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GLOBAL CANONICAL FORMS OF
- LINEAR DIFFERENTIAL EQUATIONS

FRANTISEK NEUMAN

I. Two special forms of linear differential equations have been introduced in
literature, the Laguerre—Forsyth form, and the Halphen form. Each of them
is sometimes called canonical. As G. D. Birkhoff [2] pointed out already in 1910,
the Laguerre—Forsyth form is not global, in the sense that not every linear
differential equation can be transformed, on its whole interval of definition, into an
equation of that form. It can be shown that the Halphen form is not global either.
Neither of these forms becomes global by restricting ourselves to the class of linear
differential equations where some smoothness (or even analyticity) of coefficients
is required.

In this paper we give a construction of global canonical forms. In particular it is
shown that

y® +y D4 (x)y" P+ . +r((x)y=0 on IcR
is one of the global forms.

IL. Let P.(y, x; )=y +pa_i(x)y™ P +...+ po(x)y on I, and Q.(z,t;J)=
2™+ @u_1()2" "V + ... + qo(t)z on J denote linear differential operators of the n-th
order, n=2, p,e C°(I), ;€ C°(J), I and J be open (bounded or unbounded)
intervals of reals. Let id; denote the identity of I.

We say that the equation P,(y,x;I)=0 is globally transformable into
Q.(z,t; J)=0, if functions f and h exist, f: JoR, feC"(J), f(t)#0 in J,
he C"(J), dh(t)/dt#0 on J, h(J)=1, such that

2()=f(1) y(h(), tel,

is a solution of Q.(z, t;J)=0 whenever y is a solution of P,(y, x; I)=0, see
[6, 8].

For such a transformation T=(f, h) and for the corresponding differential
operators we shall also write

T+P.(y, x; I)=Q,(z,t;J), orbriefly T#P,=Q,.
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Let us point out that all operators are considered with leading coefficient 1. We
also say that the transformation T transforms the differential equation P, =0 into
the equation Q, =0. If TP, = Q,, the equations P, =0 and Q, =0 will be called
globally equivalent, since the global transformability is an equivalence relation.

Let %, denote the set of all linear differential equations of the order n, n =Z2.

We say that & is the set of global canonical forms for £*c %,, if each linear
differential equation of the n-th order from &% can be globally transformed into at
least one equation from the set &.

A set ¥ < L% is called the set of unique canonical forms for £%, if each equation
from £* can be globally transformed into at most one equation from ¥.

Remark 1. = Z% is a set of canonical forms (with respect to the equivalence
relation of “global transformation” on £%¥) in the sense of S. Mac Lane and
G. Birkhoff [5] exactly when & is a set of global and unique canonical forms. The
reason for introducing our definitions follows from the fact that, in the case of
linear differential equations, under a very weak reasonable condition, it is
impossible to satisfy both requirements (i.e. globality and uniqueness) at the same
time, [7]. On the other hand, it is useful to have the two types of canonical forms,
because global canonical forms are suitable for description of global behaviour of
solutions (i.e. on the whole interval of definition), whereas invariants of linear
differential equations can be evaluated from unique (generally only local) canoni-
cal forms.

Consider a linear differential equation of the second order in the Jacobi form

u"=q(Ou, qeC"(J). 1)

Let u,, u, be two linearly independent solutions of (1). Let z:(¢): = ui™'(¢) - us~(¢),
i=1,...,n. The n-tuple zi, ..., z, has a non-vanishing Wronskian on J, each
z € C"(J), hence z are solutions of a linear differential equation of the n-th order.
Denote by I.[q] the linear differential operator with the leading coefficient
1 corresponding to the equation. It can be shown that

Llq]=z"+ Zﬁ[ql 207,

where

flai=o, flal=~("1")a, plai=-2("}")a"

etc., see, e.g. [4].
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The set of equations of either of the forms

Llql+ 2" P+ du-a()2" P+ d—s(t) 2"+ ... + do(t)2 =0, (2,)
Liq]+ 204+ d,_ ()27 + ...+ do(t)2=0, (22)
L.[q] + z=0, (2n-2)
L[q] =0, (25-1)

for all n, n=3, all JcR and all g e C*7*(J), d; e C°(J), is called the set of the
Halphen canonical forms, see [3] and [9].

III. Theorem 1. The Halphen canonical forms do not form a set of global
canonical forms for linear differential equations of any order n, n=3.
Proof. For n=3, consider the equation

L[p]+x-y"=0 on I=(a,b)a0, 3)

p € C“(I). Suppose there exists a global transformation T = (f, h) that transforms
(3) into (2;) on J for some i, 1=i=n-1. Then heC"(J), h'(t)#0 on J,
h(J)=(a, b). Since the coefficients of y"~ and z"", in both (3) and (2,) are
zero, we get f(t)=c-|h'(t)|""", c being a nonzero constant. Then the transfor-
mation (|h’|™"?, h) globally transforms y”=p(x)y on I into z”=q(t)z on J, that
gives

Tx(Lpl+x-y" ) =L[q]+h(t)-(h'(8))’ 2"+ d-o()2" ™" + ... + do(t)z.

If i=1, then h(t)-(h'(¢))>=1. Since h’'#0 on J, we have h(t)#0 on J that
contradicts h(J)=(a, b)30. If i>1, then h(¢)-(h’(t))*=0, that is again a con-
tradiction to h'(t)#0 on J. Q.E.D.

Remark 2. The coefficients of (3) were analytic, hence the Halphen canonical
forms are not even global for the class of linear differential equations with analytic
coefficients.

For neN, n=2, let &, denote the set of all linear differential equations
P.(y, x; I)=0, with p,=1, p.-,e C""'(I) and p,-,€ C"*(I).

Theorem 2. Let the equation
2"=q(t)z on J, geC"*(J) €))

have solutions oscillatory to both sides of J.
For each n, n=2, the set of the differential equations

2o (") g+ S (020 =0 on I, ©)
i=3

for (a fixed function ¢ on J), arbitrary J* c] arbitrary r._, € C°(J*), is a set of
global canonical forms for £3.
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Proof. Let P.(y,x;I)=0 from %2 be given. The transformation
1 .
<exp {-’; fp.,_x}, ld,> transforms it into

VP + 5, 5(x)v" P+ N si(x)p" =0 on I, (6)
=3

where s,-.€ C"*(I), s,_,€ C°(I) for i=3, ..., n. For p(x): =—s, z(x)/(n ; 1)

and 7,_i(x): =s.-.(x)=f[p),i=3, ..., n, we may write (6) as
L[p]+ D (x)v">=0 on I, 7)
1=3

peC*(I).

The solutions of the equation (4) are oscillatory to both ends of J. Hence, in
accordance with [1], there exists a J* = J such that (4) restricted to J* is globally
equivalent to v"=p(x)v on I. (The case J*=1J is not excluded.) Let (f, h)
transform v”"=p(x)v on I into (4) on J*. Then f=c-|h'| '? ¢=const.#0,
h(J*)=1I. The function h is a composition of antiderivatives of (vi+v3) '? and
(z*+ Z)”"?, and their inverses, where v,, v,, and z,, z, are linearly independent
solutions of v"=p(x)v and z"= G (t)z, resp., see [1].

Since p, G € C"?, solutions v, v2, 21, 22€ C", hence our h e C"*'(J*). We see
that the transformation (|h’| " 2 h) globally transforms L[p] into I,[q] re-
stricted to J¥*cJ. At the same time it transforms globally (7) into IL[q]+

> rx_i(t)z2""?=0 on J* with continuous r%_;, i=3, ..., n, that can be written in
i=3

the form (5). Hence the composition of two transformations,
<exp {l Jpﬂ—l}’ idl> and (lh'l_("_l) 2, h)
n

globally transforms P,(y, x; I) =0 from &; into the form (5). Q.E.D.

+1\. . .
Since every z satisfying z"= ‘z/(n 3 ) is oscillatory to both sides of (—, )
for any integer n, n =2, we get the following consequence of Theorem 2.

Corollary. The set of equations
Z®+ 2"+ Fn-(02777=0
1=3

on arbitrary intervals J* c (—®, ©), n=2, with arbitrary r,_, € C°(J*), is a set of
global canonical forms for £3.
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Remark 3. If Laguerre and Forsyth had required the first three coefficients
1,0, 1 instead of their 1, 0, 0, they would have got our global forms in the Corollary
instead of their local ones.

Remark 4. Using a geometrical approach to global problems in the theory of
linear differential equations, another type of global canonical forms for &%, was
described in [6].

Remark 5. Let us note that our n-th order global canonical forms (5) depend
. on n -2 functions only, i.e. on coefficients ro, ry, ..., r.—3 (q is fixed).

IV. Let us give a survey of canonical forms for n =2, 3; I being arbitrary
intervals.
n=2:
y'=0 on I

is the Laguerre—Forsyth canonical form (it is not global);
y'+y=0 on I
is both the form described in [6], and our form for %, (it is global).

n=3:
y'"'+r(x)y=0 on I

is the Laguerre—Forsyth form (it is not global);
n ’ 1 ’
y"'+p(x)y +(5p (x)+1) y=0,
and
(A ’ 1 ’
y"' +p(x)y’ +5p'(x)y=0
on I are the Halphen forms (they are not global);

yrr =Ly (14 @@y -SE y =0 on 1

aeC'(I), a>0 on I, is a global canonical form for %, described in [6].
y'"'—4q(x)y'+r(x)y=0 on IclJ,

(where the fixed function 4 is such that the solutions of y” = §(x)y are oscillatory to
both ends of J) is a global canonical form for %£3.
In particular,

y'""+y' +r(x)y=0 on Ic(—w, ®)
is a global canonical form for 3.
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FJIOI?AJIbeIE KAHOHUWYECKHUE ®OPMBbI )
I8 TMHEMHBIX OUPPEPEHIIUAJIBHBIX YPABHEHHWHA
FrantiSek Neuman
Peslome
B 3Toit paboTe B OT/IIMYME OT KJIaCCHYECKUX JIOKanbHbIX ¢opm Jlarepb—Popcaiita unu Fansdena

[laHa KOHCTPYKUMS r106aNbHbIX KAHOHHYECKUX (POPM 11l IMHEHHBIX AU PepeHIMaNbHBIX YPABHEHUN
n-ro nopspka, n =2. B yacTHOCTHM MOKa3aHo, YTO

YO+ Yy (x)y TV + L+ r(x)y =0

OofHa M3 3THX rnobanbHbIX hopM.
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