y\ X s, o\[P (}3, 0 0
—-b) “nta |\ B,, G, B, g '\o, O
2

and its submodel (underparametrized model)

()~ (5, 8,) (3)-(& 9)] @

where the covariance matrix Var(Y) = ¥ of the observation vector Y is as-
sumed to be known.
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UNDERPARAMETRIZATION IN A REGRESSION MODEL WITH CONSTRAINTS I
LEMMA 2.1. Let the model (2) be regular, i.e.:
(X, k) =k <mn, r(B;,B,) =q <k +k,, r(B,) =k, <q,
Y be positive definite (p.d.). Then the BLUE s (best linear unbiased estimators)

of the parameters 3, and 3, are

B, =B, - C'B/ (Mg B,C"'B'Mg )" (B,3, +b),

132 = - [(B;)'r_n(Blc—lB’l)] (8131 +b),

where ()* denotes the Moore-Penrose g-inverse ([5]) of the matriz in the
brackets, Mg, =1—Pg_, Pg_ is the projection matriz (in the Euclidean space)
on the column space M(B,) = {B,yu : u € Rz} of the matriz B,, ()T_n(U)
denotes the minimum U -seminorm g-inverse ([5]) of the matriz in the brackets
(the matriz U must be at least positive semidefinite) and 3, = CTIX'E71Y,
C=X'S"'X (B, is the BLUE in the model without constraints).

Proof. The minimization of the function ¢(8,,3,) = (Y —XB,)'E"! x
x(Y —Xp,) under the constraints b+ B, 3, + B,3, = O leads to the equation

B,C!B}, B,\(X)_ _ (b+B,j3
B3, 0/)\8,) 0 ’
where A is the vector of the Lagrange multipliers. With respect to Pandora-Box
theorem ([5] and [1; p. 105]), we have

)-@ B s

where

= (Mg,B,C™'B{Mg,)"

= (B,C"'B! +B,B})"" — (B,C"'B/ + B,B}) " x

x B,[B,(B,C'B, + B,B})"'B,] 'B,(B,C"'B} + B,B})™",

= (Bl2)7_n(81C‘1B’1)

= (B,C"'B/ + B,B,)"'B,[B,(B,C !B, + B,B,)"'B,] ",
= ([12]’,
- [zi)e,c'y[E2].

Now the statement is obvious. O



LUBOMIR KUBACEK

LEMMA 2.2. Let the model (2) be regular. Then the estimator of B, and [3,
from Lemma 2.1 are biased in the model (1) and (* denotes the model (1) and

xx denotes the model (2), i.e. El*\* = ,[;i, i=1,2, from Lemma 2.1.)

E(Br) - B, = C'X'S7'Sy— C'B|(Mg,B,C'B|Mg, )" x
x(B,C7!'X'E71Sy - Gv),

E*(E/;) -8, =—[(B}), (,c-1py)] (BiCTIX'E7'Sy — Gv).

Proof.
T ] - - + 3
E.(B*) = E,(8,) - C'B{(Mg,B,C"'B|Mg )" [B, E,(B,) + b]
= CTIX'E7 (X3, +Sv) — C"'B| (Mg,B,C™'B/Mg )" x
x [B,C'X'E"Y(XB, +Sv) + b]
=B, +CTIX'S7!Sy - C'B| (Mg, B,C"!B/Mg,) " x
x (B;B; +GY+B,8,+b+B,C'X'E7'Sy - Gv)
=B, + CIX'E71Sy — C™'B| (Mg,B,C"'B/Mg ) "x
x (B,CT'X'S7!Sy - Gv).
Analogously

5.(A7)
= — [(BY) v m,c-18y)] [BLEL(B)) + b]
= - [(BIQ);(BIC_IB,I)]'[BIC‘IX’E—I(xgl +57) + b]
=~ [(B;)_(Blc—lB’l)]l(Blﬁﬁ'Bzﬁg —B,B,+Gy+b—-Gy+B,CIX'S71Sy)
=B, - [(B;);(Blc—lsg)}/(B1C_1x'2_15‘7 - Gv).
O

LEMMA 2.3. The covariance matrices of the estimators from Lemma 2.1 are

Var,, (:1\\) =C!'-C'B] (MBZBIC‘IB’IMBZ)JFBIC‘I :
Var,, (G5°) = [B}(B,C'B, + B,B})'B,] ' — 1.

Proof. It is a direct consequence of Lemma 2.1. O
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UNDERPARAMETRIZATION IN A REGRESSION MODEL WITH CONSTRAINTS Il

3. Underparametrization

LEMMA 3.1. The BLUE s of the parameter (i‘) and 3, , respectively, in the
reqular model (1), i.e. 7(X,S) =k, +1<n, 7(B;,G,B,) =q¢ <k +1+k,,
r(By) =k, <q, ¥ p.d., are

(1) o (5) 5o (&) w0 () we
X [(BI,G)D‘I <)s('l> >y 4 bJ ;

p_ (X=X, X'mIs
“\s=-1x, s'z-1s )

Iy— / _ X' B
By = - [(BQ)m[(Bl,G)D—I(BI,G)/]] [(Bl,G)D ! (S’) Ty + b] ’

Var <31 _p'-p-! (21) {M32 [(BI,G)D_l ('(3;1 )J MB2}_ x

x (B;,G)D!,
, (B -
Var(3,) = < B, [(BI,G)D_ (G})J B, —1
Proof. It is a direct consequence of Lemma 2.1 and Lemma 2.3. O

THEOREM 3.2.

(i) Let h(By,7,B,) = hiB;,. If h; € M(CMy,5_1g) and S'E"1XC~'Bj
= G', then the BLUE of hi3, from Lemma 2.1 is equal to the BLUE of h'f3,
from Lemma 3.1, i.e. the parameter v can be neglected in the model.

(ii) If S'Y7'XC~1B} = G, then the BLUE of 3, from Lemma 2.1 is equal
to the BLUE of B, from Lemma 3.1, i.e. the parameter v can be neglected in
the model.

Proof.
(i) The inverse D=! can be expressed as

3 Dlvl, D!:2
D! = <D2*1, D2’2>’
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where
L= C 4+ CTIX'E7IS[S/ (M =My )*S] T's'E~1XC !,
DY? = —CTIX'E7'S[S' (My =My )*S] ',
D21 — (01,2)'
D?? = [§'(MyEMy)*S] ™
Thus
Var, | (W, 0) (gl )
,Y*

=h,C " h, — K,C'X'E71S[S' (M EMy)*S] 'S’ 'XC ' h,
— {hC7'B| + hiCT'X'E7!S[S/(My EMy)*S] ' (S'E7'XC'B| - G')} x
x (Mg, {B,C™'B} + (B,CT'X'S7'S — G)[S'(Mx EMy)*S] ' x
x (S'S7IXC7'B] - G')}Mg,) " x
x {B,C'h, + (B,C'X'S"!S - G)[S'(MyZMy)*S] "'S'S~'XC ", }
=h,C~'h, — h;C"'B}(Mg,B,C"'B\Mg ) "B ,C 'h, = Var,, (h;:\;\*),

since hy € M(CMy,5_1g) < h|C7IX'E"1S = 0’ and S'E7'X'C'B] =
G'.
(i) If S'B-IX'C'B, = G, then

' -1
B, [(Bl,G)D‘l (2}) +BQB’2] B, = B,(B,C'B! +B,B,)"'B,

and thus Var, (B\;) Var, (/2\)
If two estimators are BLUESs of the same linear function of parameters, then

one is equal to another with probability one. Thus the statements are proved.
a

In [3] similar problem is solved in model without constraints and without
assumption of regularity. However, the condition M(X) C M(X) is assumed.

Even the conditions h; € M(CMy,5,_:g) and S'E"'XC~'B| = G’, respec-
tively, need not be satisfied, the parameter 4 can be sometimes neglected under
some a prior information. It will be clarified in the following statements.
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UNDERPARAMETRIZATION IN A REGRESSION MODEL WITH CONSTRAINTS I
Let b, = Ay, i = 1,2, where

b, :E*(/l*\*) - By,

A, =CIX'E"1S - C7'B|(Mg,B,C"'B;Mg )" (B,C"!X'S"!S - G),
b,=E ( )-8,

A, =~ [(By); 5 c-rmp)] (B,CX'ETS-G),

V= Var(ﬂ1 /{‘\*) andW:Var(EE)—Var(?).

LEMMA 3.3. Under the condition of regularity it is valid that

M(A,) M[Var(fi\} _ f)] .

Proof. Let K= B,C"'B, + B,B,, U =S'S"'XC"'B| — G’ and 3, =
C~1X'E-1Y. With respect to Lemma 3.1

Bi=0.0) (D pe) (5)=7Y
o (T )
x (Mg, {B,C7B} + U'[S'(MxSMy)*S] "U}Mg, )"
x {B,CT'X'Z7'Y + U'[S' (MxEMy)*S] !
x (S'ETIXCTIX'ET'Y —S'S7HY) + b}
=B, - CTIX'E7IS[S/ (M EMx)*S] ' S'S7H(Y - X4))
—{C7'B| + CTIX'S7IS[S' (M EMy)*S] " U} x
x (Mg, {K +U'[S'(Mx=Myx)*S] - U}MB) x
x {B,8, + b—U'[S'(MxEMy)*S]~ 's'ml(Y - X8}
Further
(Mg, {K + U'[S'(Mx=Mx)*S] "' U}Mg, )
= (Mp,KMg,)" — (Mg,KMg,) " Mg, U'{[S'(My=My)*S]
+UMg, (Mg, KMg_ ) Mg U’} UM, (Mg KMg, )"
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and thus

Bi =B, - C'B; (Mg KMg_ )" (B8, + b)
— CTIX'STIS[S (My =My )TS] T'S'ST(Y — X8,)
— CTIX'E7IS[S' (M EMy)*S] " U(Mg KMg ) ¥ (B, B, + b)
+C7'B} (Mg,KMg,) "U'{[S'(MxEMy)*S] + U(Mg KMg ) U’}
x U(Mg,KMg,)" (B,8, +b) + C'X'E'S[S'(Mx EMy)*S] ' x
x U(Mg,KMg,) " {[S'(MxEMy)*S] + U(Mg, KMg ) U}
x U(Mg,KMg )" (B8, + b)
+C71B} (Mg, KMpg )" [S'(MxEMy)*S] T'S'S"1(Y - X3,)
+CTIX'DTIS[S' (M EMy)*S] ' U(Mg, KMg ) U’ x
x [S'(MxEMy)*S] 7'S'S71(Y — X4,)
~ C'B} (Mg, KMg, ) "U'{[S'(Mx EMy)*S] + U(Mg, KMg ) U} ' x
x U(Mg,KMg ) "U'[S'(MyEMy)*S] 7'S'S71(Y - X3,))
— CTIX'E7IS[S' (Mg EMy)S] T U (Mg, KMg ) " U x

x {[S'(MxEMy)*S] + U(Mg, KMg ) U} " x

x U(Mg, KMg )" U'[S'(MxEMy)*S] T'S'S71 (Y - X3,),

-1

what can be rewritten as

f?f :;5+ [C'B} (Mg,KMg ) "U' - CTIX'S7!S] x
x {[S'(Mx=My)*S] + U(Mg,KMg,)*U'} ' x
x U(Mg,KMg_ )" (B, 3, + b)
+C7'B}{(Mg,KMg, )+U’[S'(M EMy)TS]” u}
x U'[S'(MyxEMy)tS] T'S'S71(Y — X4,) — 1x2 1Sx
X {[s'(MXZMx)+s] +U(Mg,KMg) U'}S' (Y - XB,)
= 21 — A {[S'(Mx=My)*S] + U(Mg,KMg )" U
x U(Mg,KMg )" (B3, + b)
+C7'B}((Mg,KMg,) " — (Mg,KMg,) " x

1
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UNDERPARAMETRIZATION IN A REGRESSION MODEL WITH CONSTRAINTS I

x U'{[S'(Mx=My)*S] + U (Mg, KMg ) U’} U(Mg KMg, ) ") x
x U'[S'(My=My)*S] T'S'S71(Y - X3,)
~ CTIX'EIS{[S' (M EMy)*S] + U(Mg KMg ) U’} ' x
x S'E7H(Y - X))
=B — A {[S'(MxEMx)¥S] + U(Mg,KMg,) U} '
x U(Mg,KMg, )" (B, 4, + b)
+C71B} (Mg, KMg,) "U'[S' (M EMy)*S] 718’71 (Y — X3,)
~ C'B} (Mg, KMg, ) "U'{[S'(MxEMy)*S] + U(Mg, KMg ) U} ' x
x U(Mg KMg ) "U'[S' (M EMy)*S] 'S'S71(Y - X3))
— CTIX'E71S{[S'(MxEMy)"S] + U(Mg KMg ) "U'} ' x
x S'ES(Y - X3,).

Since B,3, + b and Y — X@3, are uncorrelated and Var(Bl,él +b) =B,C'B]
and Var[S'E~1(Y — XB,)] = S'(MyxEMy)*S, we can write

Var (B - B7°)

=A,{[S'(MxEMy)*S] + U(Mg KMg ) U'}”
x U(Mg,KMg )"K(Mg KMg )" U'x
x {[S'(Mx=My)*S] + U(Mg,KMg ) U} A
+(C7'BL{(Mg,KMg,) " + U'[S'(Mx=Mx)*s] 'U} " x
x U'[S'(MyE=My)*S] ™'
— CT'X'ES{[S' (M EMy ) 5] +U (Mg, KMg, ) U} )8/ (My SMy ) Sx

1

x (' (MxZMy)*S] ' U{(Mg,KMg ) "+ U'[S'(My SMx)*s] U} "B,C !
~ {[S'(MxEMy)*S] + U(Mg KMg ) "U'} 's'm~1xC )
= A, {[S'(MxEMy)*S] + U(Mg, KMg ) "U'} " U(Mg, KMg )" x
x K(Mg,KMg,) " U'{[S'(MxEMy)*S] + U(MBQKMBZ)+U’}_1A'1
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LUBOMIR KUBACEK
+A,{[S'(MxEMy)*S] + U(Mg KMg ) U} 'S (My =My ) FSx
x {[S'(MxEMy)*S] + U(Mg, KMg,)TU'} ' Al
=A,{[S'(MxEMy)*S] +U(Mg KMg ) U’} AL,
since U(Mg,KMg,) "K(Mg_KMg ) U’ = U(Mg KMg )"U’. Thus
M[CTIX'E7!S - C'B! (Mg,KMg ) (B,CT!X'S"!S — G)] = M(A,)
C M(A{[S'(MxEMy)*S] + U(Mg,KMg,) U} 'A))

:M[Var(g\f—:\f\*)} .

LEMMA 3.4. Under the condition of regularity it is valid that

M(A,) C M(W).

Proof.
Var(fi\;) —Var(/g\*)
= (B3{(B,C'X'S7!S - G)[§'(MxEMy)*S] ' (§'S7'XC'B] - @)
- -1 _
+B,C"'B} +B,B}} 132) —1—[By(B,C'B] +B,B})"'B,] ' +1

-1
182}

= [B’Q(K* — KT'U'{S'(MyEMy)*S + UK 'U'JUK ™)™
— (BLK™!B,)™!
= (BLK™'B,)"! + (BLK™'B,) " 'B,K'U’'x
x {S'(MxZMy) 'S + UK™'U’ — UK'B,(B}K™'B,) 'B,K1U'} '
x UK™'B,(B,K™!B,)"! — (BLK™'B,) ™"
= (B,K™'B,)"1ByKIU'{S' (M EMy) "U'} UK 1B, (BLK'B,) .
Obviously

—

M(A,) = M[(BLK™!B,) 'B,K™ U] c M [Var (BA\;) — Var (?)] :
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THEOREM 3.5.

(i)
ve{g: gAV A g<c?}
= (Vh e RM) <|h’bll < C\/Var[h’(ﬁ\{ - /{‘\*)] ) )
(i)
ve{g: gALW A,g <1}
— (VheRR) (Var (WB5*) + (Wby)* < Var (H'B; )) .
Proof.

(i) With respect to Lemma 3.3, M(A,;) C M(V) and therefore regarding a
nonessential generalization of the Scheffé theorem ([6]) we obtain

(vh e R*)(|h'b,| = |W'Av| <VH'Vh ) < ~'AV-A vy <1.
(ii) With respect to Lemma 3.4, M(A,) C M(W). Analogously as in (i)
(Vh € R*)(|W'b,| = |W'Ayy| < cVH'Wh ) = ' AW A,y < .

4. Generalization

In this section, conditions of regularity are not assumed. Then the notation
ULSM (universal linear statistical model) will be used. ULSMII means ULSM
with constraints II.

LEMMA 4.1.

(i) A function h(B,,v,B,) = h|3, is unbiasedly estimable in (2) if and
only if hy € M(X',BiMg, ).

(ii) A function h(B,,7,B,) = hy3, is unbiasedly estimable in (2) if and
only if hy, € M(B,Mg ).

Proof. Both statements are a direct consequence of the relationships

hi3, is unbiasedly estimable <= h, eM X', B
1Py 0 0, B,)

! !
h}3, is unbiasedly estimable <= 0 e M X, B} .
2 h, 0, B,

As far as (ii) is concerned, it is to be remarked:
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(Ve €R) (3u € R") (X'u + B{Mg y t = 0) <=
B; Mg, m,, =B — [(B{B, + X'X) — X'X](B|B, + X'X)B),
+ BB, (BB, + X'X)X'[X(B; B, + X'X)X'] "X(B!B, + X'X)B/
=X'X(B}B, + X'X)B] + X'[X(B{B, + X'X)X'] "X(B!B, + X'X)B
— X'X(BB, +X'X)X'[X(B]B, + X'X)X'] "X(B/B, + X'X)B! ,
thus M(B{Mg ) C M(X'). ' O

LEMMA 4.2.
(i) An unbiasedly estimable function hB, (i.e. h € M(X’,B’IMBQ)) in
the model (2) is biased in the model (1) and

—_—

E*(,ﬁ) —hB, = hi{MBamaz [(MB,IM%X/);(E)]’S + (MBZBI);(W)G}v.

(i) An unbiasedly estimable function hyB, (i.e. h, € M(B'zMBlMx,)) in
the model (2) is biased in the model (1) and

E,(hy85") - by,
= hé{—[(B'z mv)] BIWHX (2 + XMg;m,, X') 'S + [(Blz);z(w]lc}'y’

where
V=B,W'B| +B,B,, W=X(S+XMgy, X)" +BMgB, .
. s, 0 . .
Proof. Since (cf. [2; Theorem 4.6]) (o 0)—sem1norm g-inverse of the

’ ’

matrix ( )c() gl ) is given by the relation

!
(5 )0 -@ B
0, B, m(2,0> , E )

0,0

=

where
- !
= lV'B'IMB2 [(MB;MB2 x/)m(Z)] J
= W+*B| (Mg B,W*B;Mg )",
- —[(B’Q);L(BIW+B,1)]'B1W+X’(2 +XMg, X",

= [(Bé);(alww;)],’

and W = X’(E + XMB,IMB X’)+ + BIlMBgBl7 we have
2
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UNDERPARAMETRIZATION IN A REGRESSION MODEL WITH CONSTRAINTS Il

(i)

r. (v )

o8, 2)(8 B)IG5 £)(2)- (2
—(u’tMB2)(B1a B2)<, B, By/ \B, "\g)7
=hig3, + b ([1]s +[2]G)~,

since u'X + t’MB2 B, =h].

(ii) Analogously

B, (WA7)

(et x, o)/, 2N\[(x o)\(B S
~esn) (5, 8,) (1) ()15, 8.) (5) (&)
=8, + hy([3]S +[4]G)7,

since u'X + t'Mg . B, = O’ and t'Mg B, = h;. Now the proof can be
easily finished. O

Remark 4.3. Let two ULSMs (without constraints)

Y ~, [(X,S) (fj) ,2] , (fj) € RE1H (3)

Y ~, (X8,5), BeRrb (4)

be under consideration. Then the variance of the BLUE of the function t'MgXg3
in the model (3) is

and

Var, (£ MgXB*) = t'MgX X' (MgTMg) "X] "X'Mgt — t'MgXX'Mgt,
where T = X + XX’ and in the model (4)
Var,, (' MgXB3**) = t'MgX(X'TtX')*X'Mgt — t'MgXX'Mgt .
The inequality

Var, (¢ MgXB3*) > Var,, (' MgXj3*)

is implied by the inequalities (in the Loevner sense)

(MgTMg) " = (T +SS)* — (T +S5')*S[S/(T +85')*S] "S/(T + 8§')* <, T+
= [X'(MgTMg)"X]" >, (X'T*X)*.
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(vnle/\/tl)(var*(hgﬁ;)zvar h; ).
;")) .

(vh, € M,) (Var, (h/z/ﬁi) > Var,

>) and M, = M [( ’BQ)M(;‘;,E)>

Here 'A/ll = M ((XI, B;)M(s’ le)
G, B,
M) and the unbias-

characterize the unbiasedly estimable functions of 3, (
edly estimable functions of 3, (M,).
Let the following notation

! !
w*:(g‘,) S+ (X.5)M g, (’s‘)
(&)
B >+BQB’2,

VvV, =(B,,G)W (G’

X9+ (2) Mg, (B,.G).

Var,, (E\l\) = Mg, X' (S + XMB,IMB2X’)+XMB,1M ~Mg,m,
7)- 5 (%)

Var, <$> M<2/})M32(S, 2+(X,S)M((B;/}>MB2 S/ X

I M

Var**( 5*)
_—_[(B;)m(v)]lB1W+X'(E+XMB,1MB2X’)_2(E+XMB’1M32X) x
x XW'B (B}), v,

X

Var, (B3)
S CAN (CROI ()

B+ XSM (s, ()s()

X, 9w (&) (B, v,

>:+(x,5)M(B,1>MB2 <)s()

X X
G/
—oyvar, (AL (L) —var, (B7).
* ’/7-: 0

—_—

R, = Var, (33 ) - Var.. (7" )
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be used. Let
N — ! —
Fi = Mg v, [(Me;mg, X)) S+ (Mg, B1) )G
_ ’y— / +y! N~ Iy— /
F,= [(BQ)m(V)] B,W*X (2 + XMB,lMBzx) S+ [(BQ)m(V)] G

(cf. Lemma 4.2). Then, analogously as in Theorem 3.5, if M(F,) ¢ M(R,),
i=1,2, then for all i = 1,2

—

E**(W) — hiB, SC\/Var* (@) — Var,, (@) )

<~ YFRFy<c®.

(Vh, € Mi)(

Sometimes there occurs such a situation that either a function hj3; or a

function hy3, can be unbiasedly estimated in (2) and the estimator is the same
as in (1) (cf. Theorem 3.2).

To find a subspace of functions which can be unbiasedly estimated by BLUE
in the model (2) and this estimator is simultaneously the BLUE in the model (1)
is rather difficult. Until now only the following result is known to the author.

THEOREM 4.4. Let ULSMII
Y X, O, S B, ¥, 0
~b ) Tnta (Bl, B,, G [:2 '\0, O
Y\ _ X, 0Y\(B) (% O
-b) nta |\B, B,)\B,/’\0, O

be considered. Let
S T, XS _ /
M(G)CM(SX’, SS') (T=X+XX").

Then BLUE of the function h(B,,B,) = hi{3, + h}3,, where

h\ (X, B s n ”
(hz)—(O, B, Mser ¢ ) sER", teR,

in both models are identical if and only if

) e (A A )
e M 1,1 1.2\ Mm
(hz A2,12’ A2,2 K

and
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where
D=XTX,
A,, =D+ (DS - B})[S(1-D)S'] (SD - B,),
A,,=—(DS'—B})[S(I-D)S'] (SD-B,)B,=A}

A,, =B, [S(1—-D)S'] 'B,,
K — X', B T, XS\ (S
~\ 0, B SX', SS§’ G/~
Proof. It is a direct consequence of the following consideration.

Let two ULSMs
Y ~ [(X,S)(i),ﬂ] ()

Y ~ (X3,%) (%)
be considered and let M(S) C M(X + XX'). Then
B)*
X,S
s )]
! - !
~x.9)|(§ )T x| (§)-oxxss)
_ D, X'T-S\ (X / '
- (X7S) (S/-l--—x7 S'T-S ) (sr ) - (xx +SS )
= XD™X' — XX'+ (XD~ X'T™ = I)S[S'(MxTMy)*S] " x
x §'(T"XXD~X' —1) - SS'
=> \far* (M/S-X\’B*) = Var**(M;X\B**)
+ MgXD™X'T~S[S'(MxTMy)S] S'T" XD~ X'Mg
—> Var, (MgXp*) = Var,, (MgX3**)
< q'MgXDX'T"S =0’
< X'Mgq € M(DMy,1_g).
Now X, S, 3, v, ¥ are substituted by the following scheme

X, O S ®, 0
(5 8) s~(g) v =-(3 o)

and

Var,
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and the equality
X', B T, XS\ (X, 0 _ E,,, E,
0, B, SX’, SS’ B, By \Ey,, E,,)’

E,; =D + D™ X'T S[S'(MxTMy)*S] S'T"XD",

E ,= —D‘X'T‘S[S'(MXTMX)+S]_ = E’2,1
E212 = [SI(MxTMx)+S]_ s
are used and the proof can be easily finished. a

5. Numerical example

In 1. Motivation example, we have

2 20
4 16
x= (2], s=(=]. e=(4) 6=(m) &
9 36 10 100

Il
/N
— =
N——

Further

Var,, (?) = Var,, (;\5\*) =0,
Var, (ZJAI) =021.479, Var, (ﬂf) =0%12.5, Var, (f/T\) = 020.0078,
A =14, A, =-40.

In this case there does not exist a function of the parameters which can be
unbiasedly estimated by the same estimators in both models; i.e. the parameter
~ cannot be neglected. However, the relationships

Iy < 00.086861 — (vh1 € IR1> <|h1b1| </ Var, (’ﬁ) ) ,
lv] < 60.088388 —> (Vh2 € Rl) (|h2b2| < \/Var* (lﬁ) )

are valid. It is to be remarked that 00.088388 = 4/ Var (?) .

An admissible region around zero for the parameter « is rather small in this
case. However, in another example, where, e.g. X'X7!S = O, it can be the whole
parametric space. Thus the approach used in this paper gives another view on
the problem of underestimation than testing hypothesis v = 0 does.
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