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(Commaunicated by Anatolij Dvuredenskij )

ABSTRACT. GMV-algebras (pseudo MV-algebras) are a non-commutative ex-
tension of known MV-algebras. We show that any GMV-algebra is a (meet-
semi)lattice with sectionally antitone permutations, an SAP-(semi)lattice, and
hence SAP-semilattices can be viewed as a generalization of GMV-algebras.

1. Semilattices with antitone permutations

Let (S;A,0) be a meet-semilattice with the least element 0. For any a € S,
the principal ideal (a] = {z € §: = < a} is called a section in S. An antiauto-
morphism on (a] is a one-to-one mapping f from (a] onto (a] such that z <y
iff f(z) > f(y) for all z,y € (a]. Obviously, f is an antiautomorphism on (a]
if and only if both f and its inverse mapping f~! are antitone permutations.
We say that a semilattice (S; A, 0) has sectionally antitone permutations if there
exists an antiautomorphism f, on each section (a]. Accordingly, a semilattice
with sectionally antitone permutations (an SAP-semilattice for short) is a struc-
ture <S; A, 0, (fa)a€5>, where (S; A, 0) is a meet-semilattice with a least element

and for any a € S, f, is an antitone permutation on (a].

Given an SAP-semilattice <S; A, 0, (fa)aes>, we can define two total binary
operations on S by

rxy:= f(zAy) and zoy:=fl(zAy).

It is evident that £ *0 =2 =200, 0xz2=0=00x and xxx =0=z oz for
allz € S.

2000 Mathematics Subject Classification: Primary 06A12, 06D35, 03G25.
Keywords: (semi)lattice, antitone permutation, GMV-algebra.
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EXAMPLE 1.1. Let (G;+,0,V,A) be a lattice-ordered group (an £-group), that
is, a group endowed with a compatible lattice order, and let G* = {z € G :
xz > 0} be its positive cone. Then <G+; A, 0, (fa)a€G+> is an SAP-semilattice,

where for any a € G, the antitone permutation f, is defined by f, (z):=a-=z.
The operations x and o are then given by zxy:=z— (zAy) = (z—y) V0 and
zoy:=—(zAy)+z=(—y+z)VO0. It is easily seen that (zxy)oz = (zoz)*y
for all z,y,z € G+.

More generally, let X be a convex subset of GT containing 0. Then
<X;/\,0,(fa)aex> is an SAP-semilattice in which z xy = (z —y) V 0 and
zoy=(—y+z)Vv0 foral z,y € X.

THEOREM 1.2.
(i) Let <S; A, 0, (fa)a€5'> be an SAP-semilattice. Then for any a € S,

f,(x) =axz and f7'(z) = aox, and the structure ®(S) = (S; A, 0, *,0)
satisfies the identities

zAy=zx*(xoy)=xz0(xz*y), (1.1)
cxy=(zxy)A(z*x(yA2)), zoy=(zoy)A(zo(ynz)). (1.2

(i1) Let (S;A,0,%*,0) be an algebra of type (2,0,2,2) such that (S;A,0) is a
meet-semilattice with a least element. For any a € S define the mapping

forxaxz, z € (a].

If S satisfies the identities (1.1) and (1.2), then ¥(S) = <S; A, 0, (fa)a€S>
is an SAP-semilattice and we have zxy = f_(zAy) and zoy = [ (zAy)
forall x,y € §.

(iii) The above mappings ® and ¥ are mutually inverse bijections.

Proof.
(i) It is easily seen that f,(z) =axz and f;'(z) = aoxz. We have

v (@oy)=f(znf (@A) = ([ (= Ay) =z Ay

and analogously z o (z *xy) =z Ay, which is (1.1), and from z Ay >z Ay Az
it follows that z xy = f(x Ay) < f,(@AyAz) =2x(yAz) and zoy =
@ Ay) < foHzAyAz)=zo(yAz) proving (1.2).

(ii) Assume that (S;A,0,x*,0) satisfies the equations (1.1) and (1.2). Then
a*z € (a] for any z € (a] since aA(a*xz) =ax*(ao(axz)) =a*(aAz)=axz
by (1.1). Analogously, aoz € (a].If axz = axy for z,y € (a], then z = aAz =
ao(axz) =ao(axy) =aAy =y again by (1.1), and in addition, every y € (a]
can be written in the form y = a * ¢, where £ = aoy € (a]. Thus the mapping
f, is a permutation on (a]. Because of (1.1), f-'(z) =aoz for all z € (a].
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Let z,y € (a] and = <y. Then by (1.2),

(axy)A(axz)=(a*xy)A (a*(x/\y)) =axy,
so a*xy < ax*z. Similarly, aoy < aox whenever z < y, and hence axy < ax*zx
implies z = ao (axz) < ao (a*y) = y. Therefore, <S;/\,0,(fa)aes> is an
SAP-semilattice.
For the last claim, f (zAy) =z*(zAy)=zx(z0(z*y)) =z A(z*y)
by (1.1) and
zxy=(zxy) A (zx(zAy))

=(zxy)A(z* (zo(z*y)))

=(z*xy) ANz A(z*y)

=z A (zxy)
by (1.2), so that f (z Ay) = z*y. The dual assertion follows by symmetry. O

Remark 1.3. In view of (1.1) we obtain
zx(zoy)=zo(zxy)=yx*(yoz)=yo(yxz), (L.1%)

and (1.2) can be rewritten in the language {*, o0} as follows:
zxy=(zxy)* ((zxy)o(zx(y*(yo2)))),
zoy=(zoy)o((zoy)*(zo(yo(y*2)))).

However, if (S;A,0, *, o) satisfies (1.1') and (1.2'), then x * (z oy) need not be
equal to z Ay and the mapping f,: * = a * x is not necessarily an antitone
involution on [0, a]:

(1.2')

EXAMPLE 1.4. Let (S;A,0) be the semilattice from Figure 1 and let the oper-
ation * be given as follows:

QIO | |O] *
US| O) O
o | o oo
Qoo | O
QLI OIS |O) o
S|l | Oo|Oo| O X

Then (S;A,0,x*, %) fulfils the equations (1.1') and (1.2"), but, for instance,
a*(a*xc) =0 while aAc=a,and f,: x — cxz is not an antitone invo-
lution on [0, ¢].
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0

FIGURE 1.
Let us recall e.g. from [1] that a variety V with a nullary fundamental oper-
ation O is said to be
(a) weakly reqular if every congruence © on any algebra A in V is deter-
mined by its kernel [0]g, and regular if © is determined by any single
class [alg;

(b) distributive at 0 if [0] gye)ne = [0](enw)v(ony) forall ©, @, ¥ € Con(A)
and A € V, and distributive if the congruence lattice Con(A) of every
A €V is distributive;

(c) permutable at 0 if [0]gop = [0lpoe, Permutable if @ 0 ® = ® 0 © and
n-permutable if Qo PoBOo--- = PoOoPo--- (n-times) for all
0,d € Con(A4) and for each A € V;

(d) arithmetical at 0 if it is both distributive and permutable at 0, and
arithmetical if V is both distributive and permutable.

THEOREM 1.5. The variety of all SAP-semilattices is weakly regular, 3-per-
mutable, arithmetical at 0 and distributive.

Proof. Let V be the variety of all SAP-semilattices. It is known (see
e.g. [1]) that V is weakly regular if and only if there exist binary terms p,,...,p,
for some n € N such that p,(z,y) =--- =p,(z,y) =0 iff z = y. We can take
n =2 and p,(z,y) ;== x xy, py(x,y) =y *x. Clearly, p,(z,z) = p,(z,z) =0,
and conversely, if p,(z,y) = py(z,y) = 0, then 2 Ay = zo(zxy) = z and
zAy=yo(y*xz)=y,s0x=y.

To show that V is 3-permutable, we have to find ternary terms ¢, , ¢, such
that ¢, (z,y,9) = z, t,(z,z,y) = t,(z,y,y) and t,(z,z,y) = y. It is obvious
that the terms t,(x,y,2) := x * (y o 2) and t,(z,y,2) := z * (y o x) have this
property.

V is arithmetical at 0 if and only if there exists a binary term ¢ with ¢(z,z) =
t(0,z) = 0 and t(z,0) = . Obviously, one may take t(z,y) :=x xy.

Finally, V is congruence distributive since it is both weakly regular and dis-
tributive at 0. O
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An SAP-lattice is an algebra (L;V, A, 0, *,0), where (L;V, A) is a lattice and
(L; A, 0,%,0) is an SAP-semilattice. For instance, if X is a lattice ideal of the
positive cone Gt of any ¢-group G, then (X;V,A,0,*,0) is an SAP-lattice.

THEOREM 1.6. The variety of all SAP-lattices is regular and arithmetical.

Proof. Let now V be the variety of SAP-lattices. It is known that V is

regular if and only if there exist ternary terms p,,...,p, with p,(z,y,2) = ...
=p,(z,y,2)=zif z=y.
Let

pl(x,y,z) = (x*y)V(y*x)Vz,
po(,y,2) := (2% (T *xy)) A (2% (y x)) .

One immediately sees that p, (z,z, 2) = py(z,z,2) = 2. If p, (2, y, 2) = py(z,y, 2)
= z,then 2z > zxy,y*xx and z = zx (r *xy) = 2 * (y * x) since z =
(zx(z*y)) A (2 (y*z)) and z > z* (z *y), 2 x (y * x), whence it follows that
0=z0z=1z0(z%(z*y)) =2zA(z*y)=z+y and 0 =z0z=z0 (2% (yxz)) =
zA(y*z) =yx*x, and therefore z = y.

Further, V is arithmetical if and only if there exists a ternary term m such
that m(z,y,y) = m(z,y,z) = m(y,y,x) = z. It can be easily seen that the term

m(x,y,2) = (x/\z)v(x*(yoz))v(z*(yo:c))

satisfies these conditions. O

2. GMV-algebras

In 1958, C. C. Chang introduced the notion of an MV-algebra as an alge-
braic counterpart of the Lukasiewicz propositional calculus. The research on
MV-algebras has burgeoned in the last two decades. Starting from intervals
of (not necessarily commutative) lattice-ordered groups, J. Rachinek es-
tablished in [9] the concept of a GMV-algebra (generalized MV -algebra). Non-
commutative MV-algebras, named pseudo MV-algebras were independently de-
fined by G. Georgescu and A. Iorgulescu in [7].
A GMV-algebra is an algebra (A4; @, —~,~,0,1) of type (2,1,1,0,0) satisfying
the following axioms:
(Al) (z@y)D2z=2& (y® 2),
(A2) z00=0®z =1z,
(A3) zdl=10z=1,

(A4) "1=~1=0,

(A5) —(~z @ ~y) = ~(-z ® ),
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(A6) 2@ (yO~r)=y@ (z0~y)=(-2z0y)dr=(-yOz)dY,
(A7) (z@y) Oz =y0O (z&~y),
(A8) ~—z =1z,

where the additional operation ® is defined via

TQY:=~(Tdy).
If & is commutative, then ~ coincides with - and (A4;®,—,0,1) becomes an
MV-algebra. For basic properties of MV- and GMV-algebras we refer to [4]
and [7], respectively.

The prototypical example of a GMV-algebra arises from lattice-ordered
groups. Let G be any {-group and u € G* \ {0}. Define I'(G,u) :=
<[0,u];®,‘|,~,0,u> by @y :=(x+y)Au, "z:=u—2x and ~z := — + u.
It is straightforward to verify that the structure I'(G,u) is a GMV-algebra.
A. Dvurecenskij generalized D. Mundici’s fundamental result on cat-
egorical equivalence of MV-algebras and Abelian ¢-groups with strong order
unit! (see [8]) and proved that every GMV-algebra is isomorphic with T'(G, u)
for an appropriate £-group G with a strong order unit u € G* (see [5]).

GMV-algebras are another source of SAP-(semi)lattices: If we define z <y
iff -z @y =1, the natural order on A, then by [7; Corollary 1.19], (4;<) is a
bounded distributive lattice with

cVy=z@~(ydz)=-(zd~y) bz
and

zAYy=z20~(-yoz)=-(z0~y) Or.
Moreover, @ as well as ® distributes over both V and A (which implies that &
and © respect <), and we have z <y iff -y < -z iff ~y < ~z. Consequently,

for any a € A, the mapping f,: * = -z ©® a is an antitone permutation on
[0, a]; the inverse mapping is given by f-!: 2z — a® ~z.

THEOREM 2.1. Let (A;®,—,~,0,1) be a GMV-algebra. Then upon defining
Ay = ("z®Y) Oz, cxy = yOx and zoy = T O ~y, the structure
(A; A, 0,%,0) is an SAP-semilattice satisfying the equation

(zxy)oz=(zoz)x*y. (2.1)
Proof. In view of the previous remarks, it is obvious that (A4; A, 0, *,0) is

an SAP-semilattice. For the identity (2.1) calculate (z*y)oz = (my©Oz) O~z =
Y ® (2O ~z) = (xo2) £y, o

In what follows, we concentrate on SAP-semilattices satisfying the
identity (2.1).

1We call v € GT a strong order unit if for every z € G there exists n € N such that
z < nu.
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THEOREM 2.2. Let (S;A,0,%,0) be an SAP-semilattice satisfying (2.1). Let
a € S\ {0} and define z®,y :=ax*((aox)oy), 7,z :=a*z and ~,T :=aox.
Then ([0,a); ®,, 7,,~,,0,a) is a GMV-algebra.

Before proving the theorem we need two lemmata.

LEMMA 2.3. Let (S;A,0,%,0) be an SAP-semilattice satisfying (2.1). Then for
any a € S\ {0}, the section [0,a] is a lattice in which

\/ay:a*((ao:c)o(yox)):ao((a*y)*(:v*y)).

Proof. Since the mappings f,: ¢+~ a*z and f;': £+~ aoz are antitone
permutations on [0, a], it should be obvious that zV, y:=ax ((aoz) A (aoy))
is the supremum of {z,y} and we have

zV,y=ax((aoz)A(aoy))
o ((@om) * (aoy))
=ax((aoz)o ((ax(aoy))ox))
=ax((aow)o(yoa)).

———a*(aoz

The other equality follows for symmetric reasons. O

LEMMA 2.4. Let (S;A,0,*,0) be an SAP-semilattice with (2.1), a € S\ {0}.
Then for all z,y,z € [0, a],

() ax((aoz)oy) =ao ((axy)«a),
(ii) ax (((aoz)oy)oz) =ao (((a*xz)xy) *z).

Proof.

(i) Put o = ax((aoz)oy) and B = ao((a*y)*z). Then clearly «, 3 € [0, a]
and we have aoa = ao (ax ((aoz)oy)) =aA ((aoz)oy) = (aoz)oy, whence
(aoz)oy = ((ax(aca))oz)oy = ((acz)*(aoca))oy = ((aoz)oy) *(aca) =0,
so aoz < y.But aox <y is equivalent to axy < x since (aozx)*y = (a*y)ozx.
Hence we obtain (axy)o(a*a) = (ao(a*xa))*y =axy <z, which yields
(a*y) xz < a*a, and therefore 3 = ao ((axy)*z) > ao(a*a) = a. The
proof of the converse inequality can be achieved analogously.

(ii) Let @« = ax (((aoz)oy)oz) and B = ao (((a* z) xy) x z). Then
aoa = ((ao:v)oy) o z, which yields (((aoz)oy) *(aoa))oz = (((aoz)
oy)oz) x(aoa) =0,ie ((aoz)oy)*(aoa) < z. Further, (aoz)oy =
((ax(aca))oz)oy = ((aoz)*(aca))oy = ((aoz)oy)*(aoa) < z, which is
equivalent to (a*2)oxz = (o) * z <y, and consequently to (a*z2)*xy < z.
But (a*z)*y = ((ao(a*xa))*z)*y = ((a*x2)o(axa))*y = ((axz)xy)o(a*a),
so that ((axz)*y)o(a*a) <z, whence it follows ((axz)*y)*z < axa and
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finally 8 =ao (((ax2)*y) *xz) > ao(a*a)=a. The same argument shows
a>p. O

Proof of Theorem 2.2. Note that by Lemma 2.4 (i) we have
@, y=ax((acz)oy) =ao((axy)xz).
(A1) follows from Lemma 2.4 (ii):

(2®,y) @, z=ax((ac(ax((acz)oy)))oz) =ax(((a0z)oy)o2)
— a0 (((ax2) 1) x3) = a0 ((ax (a0 ((ax2) +3)) *2)
=z®, (Y&, 2).

For (A2), z®,0=ax ((aoz)00) =ax*(aozx) ==z and similarly 06, z = .
Analogously, z®, a = ao ((a*a)xz) = ao(0*x) = a and likewise a®, = = a,
which is (A3). The axiom (A4) obviously holds as -, a = axa = 0 = aca = ~a.
To see (A5), calculate

=, (~,T @, ~y) =ax (a o((ax(aoy)) x(ao z)))

:y*(aox) = (a,o(a,*y)) *(aox)

= (a*(aom))o(a*y)zxo(a*y)

=ao (a*((ao(axx))o(axy)))

= Na(_‘ax 6Ba ﬁay) :
For (A6), observe that y©,~,z =~ (=,y ®,) = ao(a*((ao(a*y))oz)) = yoz,
whence z @, (y ©, ~,2) = a* ((aoz)o(yox)) = zV,y by Lemma 2.3.
Similarly -,y ®, « =« *y, and hence (-,y ©, ) ®, y =z V, y. Furthermore,
(a2 ®,Y) Opz=",(20, ~y) O,z =2 *(roy) =z Ay and analogously we
obtain y ®©, (z ®, ~,y) =y o (y xr) = Ay, which verifies (A7). Finally, (A8)
is clear: ~ 7, x =ao(a*xz)=aAT=12. a

COROLLARY 2.5. Let (S;A,0,%,0) be an SAP-semilattice with the greatest
element 1 # 0, satisfying (2.1). Let @y := 1% ((loz)oy), ~z:= 1%z and
~z:=1ox. Then (S;®,~,~,0,1) is a GMV-algebra.

COROLLARY 2.6. If (S;A,0,%,0) is an SAP-semilattice satisfying (2.1), then
every section [0,a] is a distributive lattice.

Proof. Since ([0,a];®,, 7, ~,,0,a) is a GMV-algebra, it follows that
([0,a];V,, A) is a distributive lattice. O

Combining Theorem 2.1 and Theorem 2.2, we get:
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COROLLARY 2.7. Let (A;®,-,~,0,1) be a GMV-algebra, a € A\{0}. Define
z@,y:=(x®Y)ANa, 7,z:="20a and ~,x:=aO~zx for x,y €[0,a]. Then
([O,a]; EBa,ﬁa,Na,O,a> is a GMV -algebra.

Proof. Calculate
2@, y=(@dy)Aa=-(a0~(zdy)) Oa
=-(a@~zO~y)Oa=ax*((aoz)oy).
a

COROLLARY 2.8. Let (S;A,0,%,0) be an SAP-semilattice satisfying the iden-
tity (2.1). If every section [0, a] is finite, then S is commutative, i.e., xxy = Toy
forall xz,y € §S.

Proof.

If [0,qa] is a finite set, then by [6; Theorem 3.2], ([0, a];EBa,ﬂa,Na,O,a> is
an MV-algebra, that is, -, @ = ~_z for all z € [0,a]. Hence f,: z +— - z is
an antitone involution on [0, a]. Consequently, we have z xy = f (z Ay) =

[Nz Ay)=zoyforal z,yeS. O
1
T ’ ‘ z
a c
0
FIGURE 2.

Remark 2.9. Due to Corollary 2.6, every bounded SAP-lattice satisfying
the equation (2.1) is distributive. In addition, by Corollary 2.8, every finite
SAP-lattice with (2.1) is commutative in the sense that the operations * and
o coincide. We now give an example of a finite non-commutative distributive
SAP-lattice in which (2.1) fails to be true:

ExAMPLE 2.10. Let (L;V,A) denote the lattice whose Hasse diagram is shown
in Figure 2. Let the antitone permutation f; on L = [0,1] be defined by 0 — 1,
a—>y,y—c,c— 2z, z2z—=0b b~ x, x— aand 1 — 0; the antitone
permutations on the other sections assign to an element its relative complement
in the section. The SAP-lattice is not commutative since e.g. 1 xa = f,(a) =
y # = f{*(a) = 10 a. Moreover, it is straightforward to verify that e.g.
(l1xa)ob=yob=y while (lob)xa=2z%a=z.
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THEOREM 2.11. Let (S;A,0) be a meet-semilattice with 0 such that every
section [0,a], a € S\{0}, is a carrier of a GMV-algebra ([0, a); ®,, 7, ~,, 0, a)
whose natural order coincides with that induced by A. Assume that the following
compatibility condition is satisfied:

If z<a<b, then ~ =20 a and ~, T =a O, ~,T.
Define

[ mu(@Ay) if z#£0,
w*y'_{o fz=0

and

{~x<my> if ¢ 0,
Toy:= )
0 if z=0.

Then (S;A,0,x,0) is an SAP-semilattice satisfying the identity (2.1).

Proof. If z =0, then all the identities (1.1), (1.2) and (2.1) obviously hold,
solet £ #0. Thus zx (zoy) = ﬂx(:c/\rvz(a:/\y)) =-,~.(zAy) ==z Ay and
similarly zo(z*y) = xAy, which verifies (1.1). The identities (1.2) are also almost
evident since Ay > zAyAz implies zxy = —_(zAy) <~ (zAyAz) = zx(yAz)
and zoy=~_(zAy) <~ (xAyAz)=z0(yAz).

In proving (2.1) we make use of the following claim:

CLAIM. In any GMV-algebra we have the identity -z ® ~(-z A Yy) =
“(~yAz) O~y

Calculate
O ~(zAY) =20 ~(=(-z O ~y) O z)

=z A (-2 ® ~y)
=T O~Y
=~y A (-z O ~y)
= (~yO~(zO~y)) O~y
=-(~yAz) O~y

Assume that z *y # 0 # z o z. We have

(zxy)oz= ~ ey (2@ AY) A 2)
= Nee(zAy) (_‘x(.’E A y) AT A z)
= (T AY) O, ~ (Cp(EAY) AT A 2)
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by the compatibility condition for = (zAy)AzAz < = (zAy) < z and similarly
(zo zj Xy = —'Nw(z/\z)(fvz(w Az)A y)
= T (2h2) (~a(@AZ) Az AYy)
=, (~ @A) AT AY) O, ~, (T A2)
by the compatibility condition for ~ (z Az) Az Ay < ~_(z A z) < z. Now by
the claim, for x Ay, z Az € [0,z] we obtain (z*y)oz = (zoz)*y.
If txy =0, then (zxy)oz =0 and z <y since ~ (zAy) =xxy =0
implies £ Ay = ~_0 = . This along with z 0 z < z yields 0 z < y, whence

(xoz)xy = ﬂmz((:coz)/\y) = ., (®oz) =0 if z oz #0. Analogously, if
zoz=0,then (z*xy)oz=(zoz)xy=0. o

Remark 2.12. Observe that the compatibility condition can be captured by
the identities

ﬁyAz(x/\y/\z) =, (cAyANz)O, (yA2),

~un(TAYN2) = (YA 2) O, ~ (TAYyA2).

3. Interval GMV-algebras

In [3] we proved that if (4;®,—,0,1) is an MV-algebra and a € A\ {1}, then
the structure ([a, 1];&®,,,,a,1) is an MV-algebra, where z&,y = ~(a®-z)®y
and -,z = -z ® a. This leads to the following analogue of Corollary 2.7:

PROPOSITION 3.1. Let (A;®,~,~,0,1) be a GMV-algebra and a € A\ {1}.
Then upon defining z®,y == ~(a@ ~x) By =2 ~(-yDa), ~,x:=-TDa
and ~,z:=a®~z, ([a,1};®,,7,,~,,a, 1) is a GMV-algebra.

Proof. We first show that ~(a ® ~z) Dy =z ® ~(—y ® a). For calculate

“(ad~z)By=-(a®d~2)D(aVy)
=-(@e~z)ad~(yda)
=(avz)®~(-yda)
=z®~(yda).

Now we have
(@, y) @, 2= (-(ad~z)DY) B, 2
=-(ad~T)Dyd~(-zDa)
= ~(a®~2) & (y ©, 2)

=zP, (yB, 2),
which is (A1).
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One readily sees (A2)-(A4): 2@, a=2@~(~aBa)=cd~1=200=21
and similarly a @,z =z; 2®,1 = (a®~2)®1=1=16, z, and finally,
—\a1=—|1€{9a=0®a:a=~al.

Furthermore,

ﬁa(r\aam @a N

“(a®~z@~(-(ad~y) ®a))da
(ad~z®~@Vy)da
“(a®~z®~y) Ba
(a®~(z0Oy)) Da
=(z0y)Va

= T

= "

and analogously ~ (-,z ®, 7,¥) = (z ©y) V a proving the identity (A5). T
see (A6), compute

By (Y Of ~,7) = T B, ~,(7,4 B, T)
=z®, (a®~((-y®a)®~(~zaa)))
=z®, (a®~(-y®(aV1)))
=z®, (a®~(~y D))
=-(a®~z)® (a®~(~y B 1))
=(avaz)®~(y o)
=zd~(ydz)
=zVy.

The parallel argument shows that (-,z ©®,y) ®, * =V y and by replacing z
and y we obtain the remaining equations in (A6).

Note that we have shown that 20,y = (z®y) Va for any ,y € [a, 1]. Hence

(a2 ®,¥) O ﬁm@yex)v(z

a

((

((rz@a)d~(-y®a)) ©z)Va
((rzo aVy))@:v)Va
(
= (z A

Il

(rz®y)OT)Va
yVa=zAy

and similarly y ©, (z ®, ~,y) = = Ay, which verifies (A7).
Finally, (A8) is obvious since ~,—~,z =a®~(-rda)=aVzr=2. a
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Let (A;®,-,~,0,1) be a GMV-algebra and let a,b € A, a < b. By the pre-
vious proposition, ([a,1};®,,,,~,,a,1) is a GMV-algebra again. By Corol-
lary 2.7 we get that ([a, b); D ir Tk Vapr @ b) is a GMV-algebra, where

T®,y=(d,y)Ab
=(z®(yo©~a))Ab
=((ra®z)BY) AD,

—_

Ww® =",20,b=((~z®a)®b) Va

=(-aO (~zr@®a)Ob) @a

=(-(a®~(~z®a)) ©b) Ba

=(-(avz)ob) ®a

=(-z0b)®a
and similarly

~p =00, ~r=a® (b0O ~x).

We have obtained:
THEOREM 3.2. Let (A;®,-,~,0,1) be a GMV-algebra and let a,b € A be
such that a < b. Define @,y = (z @ (y©~a)) Ab= ((ma®z)Ddy) AD,

= (O b)Ba and ~, = a® (b O ~zx) for z,y € [a,b]. Then
([a,B); ® 45> Tt ~aps @ b) is @ GMV-algebra.

We call an element a of a GMV-algebra A Boolean if it possesses the com-
plement @’ in the underlying lattice of A; the set of all Boolean elements of
A is denoted by B(A). By [7; Propositions 4.2, 4.3] (cf. also [9; Theorem 9)),
a € B(A) if and only if a @ a = a if and only if a ®a = a, and if a € B(4),
then a®z =r®a =aVz and likewise aOz=2x0a=aAz forall z € A.
Of course, a’ = —a = ~a for any a € B(A).

COROLLARY 3.3. Let <[a,b];eaab,—|ab,~ab,a,b> be that from Theorem 3.2. If
a,be B(A), then @,y =@y, ¢ = ("zAb)Va and ~_ z = (~zAb)Va.

Proof. We have

@Y= (z®YA~)Ab=(z®Yy)A(zB~a)Ab=zdY

since @y <bdb=>band cP®~a>a®~a=1. The rest is evident. O
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