Mathematica Slovaca

Detlef Plachky
A version of the strong law of large numbers universal under mappings

Mathematica Slovaca, Vol. 49 (1999), No. 2, 229--233

Persistent URL: http://dml.cz/dmlcz/131004

Terms of use:

© Mathematical Institute of the Slovak Academy of Sciences, 1999

Institute of Mathematics of the Academy of Sciences of the Czech Republic provides access to
digitized documents strictly for personal use. Each copy of any part of this document must contain
these Terms of use.

This paper has been digitized, optimized for electronic delivery and stamped
with digital signature within the project DML-CZ: The Czech Digital Mathematics
Library http://project.dml.cz


http://dml.cz/dmlcz/131004
http://project.dml.cz

Mathematica
Slovaca

©1999
Math. Slovaca, 49 (1999), No. 2, 229-233 e e e

Slovak Academy of Sciences

A VERSION OF THE STRONG LAW OF LARGE
NUMBERS UNIVERSAL UNDER MAPPINGS

DETLEF PLACHKY

(Communicated by Miloslav Duchori)

ABSTRACT. Let (£2,.A, P) stand for some probability space, © for a separable
topological space, and (Y, )) for a measurable space. Furthermore, f: Y x© - R
is some function such that fy is J-measurable for all ¥ € © and { fy: y€V}
is pointwise equicontinuous. It is proved that for any sequence X,,X,,... of
Y -valued random variables, which is i.i.d. relative to P such that E(|f(X;,9)|)
< oo is valid for any ¥ € O, there exists some P-zero set N satisfying
%lgf(x,.(w),«a) ~ E(f(X},9)), w € Q\ N, for all 9 € ©. This result is

illustrated by examples and compared with known uniform versions of the SLLN.

1. Introduction and main result

Let (2, A, P) be a probability space, (Y,)) a measurable space, and f:
Y x © = R a function such that f, is J-measurable for all ¥ € ©, where
O stands for some non-empty and not necessarily countable set. Then it seems
quite interesting to inquire, whether the following uniform version of the strong
law of large numbers (SLLN) holds true: Does there exists for any (w.r.t. P)
independent and identically distributed (i.i.d.) sequence of Y-valued random
variables X\, X,,... satisfying E(|f(X;,9)]) < oo, ¥ € O, some P-zero set

N € A such that li’m 1y f(X;(w),¥) = E(f(X,,9)) holds true for all w €
nmoo =1
Q\N and any ¥ € ©7
Now it will be shown that the following conditions are sufficient:

1. O is some separable topological space.

2. f: Y x©O — R has the property that { fy : y € Y} is pointwise equicon-
tinuous.
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The pointwise equicontinuity of {f, € Y} implies for any 9, € @
and € > 0 the existence of some nelghbourhood U, (Y,) satisfying f(y, 0)
< f(y, ) < f(y,dy) +¢, 9 € U.(Y,), y €Y, from which the 1nequahtles

LS00 < < 3B IO < £ 500 e w € 0,
J e U (9,), follow. Therefore the inequalities -

lim sup — ZfX(w)ﬂ) e<hmsup ZfX(w) 1))

—
n—0oo i=1

< limsup — Zf J(w),Y,) +

n—0o

are valid for all w € Q and any Y € U_(9,), i.e. (X;(w),9) —

llmsup Z f(X;(w),9,) l <e, weQ, ¥ e U (), holds true, which proves

n—oo =1

that the function defined by ¥ — hmsup Z f(X;(w), v), ¥ € O, is contin-

n—oo 1=
uous for all w € Q. By a similar argument the function introduced by 9 —

11m 1nf Z f(X;(w),9), 9 € O, is continuous for all w € Q. Furthermore, the

functlon 19 — E(f(X,,9)), ¥ € ©, is continuous. Now the classical SLLN im-

plies that the set S introduced by {(w,ﬁ) €Ox0: limsupl 3 f(X;(w),9) <
n—oo =1

B(f(X,,9)) or liminf % 32 f(X;(w), ) > E(f(Xl,o))} satisfies P(S,) = 0
for all ¥ € ©. Furthermore, the continuity of the functions J —
limsup i " f(X,(9),9), ¢ — lirr_l)inf%Zf(Xiﬁ), and ¥ — E(f(X,,9)),
n—00 i=1 n—00 i=1

¥ € O, together with the existence of some countable and dense subset ©' of ©

yields the universal P-zero set N € A defined by |J S, of the type described
9EO’
by the following theorem.

THEOREM. Let (2, A, P) denote a probability space, © some separable topo-
logical space, and (Y,Y) some measurable space. Furthermore, let f: Y x© — R
be a function such that f, is Y-measurable for any 9 € ©, and {f,: y €Y}
is pointwise equicontinuous. Then for any sequence X,;: Q@ =Y, i=1,2,...,
of YV -measurable random variables, which are i.i.d. with respect to P and sat-
isfy E(|f(X1,19)|) < o0, U € O, there erists some P-zero set N € A such that

lim 1 2 f(X,(),9) = E(f(X,,9)) is valid for all w € Q\N and any 9 € ©.

n—oo ™

230



THE STRONG LAW OF LARGE NUMBERS UNIVERSAL UNDER MAPPINGS

2. Examples and comparison to known results

The following first example shows that one cannot drop the assumption that
{fy: ye Y} is pointwise equicontinuous and that the corresponding domain
O is a separable topological space without introducing some other conditions.

EXAMPLE 1. (Projections of random vectors)

First of all it will be shown that the exceptional zero-set occurring in the SLLN
cannot be empty in general. For this purpose let Q stand for the interval [0, 1)
with the corresponding Borel o-algebra B([0,1)) and let X, : @ — R stand
for the B([0,1))-measurable random variable defined by X, (w) = w,, w € €,
k € N, where w = ) %k, w, € {0,1}, £ € N, is the dyadic expansion

k=1
of w, which is unique if there does not exist any j € N satisfying w, = 1,

k > j. Then the random variables X, X,,... are independent and identically
distributed with respect to the probability measure P on B([0,1)) introduced
as the Lebesgue-measure restricted to B ([0, 1)) Obviously, the set N defined

by {w €[0,1): nangO “—’1—'*%& # %} is not empty. Now let the set Y stand for

[0,1]7, T being some uncountable set, where the o-algebra ) of subsets of ¥

is introduced as the direct product ) A,. Here the o-algebra A, of subsets of
teT

[0,1] coincides with B([0,1]) for all ¢ € T'. The o-algebra Y has the following
property: For any A € Y there exists some countable subset S of T such that
(Y)ier € A and y, = y;, s € S, for some (y;),cr € Y implies (y;),cr € A4,
i.e. the countable subset S of T' determines A. Now if one introduces © by
the set consisting of all one-dimensional projections =,: [0,1]T — [0,1], t € T,
and the function f: Y x © = R by f((yt)teT,nt) =y, = '”t((yt)teT)v teT,
then fm is YV-measurable for all ¢ € T'. Furthermore, in connection with the
Y-valued and Y-measurable random vectors Y, : [0,1)T — [0,1]7 defined by
Y, (w)ier) = (X,(w,)) s m € N, where X, , n € N, has been introduced
at the beginning of this example, one gets that the exceptional zero-sets IV,

T . .
defined by {(wt)teT €fo,1)" : nll'rrgo LX)+ + X, (w,)) # %} is equal

to X,epA,, A, =[0,1),t € T\ {s}, A, = N. Here N has already been de-
fined at the beginning of Example 1 and the underlying probability measure on
® A,, A, = B([0,1)), t € T, is the direct product Q P,, P, = P, t € T,
teT teT

P being the Lebesgue-measure restricted to B([0,1)). Now it will be shown

that for |J NNV, there does not exist any M € @ A,, A, = B([0,1)), t € T,
teT teT

satisfying (8; Pt) (M) =0 and tUT N, C M. For this purpose one observes
te €
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that the inclusion |J N, C M together with some (w,),c7 € [0, l)T results in
teT

(W)ier € M, ie. M =[0,1)T, which might be seen as follows: Let S denote
some countable subset of T', which determines M and let (w;),c, be any el-
ement of [0,1)7 satisfying w}, = w,, t € T\ {t,}, and w;, € N, where t; is
some element of T'\ S. Hence (w),cr € N, together with N, C M implies
(Wy)ter € M. Finally, |J N, and X, ;.B,, where B, stands for N¢, t € T, are

teT
disjoint, ie. |J N, ¢ @ A,, A, =B([0,1)), t € T, holds true.
teT tET

The second example results in some application of the preceding theorem.

EXAMPLE 2. (Power series with random coefficients)

Let Y and O stand for second countable topological spaces and let f: YxO — R
be some continuous function with respect to the corresponding product topol-
ogy of Y x ©. Then there exists for any y € Y some neighborhood U(y) such
that {f, : ¥’ CU(y)} is pointwise equicontinuous (since otherwise there would
exist 4, € ©, y, € Y, and g, > 0 satisfying |f(y,,9,) — f(¥,,Y)| > &,
n € N, where (¥,),en» ¥, €Y, n € N, and (9,),cn, 9, € ©, n € N, are

sequences with lim y, =y, and lim 9, =4, which is a contradiction to the
n—o00 n—o0

property of f to be continuous) and a theorem of Lindel6f (cf. [2; 1.4.13, p. 12])
yields the existence of some countable collection U(y,), k = 1,2, ..., satisfying

o0
U U(y,) = U U(y) =Y. Now the theorem above results in the existence of
k=1 yeY

some universal zero set with respect to { fy : y € Y} in connection with the

SLLN, if the o-algebra V' of subsets of Y is chosen as the corresponding Borel
00 n

o-algebra B(Y). In particular, in connection with Y Ian|L%j!— < oo, Y] <Y,
n=1

for some ¥, > 0 and some (a,),cny — RN, one might introduce the continuous

function f: Y x© = R with Y = {(¥)ney € RY : |,| < la,|, n € N},

and © = (—9,,9,) defined by f((¥,)nen>¥) = 2_;1 Yot W nen €Y, V€O,

where RN is equipped with the product topology and © with the relative topol-
ogy of R.

Remark. (Comparison with known uniform strong laws of large numbers)
In [3; p. 107-111] and [5; p. 854] one might find the following uniform version of
the Strong law of large numbers:
. 18
= ) - = =1
P{ Jim_ sup | 252 (X, ) E(f(Xl,ﬂ))I 0}

under the assumption that © is some compact and metric space (tacit assump-
tion, cf. [3; p. 110]), ¥ = f(y,¥), ¥ € ©, is continuous for all y € Y, and there
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exists some )-measurable function g: Y — R such that go X, is P-integrable
and |f(y,9)| < g(y), vy € Y, ¥ € ©. This result might also be derived easily
by the theorem above together with a version of the theorem of Arzela-Ascoli,
which might be found in [6; p. 369]. However, there appears the stronger point-
wise equicontinuity assumption for { fyiye€ Y'}. Finally, one might consult [1;
p. 4], and [4; p. 1308], for a version concerning the existence of some universal
P-zero set in connection with the SLLN.
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