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ABSTRACT. The purpose of this paper is the study of a generalized asymptotic
equivalence between the solutions of the difference equations

y(n+1) = A(n)y(n) (M
and
z(n + 1) = A(n)z(n) + F(n,z(n), Tz(n)) . (Imn
By means of the contraction mapping principle, we prove the existence of a home-
omorphism H between the sets of bounded solutions of (I) and (II).

Introduction

The purpose of this paper is the study of a generalized asymptotic equivalence
between the solutions of the difference equations

y(n+1) = A(n)y(n) W)
and
z(n+1) = A(n)z(n) + F(n,z(n), Tz(n)) . (I1)

By means of the contraction mapping principle, we prove the existence of
a homeomorphism H between the sets of bounded solutions of (I) and (II).
Moreover, we are going to investigate the (g, p) asymptotic equivalence between
equations (I) and (II) such that to each bounded solution

z(n) = Hy(n) of (II)
we have

971 (n) [y(n) — Hy(n)]| € ,,.

AMS Subject Classification (1991): Primary 39A10; Secondary 34E10.
Key words: difference equation, asymptotic equivalence, bounded function, k-dimensional
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The relationship between the asymptotic behavior of a homogeneous differential
equation and a nonhomogeneous perturbation of that differential equation has
been widely investigated. The objective of this paper is to develop part of these
problems for some classes of difference equations.

Our results extend some theorems obtained by Talpalaru [6], which
proved an asymptotic relationship between the solutions of (I) and (II) using
Schauder’s fixed point theorem.

Notations and definitions

Denote by Njo = {ng,ng +1,...}, where n, is a natural number or zero,

k

RF — the k-dimensional real euclidean space with the norm |z| = Y |z,],
i=1

T = (z,,...,%;), M* — the space of k x k matrices A = (a;;) with the norm

k
|A| = max " |a;;], I — the identity matrix. We denote by Q@ = Q(N/} , R*) the
J  i=1

space of all functions from N} into Rk, B = B(N! ,RF) — the Banach space

no?
in @ for all bounded functions from N;*{o to R* with the norm

|zlp = lz(n)lp = sup{lz(n)| : n€NT }.

We will be interested in establishing an asymptotic relationship between
the solutions of systems (I) and (II), where =, y are k-dimensional vectors,
A: N;to — MPF an invertible matrix function for n € N, F:Nf xDxD — Rk

(D — aregion in R*) is for any n € Nj{o continuous with respect to the last two
arguments, and T is a continuous operator from Q(N} , D) into Q(N:O, D).

Let Y (n) be a fundamental matrix of (I). The matrix Y (n) = A(n—1)A(n—2)
... A(ny) is the fundamental matrix of (I) such that Y(n,) = 1.

We can impose various meanings on the operator T'.
Let g(n) be a nonsingular k x k matrix that g~!(n) exists for all n € Nt

DEFINITION 1. We will say that a function z is g-bounded on Nflo if
sup{|g“1(n)z(n)l <00, nE Nj{o}.

DEFINITION 2. We shall say that two systems (I) and (II) are (g,p) (p>1)
asymptotically equivalent on N:L'o if for each solution y of (I) there exists a
solution z of (II) such that

lg™ (n) [z(n) —y(n)]| € 1,, (1ID)
and conversely.
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Let B, be the space of all functions z: N} — R* such that

|z, = sup g7 (n)z(n)| < +o0.
neNio

The following theorems will be used in our subsequent discussion:

THEOREM 1. ([1], [2]) Let C be the Banach space of bounded functions x:
J — Y (where Y is a finite dimensional linear space) with the norm ||z| =
sup{|z(t)| : t € J = (t5,00)}. Let G: C — C be a contraction, and V;, V,
non-empty subsets of C such that (I — G)V, € V;, where I is the identity
operator. If H: V; — V, satisfies relation Hy(t) = y(t) + GHy(t), t € J,
y €V}, then H is a homeomorphism of V| into V.

THEOREM 2. ([5]) Suppose that Z is a mapping from a complete metric space
(X,d) 1into itself and

d(Z(z), Z(y)) < go(a,b)d(z,y)

for each (z,y) € X such that a < d(z,y) < b, where gy(a,b) <1 for b>a>0.
Then there exists a unique u € X such that u= Z(u).

A preliminary result

The following lemma will be used in the sequel.

LEMMA 1. Let the following conditions be satisfied:
1° g(n) is a k x k matriz such that g~'(n) eists for all n e NY ,
2° ¢(n) is a positive function for n € Nt ,
3° Y(n) is a non-singular matriz for all n € N},
4° P is a projection (P? = P),

5 (5 I @Y @PYeelt) " < K < oo me g, g 31,

K;const.
D 1) < o0, M s) = L pyg=
L e(=K7 3 e (99 ) <o, 97 0) = s prg =g
Then
lim |97 ()Y (n)P| =0, )
lg~'(n)Y(n)Pl€L,, p22. @)
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Proof. We follow first the proof due to T. G. Hallam [3] for a differential
equation:
Let
h(n) = (p(m) ¥ (n) P|2.

Then from the identity

Y(n)P ) h(s)= ) Y(n)Ph(s)

= Y le ()Y (s)PI7IY (n)PY " (s)p(s)o(s)Y (s) P,

it follows by using Hoélder’s inequality that

g™ (n)Y (n)P| Y h(s)

$=ng

< D e &)Y (5)PIg T ()Y () PY " ()p(s)l [~ ()Y (5) P

S=nNgo

< ( > Ig”l(n)Y(n)PY"l(S)w(S)I") q ( > Iw“(S)Y(S)PI“"’”’>

8=ng 8=ng

-

- ( > lg“(n)Y(n)PY“(s)so(s)I"> q ( > |so-1(s>Y<s)P|-q) gy

8=ng s=ng

Hence

lg~! ()Y (n)P| < ( > h(S))

S=ng

Q=

Q=
VS

> Ig‘l(S)Y(n)PY'1(8)¢(8)|q> ;

S$=ngp

and, by 5°, we have

Q=

g™ (n)Y (n)P| < K( > h(S)) : (3)

8$=ng

Use the notation .

un) = 3 h(s),

8=ng

then .
lg~ (n)Y (n)P| < K (p(n)) 7. (4)
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Since
[~ ()Y (5)Ph(s)| < |0~ (s)Y (s)Plle™" ()Y (s)P|7*
= o~ (s)Y (s)P|'77,
we have
lo™ ()Y (s)Ph(s)” < @™ ()Y (s)P|™ = h(s).
From the above and 5°, it follows that

1

q

1

o™ 1(n)Y(n)PI< > h(S)) ( >l )Y (n)P|” qh(S))

8=ng 8$=ng

i (5)
<lp~ (n)g(n)] ( > Ig'l(n)Y(n)PY'l(S)SO(S)I">

<Klp~}(n)g(n)|.

Hence

K=o~ (n)g(n)|™? < h(n)( > h(s)) .

s=ng

Since h(n) = p(n) — p(n — 1), it follows that

p(n) = p(n—1) = (¢~ ()Y (n)P|) ™" 2 K‘q( > h(S)) e~} (n)g(n)|~*

8$=ng
and so
p(n)[1— Ko™ "(n)g(n)|"9] > p(n — 1) for neN} . (6)
Using the well-known inequality 1 — u < exp(—u), we obtain from (6)
n
) 2 (o) exp | K0 3 I~ ()a(o) 7). @
8S=nNo
Note that 6° implies that
o0
> e (s)g(s)| 77 = oo.
S=ng

Thus lim pu(n) = 0o as n — oo, and then (3) yields (1) and

N N .
3 lgT Y ()PP < KP Y (u(n) 70
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By (7), we have

N
> g7 Y (n)PP
1 N n
<K (ulng) 3 e [00-5) 3 I e)ale)l
n=ng s=ngo+1
which, by (6), gives (2). a

LEMMA 2. Let h(n) > 0 for n € N}, and let 3 kh(k) < oco. Then

=ng

> h(k)el,, neNt , p>1.
k=n
Proof.
(¥) If S kh(k) < oo, then 3. h(k) < oo.
k=ng k=n0
Moreover,
Z (Zh(k)) > ( > h(k)) =Y (k+1—nyh(k) <oco. (8)
k=n k—ﬂ.o n=no k=ﬂo
o0 p
(£ )
From (x), we have that nlgr;o —k_——— = 0, and hence, by (8), the proof
Z h(k)
of the lemma follows from the compa.rlson principle. 0O

Asymptotic equivalence

‘We now prove our main results.

THEOREM 3. If:

1° r: R, xR, — R, is a non-decreasing function with respect to each
variable separately and such that

max(u,v) ?

sup{ _rluv) aSu,va,0<a§b}<1
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there exist supplementary projections P; (i = 1,2) and a constant K > 0
such that

n—1 %
( Y g7 )Y (n)PY T (s + 1)|">

8$=ng '
1

(i g7 (n)Y (n)P,Y "M (s + 1)|‘1) ’ <K<o for neN/},

s=n

there exist a nonnegative function h defined on NIO and positive con-
stants a, K, such that

|F(n,u(n),Tu(n)) - F(n,'v('n),T'u(n))|
< h(m)r(Jg™2 () [u(n) - v(m)]|, |Tu(n) = To(m)]),

IT(u) - T(v)| < alg™! (n)[u(n) - v(n)]],

-

0 <ac<1l,lup <o, hel, K( > h”(n))p <K <1,

n=nop

p>1,pt+q=pgq,

F(n,0,0)€l,, p>1,

then there exists a homeomorphism H from the set of g-bounded solutions of (I)
into the g-bounded solutions of (II).

Proof. Let y = y(n) be a g-bounded solution of (I) on N} . Then there
exists a constant a > 0 such that y € B, ,, where

B,,= {z €Q: sup(|lg~'(n)z(n)|) <a, ne N:o} .

Define the operator R for z € B, ,, by

n—1

Rz(n) =y(n) + Z Y(n)P,Y (s +1)F(s,z(s), Tz(s))

- i Y(n)P,Y~!(s+1)F(s,z(s),Tz(s)) for neN} .
- 9)

63



JAROSLtAW MORCHALO

Write d,(n,s) = g~ '(n)Y(n)P,Y "}(s+1), ¢ = 1,2, then
lg~* (n)Rz(n)|

n—1 o]

<a-+ Z |d1(n, s)F(s, x(s),Tm(s)) ]+ Z|d2(n, s)F(s, z(s),Tac(s))|

s=ng s=n

<a+ Z_: |d1(n,s)|(h(s)r(|g_1(s)m(s)|, |g_1(s)a:(s)|))

S$=ng

+ 3 ldy(m, 9)l (A()r (I~ (8)a(s)], L™ (s)a(s)]) )

£ 3 1y s)l1F(,0,0)] + 3 dg(m, )| F(5,0,0)]

8$=ng

<a+r(2a, 20){ Z:: |dy (n,9)|R(s) + D ldy(n, s)Ih(S)}

S$=ng s=n

n—1 o)
+ Y ldy(n,9)||F(5,0,0)| + Y dy(n, 5)|| F(s,0,0)]

s=ng

<a+1(2a,2a) { ( i |d1(n,s)]q) ‘1 ( z_: h”(s)) ’

t (Z Ida(n,s)l") q (th'(s)) p

n—1 % n—1 %
N ( ) |d1<n,s>|‘I) ( ) |F(s,o,o>|")
(o) (Sresor) )

If we choose n, such that

r(2a,2a)K( Z hp(s)) < 3

n=ng

and

-

K< > |F(s,0,0)|”) <3

n=ng
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we have that R maps B 4,20 INtO itself. Now, using Theorem 2, we are going to
demonstrate that the operator R has a unique fixed point in B, ,

For z,,z, € B

0.2a) We have

Ig_l (n) [Rzl (n) - Rx2(n)] I

n—1
< Z |d, (n, s)||F(s,z,(s), Tz,(s)) — F(s,:z:z(s),T:nz(s))l

s=no

+ 3y, )| F (5,24 (5), T2y (5)) = Fs,2(s), T (s) |

SK( Z hP(n)) pr(lxl - I2|g’ |zl - z2|g) :

n=no
Hence
|Rz, — R:c2|g <r(z, - x2|g, |z, — leg) .

Thus we can apply Theorem 2, which yields the existence of a unique z €
Bg 9q Such that z = Rz. An easy computation shows that the fixed point

z(n) = Rz(n), n € N} is a solution of (II). Let B ; and B_ ;; denote the
species of g-bounded solutions of (I) and (II), respectlvely We deﬁne the map-
ping H: B, ; — B, ;; as follows: for every y € B, ;, Hy is the fixed point of
the contractlon R."This means H y(n) = RHy(n). We prove that H is homeo-
morphism. For this purpose, let y,,y, € B, ; be such that Hy, = Hy,. Then
we obtain y; = y,. Moreover, H is continuous.

Next we define the inverse mapping of H, H™1: B, ;1 — B, , by

H™'z(n) = z(n) — R,z(n),

where
n—1
Riz(n) = > Y(n)P,Y (s + 1)F(s,(s), Tz(s))
S=nNg
- Z Y (n)P,Y (s +1)F(s,z(s), Tz(s)) .
H~! is one to one, continuous mapping. O
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THEOREM 4. If:
1° the assumptions of Theorem 3 hold,
o0

2° Y |PY Y (n+1)|h(n) < +oo, Y |P,Y }(n+1)||F(n,0,0)| < +oo,

n=no n=ngo
o0 00
3° Y nh(n)<oo, Y n|F(n,0,0)]< oo,
n=ng n=ngo

then Ig“l(n) [Hy(n) - y(n)]l €l,.
Proof. From (8) and the assumptions of the theorem, we have

|9~ (n) [Hy(n) — y(n)]|

n—1

< Y g7 ()Y (n)PY " (s +1)||F (s, Hy(s), THy(s))|

8=ng

+ > lg7 ()Y ()P, Y " (s + 1)||F (s, Hy(s), THy(s))|

< |g-1(n)Y(n)P1|{r(2a, 20) 3 IP,Y (s + DI(s) (10)

3 BT s 4 1IFG,0,0) )

$=no

+7(2a,20) Y |97} ()Y (n) ByY 7} (s + 1)|A(s)

s=n

+ > lg7 ()Y (n)PY " (s + 1)||F(s,0,0)|.

Hence
n—1
|g~1<n>Y(n>P1|{r(2a,2a) S B Y (s + 1)[A(s)

n-—1

+ > IPY (s + 1)\|F(s,0,0)|}

s=ngp

<l @Y ()P{r(2a,20) 3 1Y s+ DlACs)

8=ng

+ Y IRY s+ 1)||F(s,0,0)|}.

S=nNo
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Since (from Lemma 1) |g~!(n)Y (n)P,| € l,, it is evident that this first term in

the inequality (10) belongs to I,. Taking in to account the second term of the
above inequality, we obtain

r(2a,2a) Y g7 ()Y (n) P,Y (s + 1) h(s)

s=n

+ Y _lg ' ()Y (n)P,Y (s + 1)||F(s,0,0)|

8=n

<r(2, 2a><2 197 ()Y (n)P,Y (s + 1)1") ,, (Z hﬂ(s>)

s=n

+ (Z g™ (n)Y (n)P,Y (s + 1)|") « (Z |F(s,0, 0)l‘”)

s=n s=n

1 1

< Kr(2a,2a) (ih"(s)) ’ + K(i |F(s,0,0)|”) ’ .

s=n
Also from 3°, this second term belongs to 1, .
The proof of the theorem is complete. ]

THEOREM 5. If:
1° the assumptions of Theorem 3 hold,

2 % exp(-K71 L [o(a)|7) <o,
then
lim |g7*(n) [Hy(n) — y(n)]| = 0. (11)

Proof. To verify that (11) holds, observe that

|97 (n)[Hy(n) —y(n)]| < A+ B,
where

n—1

A= Z |Y (n)P,Y~'(s + 1)F (s, Hy(s), THy(s))| ,

n=no

B =Y |Y(n)P,Y (s +1)F(s, Hy(s), THy(s))|

8s=n

Using the assumptions of Theorem 3 and Hoélder’s inequality we get
1

B < Kr(2a,2a) (i h”(s)) " + K<i |F(s,0,0)”|) "< g (12)

s=n s=n

67



for

JAROSLAW MORCHALO

ne N:l , where n, € N:o is sufficiently large.

Moreover, for n, € N:l , from Lemma 1 and 1°, we have

A= nzzllg"l(n)Y(n)PzY_l(s +1)F (s, Hy(s), THy(s))|
+ '21 g7 ()Y (n)P,Y "} (s + 1)F (s, Hy(s), THy(s))|
o et (13)
<l MY )Py Y |PY (s + 1)F (s, Hy(s), THy(s))|
:-=:0 3 n—1 3
+r(2a,20)K | ST r(s)| + K[ Y IF(s,0,0P) < g

for n € N} and n, sufficiently large. From (12) and (13) we obtain (11). O

(1]

[2

(3]
(4]
(5]
(6]
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