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ON ¢-CONVERGENCE AND p-DENSITY

EuGEN KOVAC
(Communicated by Pavel Kostyrko )

ABSTRACT. We study ¢-convergence (a special type of summability method
introduced in [SCHOENBERG, 1. J.: The integrability of certain functions
and related summability methods, Amer. Math. Monthly 66 (1959), 361 375]),
p-density of subsets of integers (which is equivalent to the p-convergence of
the set’s indicator function) and J,-convergence (convergence according to the
ideal of all sets with ¢-density zero in the sense as defined in [KOSTYRKO, P.
SALAT, T. WILCINSKY, W.: I-convergence, Real Anal. Exchange 26
(2000-01), 669 686]). We analyze the relation of ¢-density and other types od
densities, in particular asymptotic, logarithmic, and uniform density. We prove
the following properties:
e -density can attain only values 0 and 1 (whenever it exists).
o If p-density exists for a set, then asymptotic and logarithmic densities
also exist and attain the same value.
e There is a set with p-density zero which does not have uniform density.
e There is a sequence which is p-convergent, but the sequence of its abso-
lute values is not.

e J,-convergence is strictly weaker than -convergence.

1. Introduction

In [12], Schoenberg, motivated by studying integrability of generaliza-
tions of the Dirichlet function introduced a special type of summability method,
called ¢-convergence. According to his definition, a sequence (z,,) ; of real
numbers @-converges to £ € R if

o1 _
lim = “p(d)ay =€,
din
where ¢ denotes the Euler function. Schoenberg also studied its basic prop-
erties and showed that ¢-convergence is weaker than classical convergence and

2000 Mathematics Subject Classification: Primary 40G99; Secondary 40D25, 11N37,

11R45.
Keywords: statistical convergence, summability, ¢-convergence.

329



EUGEN KOVAC

stronger than statistical convergence. In addition, Erd és in [3] provided an
example of a sequence which is not convergent, but is ¢-convergent.

In this paper we use @-convergence to define -density of sets of positive
integers as a (-limit of the set’s indicator function. We study the relation of
p-density to other types of densities, in particular asymptotic density, logarith-
mic density and uniform density. We show that (-density can attain only values
0 and 1, and its existence implies also the existence of asymptotic density and
logarithmic density, but not the existence of uniform density. Later we analyze
the ideal generated by all sets with (-density zero and study the convergence
according to this ideal in the sense introduced in [6]. We show that this type of
convergence is strictly weaker than ¢-convergence.

The rest of the paper is organized as follows. In Section 2 we recall some well-
known facts and notations. In Section 3 we illustrate the general approach how
to create densities and ideals using infinite matrices. In Section 4 we introduce
Shoenberg’s p-convergence and study its basic properties. In Section 5 we
introduce (-density. Sections 6 and 7 contain the main results of this paper.
In Section 6 we analyze the relation of ¢-density to other types of densities. In
Section 7 we study the ideal of all sets with -density zero and the convergence
according to this ideal.

2. Definitions, notation, and preliminaries

Recall some well-known facts and notations.

2.1. Asymptotic density.
Let A CN. If m,n € R, then A(m,n) denotes the number of elements of
set AN [m,n]. Then we define
Al -
d(A) = lim inf (L,n) , d(A) = lim sup Alln)

n—oo n n—o00

and the numbers d(A), resp. d(A) we call the lower, resp. upper asymptotic
density of the set A. If, in addition, d(A) = d(A) = d(A), then we say that the
number A

d(A) = lim Al n) (2.1)

n— oo n

is the asymptotic density of the set A.

2.2. Logarithmic density.
For A C N we define

! 1 1 1
a(4) = lzrr_kggf Inn Z a’ 6(4) = llf?j;ip Inn Z a’
a€A,a<ln a€A,a<ln
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ON -CONVERGENCE AND -DENSITY

and the numbers §(A), resp. 6(A4) we call the lower, resp. upper logarithmic
density of the set A. If, in addition §(A) = 6(A) = §(A), then we say that the
number

1 1
6(4) = nll)ngo Inn Z a’
a€A,a<ln

is the logarithmic density of the set A.

2.3. Uniform density.

Another type of density we focus on, is the uniform density, introduced in [1].
For j € N denote

m>0

a; = min A(m+1,m+j), o = mgf)cA(m+1,m+j), (2.2)
m_

where maximum and minimum are taken for m € Z, m > 0. In [1] it is shown
that the numbers

Q. aj
u(A) = lim L resp.  u(A) = lim —

= )

j—oo ) j—oo ]

exist. We call them the lower, resp. upper uniform density of the set A. If,
in addition, u(A) = uw(A) = u(A), then we say that the number u(A) is the
uniform density of the set A.

2.4. Relations between densities.

It is well known that for an arbitrary set A C N the inequalities

0 < u(A) < d(A) <4(A) < §(A) <d(A) <a(4) <1 (2.3)

hold. Therefore, if u(A) exists, so does also d(A) and d(A4) = u(A); if d(A)
exists, so does §(A) and §(A) = d(A). In particular, if u(A) = 0, then also
d(A) = 0; if d(A) = 0, then also §(A) = 0. It is also well known that the
converses do not hold. As an example of a set which has asymptotic density but
does not have uniform density we can consider the set

o
B = | J{10%+1,10%+2,...,10%+k} (2.4)
k=1

for which d(B) =0, but w(B) =0, u(B) = 1.
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2.5. Properties of the set of all prime numbers.
Let
P={p, <py<---<py<...}
be the set of all prime numbers. We will use this notation further. It is well

known that " p~! = +oo and the series Y p~2 converges. This implies
pEP peP

H(l—%):o, 0<Hp(1—pi2><1. (2.5)
pe

peEP
It is also well known that the latter product is equal to 6/72. In addition,
§(P) =d(P) =u(P) =0. (2.6)
A proof of the equality d(P) = 0 directly follows from the prime number theorem
(see [9; p. 217]). This directly implies 6(P) = 0. A proof of u(P) = 0 can be
found in [1].

2.6. Euler function ¢.
If n is a positive integer, then ¢(n) denotes the number of elements from

1,2,...,n} coprime to n. It is well known that if n = p{'p5?...p% is the
1 2 m
prime number decomposition of n > 1, then
1 1 1
n)=n(1-2)(1-L).. (1--1) 2.7
o(n) L) (- L (27

and (1) = 1. It is also well known that the function ¢ is multiplicative, i.e.,
if n,,n, € N are coprime, then ¢(n,n,) = ¢(n,)¢(n,). Another important
property of the Euler function is the equality
n=7) ¢d), (2.8)
d|n
also known as the Gauss Theorem. See, for example, [9; pp. 48 50] for further
details.

2.7. Mdébius function pu.
For any positive integer n define
1 ifn=1,
0 if p? | n for some prime number p,
(-1)" if n=q,q,---q,, where q,,¢5,...,q,
are pairwise different prime numbers.
Obviously, the function g is multiplicative and

D oduld)=(1-q)--(1-q,), (2.9)

d|n

u(n) =

where n = ¢7"* - - - ¢ is the prime number decomposition of n. See, for example,
[9; pp. 111-113] for further details.
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ON ¢-CONVERGENCE AND ¢-DENSITY

2.8. Statistical and uniform statistical convergence.

Using asymptotic and uniform density, we can define two types of conver-
gence: statistical and uniform statistical convergence. The concept of statistical
convergence was introduced in [12] and [4], and developed in [2] and [11].

Let (z,)72, be a sequence of real numbers and £ € R. We say that this
sequence statistically (resp. uniformly statistically) converges to the the number
¢ if d(A,) = 0 (resp. u(A,) = 0) for every ¢ > 0, where A_ = {n € N :
|, — & > €}. Then we also say that the sequence (z,)22, J,-converges
(resp. J,-converges)! to the number ¢, and we write J,-limz, = & (resp.
J,-limz, = €£).2 The number £ we call the statistical (resp. the uniform sta-

tistical) limit of the sequence (z,)3 .

From (2.3) it is obvious that if the sequence (z,) ; uniformly statistically
converges to the number £, then it converges to £ also statistically. The converse
is not true; consider the sequence (z,)%, such that z, = xp(n) for all n =
1,2,..., where B is the set from (2.4) and x 5 denotes the characteristic function

(indicator) of the set B.

2.9. Ideals.

A more general type of convergence covering also statistical and uniform
statistical convergence can be obtained using ideals on the set of positive integers.
We say that a non-empty family of sets J C 2V is an ideal if it has the following
two properties:

(1) Heredity: If B€ 3 and A C B, then A € 7.
(2) Additivity: If A,B €3, then AUB € 7.

We call the ideal J non-trivial if N ¢ 3. Moreover, we say that the ideal J is
admissible if it is non-trivial and it contains all finite subsets of N.

In the following we provide some examples of ideals:

(1) If A C N, then 24 is an ideal. For A # N it is non-trivial, but it is not
admissible. In particular, for A = () we have an ideal 24 = 2 = {(}.

(2) The family of all finite subsets of the set N is an admissible ideal. We
denote it J,. It is obvious that J, C J for every admissible ideal J.

(3) The family of all sets with asymptotic density (resp. uniform density)
zero is an admissible ideal; we denote it J, (resp. J,). Using the above
results, it is obvious that J, C J,. In addition, the set B from (2.4) is
an element of J,\ J,, so J, is proper subset of J,.

!Similarly we can define Jz-convergence using logarithmic density.
2In literature, the notation lim stat z,, = £ is more common than J,-lim z, =¢&.
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In the above examples we mentioned also some relations between ideals. In
summary, we get
~ N
JfgjugdeQ . (2.10)
Based on the above, we know that all inclusions are strict.

2.10. J-convergence.
Let J be an ideal, (z,)%° ; a sequence of real numbers and ¢ € R. We say
that this sequence J-converges to the number & if

A,={neN: |z, -¢>e} e
for every € > 0. The number ¢ is then called the J-limit of the sequence ()% |
and we write J-limz, = ¢.

The notion of J-convergence was introduced in [6], where its basic properties
are also proved. For our purposes, it is enough to know that if J is admissible
ideal, then J-limit is unique. Moreover, if J,, J, are two admissible ideals such
that J, C J,, then J,-limz, = £ implies J,-limz, = {. Since every admissible
ideal J contains the ideal J,, then lim z, =¢ implies® J-limz, = £. See [6]

n—oo
for more details.

If we consider ideals J,, resp. J,, then J,-convergence, resp. J -convergence
is equivalent to statistical, resp. uniform statistical convergence. This is reflected
also by the notation.

Now we state and prove a proposition about J-convergence of sequences of
zeros and ones, which we will use later.

PROPOSITION 2.1. Let J be an admissible ideal and £ € R. If (z)>° | isa
sequence of zeros and ones such that J-limz, =&, then £ € {0,1}.

Proof. Using the assumption, we have A. = {neN: |z, —¢ >c}l €T
for each ¢ > 0. If £ ¢ {0,1}, choose ¢ = min{3|¢[, $|1-¢|} > 0. If =, = 0,
then |z, — €| =[¢| > 1|¢| >e,sone A . If z, =1, then |z, — & =1 - ¢ >
%|1 — ¢ >¢€,and so n € A_. We obtained A_ = N, which means that N € J.
However, this is a contradiction with the non-triviality of the ideal J. O

2.11. Infinite matrices and summability methods.
Recall the notion of matrix summability methods as described in [10] and [5].
Let

O P
ty, tyy oo top

T=(tuwe = | : o , (2.11)
t

nl tn2 T tnk

3This is based on the fact that J ¢ -convergence is equivalent to classical convergence.
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ON -CONVERGENCE AND ¢-DENSITY

be an infinite matrix whose elements are real numbers. Further, we will simply
denote a sequence (z,)%, as x, i.e., x = (z,)0>,. For n =1,2,... construct
the following series

o
Up = Dty (2.12)
k=1

Whenever all these series converge, we obtain a new sequence y = (y,,)>>; and
we write y = Tx. If, in addition, lim y, = &, then we say that the sequence
n—o0

x is T-summable (summable by matriz T) to the number §. Then, the number
€ is called T-limit of the sequence x; write T-limz, = £. Moreover, we say
that the matrix T is regular if every convergent sequence x is T-summable and

T-limz_ = lim z_.
n n—oo

The following lemma (known as the Toeplitz Theorem) contains necessary
and sufficient condition for regularity of a matrix (see [5; p. 43, Theorem 2]).

LEMMA 2.2. Matriz T = (tnk);"‘jk___1 is regular if and only if the following three
conditions hold:
(1) There exists M > 0 such that for every n = 1,2,... the following
inequality holds:

oo

k:l
(2) nll)rr;o t,, =0 forevery k=1,2,...;
o
(3) lim > t,=1.

n—oo k=1

Remark 2.3. An interesting question is whether there is a matrix by which
every sequence of real numbers is summable. The answer to that question is
negative. Steinhaus in [13] proved a stronger result that for any regular
matrix T there exists a sequence of zeros and ones which is not summable by
matrix T.

3. Densities created by matrices
In this section we study the relation between infinite matrices and ideals. Let

T = (t,,)% -, be non-negative! regular matrix. Let A C N be an arbitrary set
and x4 its characteristic function. Then, the series

o0
(n) —
h‘T (A):ZtnkXA(k)7 n_172a~'- ) (31)
k=1
4This means that all its elements are non-negative real numbers.

335



EUGEN KOVAC

converges. This we obtained using the condition (1) from Lemma 2.2. Moreover.
from the condition (3), we get lim hSFl)(N) =1 for every n € N.
n—o0

DEFINITION 3.1. Let T = (tm,c)ff”k:1 be a non-negative regular matiix and
A C N. Denote hﬁlf’)(A) as in (3.1). If the limit
1 (n) .
ht(A) = nlgl;o hy'(A), (3.2)
exists, then the number hg(A4) is called T -density of the set A.

Remark 3.2. Obviously, hy(A) is only another notation for T-limy ,(n).

ExAMPLE 3.3. If we consider matrix T to be

1 00 00
5 5 000
IR
t4 4

Ll b
)
. f)

we obtain the asymptotic density.> The matrix T, is in the literature usually
called the Cesaro matriz.

Remark 3.4. According to Remark 2.3 for every non-negative regular matrix
T there exists a set which does not have T-density. If we consider a sequence
(z,)5¢, of zeros and ones which is not summable by matrix T, then the set
{neN: z =1} does not have T-density.

The following proposition describes basic properties of densities defined
above. Its proof is routine and we leave it out.

PROPOSITION 3.5. Let T = (t,,),—; be a non-negative reqular matriz and
A, B C N. Then the following statements hold:

(1) If hq(A) exists, then 0 < hq(A) <1.

(2) If AC B and hq(A), hq(B) exist, then hy(A) < hq(B).

(3) If AC B and hy(B) =0, then also hy(A) =0.

(4) If he(A) = hy(B) =0, then also h4(AUB) =0.

(5) If he(A) exists, then also ho(N\ A) eazists, and hq(A)+h(N\A) — 1.

Remark 3.6. The last proposition directly implies that the family of sets Ihe =

{A CN: hy(A) = 0} is an ideal. In addition, the condition (2) from Lemma 2.2
implies that T, _ is admissible.

5Similarly we can obtain the logarithmic density.
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ON ¢-CONVERGENCE AND ¢-DENSITY

DEFINITION 3.7. Let T be a non-negative regular matrix and A+ be T-density.
Then we say that the ideal 7, = {ACN: hy(A) =0} is created by the ma-
triz T.

Using the ideal JhT, we can also define th -convergence. Here, we can ask
about the relation of T-summability and J,_ -convergence.

THEOREM 3.8. Let T = (t,,.):°._, be a non-negative reqular matriz, x =
(x,)°, be a sequence of real mmibers, and & € R. Then, the following state-
ments hold:
(1) If T-lim|z, — &P =0 for some p >0, then J,_-limz, =¢.
(2) If the sequence x is bounded and such that 3, -limz, = £, then
T-lim|z,, — &P =0 for each p > 0.

Proof. We will prove each part separately.
(1) For e >0 denote A, = {n e N: |z, — & >¢} and let

oo
zn:Ztnk|xk—§|p for n=1,2,....
k=1

Using the assumption, we get nlgl;o z, = 0. Obviously, 0 < hflzz)(AE) for every

n 1,2,.... Using the following sequence of inequalities we get an upper bound:
(n) _ —
hT (As) - Z tnk - Z tnk
k€A, ke |zk—€|>e
1
- P
- ep Z tnkg
k: |z —&|>e
1
< E_p Z tnklxk - §|p
k:|zie—&|>e

1 , 1
k1

Altogether, we have 0 < hglfl)(Ae) < z,/eP,and so hp(A,) = lim h(.lfz)(A )=0.

n—oo

This means that A, € J,_ for each € > 0, and therefore T, -limz, =¢.
(2) Let L > 0 be such that |z,| < L for every n = 1,2,.... For p > 0
denote L, = (L + |€])”. Then, obviously |z, — &P < L, forn=12...In

addition, from the regularity of the matrix T and from the condition (1) from

o0
Lemma 2.2, we obtain that ° |t ,| < M for some M > 0.
k=1
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Denote A_ and 2, in the same way as in the previous part. According to the
assumption, we get lim hglf’ )(AE) = 0. The non-negativeness of the matrix T
n—oo

implies 0 < z,, for every n = 1,2,.... An upper bound for z, is obtained using
the following inequalities:

oo
Zp = ztnkl‘rk - é‘lp
k=1
= z topley — &P+ Z toklzy — €IP

k:|zr—&|>e k:|lze—€l<e
< )ty + Me?
k:|ze—¢[>e
= LA (A,) + MeP.
Taking n — oo, we get
0< hmlnfz <limsupz, < Me?,

n—oo
which holds for every € > 0, and hence lim z,6 =0.
n—oo
The proof is complete. O

THEOREM 3.9. Let T = (¢, )=, be a non-negative reqular matriz. Then for

each sequence x = (z,))5, of real numbers and for each § € R, the following

statement holds: If T-lim |z, —§| =0, then T-limz, =¢.

Proof. For any K € N we can write
K K
Ztnkxlc :Ztnk(xk —§)+§Ztnk~

Since the series Z t,xlz, —&| converges, so does also the first term on the right-
k=

hand side (for K —> 00). The second term converges because of the regularity
of the matrix T, using the condition (1) from Lemma 2.2. Therefore the limit
of the right-hand side, and also of the left-hand side, exists and the following

equality holds:
o o0 o0
Z bk Tr = Ztnk(xk -+ fztnk ,
k=1 k=1 k=1

for n =1,2,.... Hence

Ztnkxk_é‘ < nk(% ‘+|§| Z 1}
k=1 k=1
Sztnklwk—ﬁlﬂﬂ- Ztnk—ll.
k=1 k=1
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For n — o0, the right-hand side converges to 0. Therefore also the left-hand side
o0

converges to 0. We obtained lim t,, T, = &, which means T-limz, = £.
a

COROLLARY 3.10. Let T = ({,,):°—, be a non-negative regular matriz. Then

for every bounded sequence x = (x,)> , of real numbers and £ € R, the follow-
ing statement holds: If th -limz, =&, then T-limz, =¢§.

Proof. The statement is a direct corollary of Theorem 3.8.(2) and the
previous theorem. O

Remark 3.11. The converse statement to the statement from the previous
theorem does not hold, for example, for the Cesaro matrix T, from Example 3.3
and the sequence ((—1)"):3:1. We can easily check that T,-lim(—1)" =0, but
T,-lim|(-1)" —0| = T,;-lim1 =1.

4. p-convergence

In this section we study a special matrix summability method also called
@-convergence. It was introduced by Schoenberg in [12]. To define it, con-

sider the infinite matrix & = (¢nk):ok:1 such that
k) if kn

bu={y o (41)
0 if kin.

In [12], Schoenberg proved that the matrix ® is regular and he called the
®-summability a ¢-convergence.

DEFINITION 4.1. Let x = (z,,)2°; be a sequence of real numbers and £ € R.
We say that this sequence ¢-converges to the number ¢ if ®-limz, = ¢, ie,

if lim y =&, where
n— oo

1
Yo == > p(d)z,. (4.2)
d|n
The number € is then called the ¢-limit of the sequence x and we write

p-limz, =¢§.
From the regularity of the matrix & we obtain that lim z, = ¢ implies
n—oo
p-limz, = . The following example shows that the converse is not true. We
introduce a sequence which is ¢-convergent, but is not convergent. The problem
to find such sequence was formulated by Salat and Strauch as problem 6090 in

AMM 1976, p. 385. The following example contains the solution submitted by
Erdés in [3].
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EXAMPLE 4.2. Let P = {p, < p, < --- <p, < ...} be the set of all primes.
Let

n

{1 ifn=2-3-5---p,,
r =
0 otherwise.

Then the sequence x = (z,,)3° , is not convergent, but it is -convergent. See
[3] for details.

The following lemma contains an interesting result about convergence of cer-
tain subsequences of a @-convergent sequence. Its proof can be found in [12;
Theorem 2].

LEMMA 4.3. Let x = (z,)2, and £ € R be such that p-limz, =&, and let

n=1
00 . . . .
(n;)2, be an increasing sequence of positive integers. Then,

o(n;)

liminf —*= >0 (4.3)
71— 00 nl
implies that
limz, =¢.
1— 00 *

The previous theorem can be used as a criterion whether a sequence is not
p-convergent. We illustrate it on the following example from [12; p. 367, Re-
mark 1].

ExAMPLE 4.4. Consider the sequence (z,)7°, such that z, = xp(n), n =
1,2,.... Then

limax =1, lim z
i—oo 1— 00

2p; :0’

and since

¢(p,) 1 e(p;) _ 1 (1 3 L)
p; D; ’ 2pi 2 D; ’

Lemma 4.3 implies that this sequence is not ¢-convergent.

Now we focus on the relation between @-convergence and J-convergence,
where J is an admissible ideal. The following theorem contains a sufficient con-
dition for J so that every ¢-convergent sequence is also J-convergent. Its proof
is a generalization for the proof for the ideal J, in [12].
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ON -CONVERGENCE AND -DENSITY

THEOREM 4.5. Let J be an admissible ideal containing every set S = {n; <
n, <---<n; <...} CN such that

lim £ _ g (4.4)
1—00 ni

Then for every sequence (x,)%° , of real numbers and for every { € R the
following statement holds: If ¢-limz, = ¢, then J-limz, = §.

Proof. For € > 0 consider the set A_ = {n € N: |z, —¢& > ¢}. It
is sufficient to prove that A_ € J. If A_ is empty or finite, then obviously
A €7, because J is admissible ideal. Further assume that A_ is infinite and
let A, ={n; <n, <---<n; <...}. Then the equality lim z, = ¢ does not

17— 00 :
hold. From Lemma 4.3 we obtain
‘P(ni) .

lim inf 2 = 0.

1— 00 ni

We will prove by contradiction that the condition (4.4) holds. Otherwise,

lim sup M

1— 00 n,;

>0,

and there is a subsequence (n})°; of the sequence (n,;)°, such that

!
liminf 274 5 0.
i— 00 i

Then, from Lemma 4.3, we get lim z,, = £. This is contradiction, because the
i—o0 i

definition of A_ implies that |z,, —§| > ¢ for each ¢ € N. So, we have proved
that the condition (4.4) holds. Therefore, by assumption, A, € J. O

The following lemma says that the ideal J, fulfills the sufficient condition
from the previous theorem. Its proof can be found in [12; Lemma 2, Theorem 3].
The lemma implies that every ¢-convergent sequence is also statistically con-
vergent.

LEMMA 4.6. If S C N, S = {n; <ny, < --- <mn; <...} is such that
lim ¢(n;)/n, =0, then d(S) =0.

COROLLARY 4.7. Let (z,,)22, be a sequence of real numbers and § € R. If

n=1
p-limz, = ¢, then also J,;-limz =¢§.
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5. p-density

In this section, we focus on a particular type of density based on (-conver-
gence. To define it, we use the approach from Section 3. Consider the matrix
® as defined in (4.1). This matrix is non-negative, regular and has finite rows
(i.e., each row contains only a finite number of non-zero elements). Let A be
an arbitrary subset of N and let x ,: R = {0,1} be its characteristic function.

Denote 1
dgon)(mzﬁzw(d)“(d), n=12,.... (5.1)
d|n

DEFINITION 5.1. Let A C N. Denote dfp")(A) as in (5.1). If the limit

d,(4) = lim d)(A) = lim > e(d)x4(d) (5.2)
din

exists, then the number d,(A) is called the ¢-density of the set A.

In other words, @-density is the same as ®-density, and obviously also the
same as the p-limit of the sequence ()(A('rz))zo=1 . Basic properties of ¢-density
are given by Proposition 3.5.

EXAMPLE 5.2. Let P be the set of all prime numbers. Consider the set
E={2<2-3<---<2:3-:p, <...}.

Example 4.2 shows that d(E) = 0. Therefore E is an infinite set with ¢-density
zero.

Now, we examine the image of ¢-density. Consider first the sets of ¢-density
zero. According to Proposition 3.5, the family 3, = {A C N: d_(A4) = 0} of
all sets with ¢-density zero is an ideal. Note that J_ is just another notation
for the ideal J,  in the sense of Definition 3.7.

For asymptotic density it can be shown that, for each ¢ € [0,1], there is a
set A C N such that d(A) = t. However, a similar statement does not hold for
(p-density, as the following theorem shows.

THEOREM 5.3. If A CN is such that d(A) ezists, then d(A) € {0,1}.

£4

Proof. Consider a sequence (z,)s, such that z, = x,(n) for n =
1,2,....Then p-limz, = d(p(A), and from Corollary 4.7 we get that J,-limx
=d,(A). In addition, (z,);2, is a sequence of zeros and ones which, according

to Proposition 2.1, means that d,(4) € {0,1}. O

COROLLARY 5.4. Let A C N be such that d,(A) exists. Then either d (A) = 0
(i.e, A€TJ,) ord,(N\A)=0 (ie., N\ A€ J,)-
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6. The relation of p-density and other types of densities

In this section we explore the relation of ¢-density and other types of densities
introduced in Section 2. We show that if a set has ¢-density, then it has also
asymptotic density (therefore also logarithmic density) and they are equal. This
statement was proved already by Schoenberg in [12]. Moreover, we show
that there is a set which has asymptotic, logarithmic and uniform density, but
it does not have ¢-density. We also construct a set which has ¢-density, but
does not have uniform density. This construction was first time introduced in
author’s Master’s Thesis [7].

THEOREM 6.1. Let A € N be such set that d(A) ezists. Then d(A) also
ezists and d(A) =d (A).

Proof. Consider a sequence (z,)%, such that z, = x4(n) for n =
,2,.... Then ¢-limz, = d¢(A) Moreover, Corollary 47 yields J,-limz, =
) Then, using Example 3.3 and Theorem 3.8, we get T,-lim|z, — d,(A)]

In addition, Theorem 3.9 yields

[

oA
0.

lim —Zz =T,-limz, =d,(A).

n—oo T
According to the definition of the sequence (z,,)22 , the term on the left-hand
side is equal d(A). Thus we obtain that d(A) exists and d(A) = d,(4). m|

COROLLARY 6.2. Let A € N be such set that d,(A) ezists. Then §(A) also
ezists and §(A) =d_(A).

[

COROLLARY 6.3. The following statement holds: 3<p CJ,CT;.

EXAMPLE 6.4. We introduce a set which has uniform density (and therefore also
asymptotic and logarithmic density), but does not have ¢-density. Consider the
set P of all prime numbers. According to (2.6), the equality §(P) = d(P) =
u(P) = 0 holds. Moreover, according to Example 4.4, the set P does not have
p-density, which means that none of the following inclusions J,; C 34,, Js C 3(/),
J, < jw holds.

THEOREM 6.5. There exists a set B such that d(B) = 0, but u(B) does not
exist.

Proof. First we construct a sequence (z,)52, of positive integers using
the following steps. For £ = 1 define z; = 7. If we have constructed the
numbers z,,...,z,_; (k > 2), we define m, (k) = 1 and using induction, we

1 (K
construct the numbers m,(k),...,m; (k). Having constructed the numbers
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my(k),...,m;(k) (where i < k), there exists a positive integer m, (k) such
that m; (k) > m;(k) and

1 1
IT (1---)<
] k
j=mi(k) p]) k-2
Moreover, for i = 1,2,...,k denote
mit1(k)—1
a;(k) = H Pj = P (k)P (k)41 Prag g (k)—1 -
g=mi(k)
Then ®
i1 (k)—1
¢(a,(k)) m”i—[ 1 1
LA 22 1— =) < —-. (6.1)
. . 9k
a;(k) j=m,-(k)( PJ) k-2
Then, for all positive integers i, [ such that 1 < i < [ < k, the equality
(a;(k),a;(k)) = 1 holds, where (b,c) means the greater common divisor of

integers b, c. According to the Chinese reminder theorem, there exists a positive
integer z, such that

z, =1 (mod a,(k)) for i=1,2,...,k, (6.2)
and
Z, > 2. (6.3)
Then, for every i =1,2,...,k we have a,(k) | z, — ¢, which implies
o(z — i) _ p(a;(k)) 1
< . 6.4
ze—1 —  a,k) S Fook (6.4)
Having constructed the sequence (z,)%2,, consider for every k € N the set
B,={z—i:i=1,2,...,k}. (6.5)
Using (6.4), we obtain
o(n) 1
- <k-2’° for ne B,. (6.6)

Now, define B = |J B,. We can easily see that for a;, o’ from (2.2), the
k=1

equalities a; = 0, o/ = j hold for every j € N. Then u(B) = 0, u(B) = 1,

which means than the set B does not have uniform density.

Consider a sequence (z,)2; such that z, = xg(n) for n = 1,2 .... We
will show that ¢-limz, =0, i.e.,
1
U = 3 > )z, —0. (6.7)
din
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For given n € N (n > z,), there is unique k£ € N such that

2 <<z - (6.8)
Then we can rewrite (6.7) as
1 1 1
Yo = o Yoo dzy+ - Y edzg+— Y e(dz,,  (6.9)
i=1 d€B;,d|n d€By, d|n d€Byy1,d|n

where z, = 1 for d € B. For each of the above sums we will find an upper
bound. Using (6.5) and (6.6) for ¢ = 1,2,...,k we get

z;—1
1 1 1 d
Py Z p(d)zy < HZ e(d) < o Z o
deB;,d|n d€B; d=z;—i (6.10)
1., .d _ & 1
n -2~ n 2
Moreover, using (6.3) we obtain
, 2y, 1
Zig Zhol o for i=1,2,... k-1, (6.11)
n 2, 2y

which yields

n
deB;,d|n

Then we get an upper bound for the first sum from (6.9):

le:: S p(d)e, < 1 2L§ 1 (6.12)

EBl,d|n i=1

Moreover, using (6.10) and (6.8) we obtain an upper bound for the second sum

from (6.9): , i , |
k
o ZQO(d)'TdST'_“,S—- (6.13)
d€ By, d|n

Now consider the third sum from (6.9). Obviously, if d | n for some d € B, ,,
then necessary d = n. In this case

1 _ ¢(n) 1
d€Bi41,d[n

because n € By, . Otherwise, i.e., when d{n for all n € B, ,, the above sum
is equal to zero.
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Now, to find an upper bound for ¥, , we just consider upper bounds for the

sums from (6.9). Using the inequalities (6.12), (6.13), and (6.14), we obtain
1 1 1
< S—+ =4+ —.
0S4, S c—+ 5 ¥ Gy oo
At the same time, (6.8) implies that if n — oo, then k¥ — oo and also z, — co.
Therefore the right-hand side of the last inequality goes to zero when n — oo.
This means that li)m y,, = 0, and therefore ¢-limz, =0, which concludes the
n (o)

proof. O

7. The ideal of all sets with p-density zero

In this section we analyze in detail the ideal 3, = {A C N: d_(A) = 0}.
We start by considering those subsets of N for which (4.4) holds. Their close
connection to ¢-convergence was indicated in Section 4. Later, we analyze the
relation of J -convergence and ¢-convergence.

THEOREM 7.1. Let SCN, S={n, <n, <---<mn; <...} be such set that
liminf(n,;)/n; > 0. Then, for every set A €3, the set ANS is finite.
1—r 00

Proof. Denote z,, = x4(n) for n = 1,2,.... If dw(A) = 0, then, using

Lemma 4.3, we get lim z, = 0. Since (z,, )52, is a sequence of zeros and ones,
n—00 * *

there exists 7, € N such that z,, =0 for any i > 4,. Therefore, n, ¢ A, which

means that the set AN S is finite. O

For an arbitrary ¢ > 0 denote F. = {n € N: ¢(n)/n >¢e}. Let J, be the
family of all sets S C N for which the following statement holds: For any € > 0,
the set SN F_ is finite. Obviously, § C N is an element of J_ if and only if S
is finite or S is infinite, S = {n; <n, <---<n, < ...}, and

lim M: lim Lni)zO.
n—oo,nesS N 1— 00 n;

Now we examine the relation of the ideal J, and the family of sets J.
PROPOSITION 7.2. The family of sets J, is an admissible ideal.

Proof. The family J, contains all finite subsets of the set of all positive
integers, so it is non-empty and if it is an ideal, it is also admissible.

Let S€3J,, 8 CS. Then for each € > 0 we obtain S'NF. C SN F,, which
is a finite set. Therefore also S’ € J,, which proves the heredity.

Now, consider sets S, S’ € J, and an arbitrary € > 0. By assumption the sets
SNF_, S'NF. are finite. Therefore, also the set (SUS')NF, = (SNF,)U(S'NF.)
is finite, which yields SU S’ € J, and proves the additivity. a
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THEOREM 7.3. The ideal 3, is a subset of T, but T is not a subset of J .

Proof. Let A € J,. If A is finite, then A € J,. Now consider A to be
infinite, and let A = {n, <n, <---<n, <...}. Obviously,
o(n;) 1 s
0 ——==<— Z‘P(d)XA(d) =d)(4).
For i — oo, the right-hand side converges to 0, so lim ¢(n,)/n, = 0 and
11— 00
Aed,.
Now we provide an example of a set which is an element of 3\ J,. Let P
be the set of all prime numbers. For any k£ € N denote

B, = {2%13%...pY* 1 a),q,,...,q, € {1,2}} (7.1)

o0
and let B = |J B, . Then for every k£ € N and for every n € B, :

(-3 0-2)

T ORI
n—oo,n€EB N

Now we will show that d,(B) does not exist. Consider n = 2-3---p, for
some k € N. Then

n 1
d(B) = 5 D w(dxp(d)
Pr d[2-3---pk

Thus

=m_l_,—pk[(2—1)+(2—1)(3—1)+---+(2—1)...(pk—1)],

which implies that dfp")(B) — 0forn — 0o, n=2-3---p,;see also Example 5.2.
Now consider n = 22-3%---pi. Then

1
dM(B) = s d
o (B) 92.32.. . p? d|22§~:§( )xp(n)
1
Zmdgkw(d)
_ 1 1 1 1
_m.(2.3...pk)(1_5)(1_5)...(1_5) .

d'|2-3--pk

- (1- )(1—%)---(1—I%k)(1+2)(1+3)---(1+pk)
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Above, for d € By, we expressed ¢(d) =d-(1-1/2)---(1-1/p,)=d-2---p, -
(1-1/2)---(1-1/p,), where d' = d/(2---p,,) is an arbitrary divisor of 2---p, .

We also used that > d' = (1+2)(1+3)---(1 +p,). Thus dfp")(B) cannot
d’'|2:3-pr

converge to 0 when n — oo, n =22-32...p?  because of (2.5).

The above results imply that lim dfp”) (B) does not exist, and so the set B
does not have y-density. e a

Now we analyze the relation of J -convergence and ¢-convergence. Refor-
mulating Theorems 3.8 and 3.9 we obtain the following theorem.

THEOREM 7.4. Let (z,)%°, be an arbitrary sequence of real numbers and
& eR. Then:

(1) If p-lim|z, —¢| =0, then 3, -limz, =¢.
2) If (x, )22, is a bounded sequence such that J_-limx_= £, then
n/n=1 ® n
p-limlz, — & =0.
(3) If ¢-lim|x, —&| =0, then ¢-limz, =¢.

As we can see, for each bounded sequence, J p-convergence implies ¢-conver-
gence. Now we will prove that the converse does not hold.

THEOREM 7.5. There erists a bounded sequence (x,,)>° | such that ¢-limx
=0, but ¢-lim|z,| does not exist.

Proof. For k=1,2,... denote

B, = {2713% - p* ¢ ay,a, ..., 0, € {1,2}},
analogically as in (7.1). Further let

B ={293% - pi* € Byt 2| ap tay+ ooyt

By ={2m3% - pi* € By : 2fa; t oyt tay ),

[ee)

and denote BT = J
k=

o0
B and B~ = |J By . Consider the sequence (z,)>
k=1

n 1
1

such that
1 ifneBt,

z,=¢ —1 ifneB™,
0 otherwise.

In the proof of Theorem 7.3 we have also proved that ¢-lim |z, | does not exist.
Now we will show that ¢-limz, =0.

For a positive integer n let k(n) € N be the greatest integer such that n is
divisible by first k(n) primes. In case 2{n let k(n) = 0 and 2*13%2 ... pP* = 1.

Then there is a unique d, € N such that n = 2%139z...p"*Mg

“Pi(n) where

n’
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Ay, 0y, ..., € {1,2} and if a; = 1, then p? { n. In other words, o, =
min{2,max{a € Z : a > 0, pf | n}} for any i = 1,2,...,k(n). In this
QA (n)

case also denote m, = 2%13% .- p; .

Let y = ®x, i.e., (4.2) holds. Then

vy = L3 (e, = 1 L3 w(d)s,

d|n Tn din
. k (7.2)
LAY T s
i=1 d|m,,d€B
Obviously, d | 2*13%2...p¥ for any d | n such that d € B,. Consider an
arbitrary n' € B; and let n' = r{---rfr,  ---r;, where (r,,...,r;) is some
permutation of primes 2,3,...,p,. For simphc1ty assume that r, < --- < 7,

and r,, <--- <. Now,if d|n', d € B,, then d =r ---r,-d, where d
is some divisor of 7, ---7,. Obviously, this defines a bijection between the sets
{deN:d|n', de B} and {d eN: d |r,---7}. Moreover, z, = (—1)'u(d')
and ¢(d) = (ry —1)---(r; — 1)d’. Further we obtain

> ez, =reor(1- ) 0——)2}mw<n

d|n’, d€ B; ! &|ry-

:(7‘1—1)"‘(7}'—1)‘(7'1_1)"'(7"1_1)‘(“1)1;!
= ((ry =1 (= 1) (ryy = 1) (r, = 1) - (=1)7

In the second equality we used (2.9). For simplicity denote k = k(n). Then

k
=2 eld)z, S2a13a2... Z > eldz,

" din d|mn, d€ B;
k
e o2 DB =)

2“13"2 Dy

ST (- A)
= 2 3 P/ poilcopR
=1 1 1 1
< +(1-3)a-4) (1~~)
_z:lpH-l Dy, 2 ( 3 Py

1 1 1 ) ( 1)
==+ + + 1-=
(Pk Pr_1Pg 3 Pp_1Pg H p;
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For £k =1,2,... denote

k
=3, 1 _ 1
U =7 pk+ ( pi>

=1
and we obtain that ¢, — 0 for k¥ — oco. Thus

1
'ynl S —an L]
d, (n)

and if n — oo, then either d,, — oo or k(n) — oo. This means that lim y =0,
n—oo

and therefore ¢-limz, = 0. O

COROLLARY 7.6. There is a bounded sequence of real numbers (x,)5>, such
that ¢-limz, =0, but I -limz, does not exist.

Proof. Consider the sequence (z,)s; from the previous theorem. If

J,-limz, = &, then using Theorem 7.4 we obtain ¢-lim|z, — ¢ = 0, and

also @-limz, = {. This means that { = 0, and therefore ¢-lim|z,| = 0,
which is a contradiction with the choice of the sequence ()2, . O
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