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(Communicated by Anatolij Dvuredenskij )

ABSTRACT. Let A be a generalized MV -algebra with the underlying set A.
Under the well-known notation, there exists a unital lattice ordered group (G, u)
such that A = I'(G,u). By applying the fundamental operations of A4 we can
define a partial order £ on A. Let a,b € A, a £ b and let A; = [a,b] be
the interval of (A4;<). In this paper we prove that there exists a generalized
MYV -algebra A, with the underlying set A; such that the fundamental operations
of A, are induced by certain polynomial functions over G.

I. Introduction

The notion of a generalized M V-algebra was introduced by Rachtinek [10],
and by Georgescu and Iorgulescu [7],[8]. In [7] and [8], the term “pseudo
MV -algebra” was applied.

A generalized MV-algebra is an algebraic system A = (A;®,~,~,0,1) of
type (2,1,1,0,0) satisfying certain axioms; the definition is recalled in Sec-
tion 2 below. If the operation @ is commutative, then A4 is an MV-algebra;
in this case, the operation ~ coincides with the operation —. (Cf. Cignoli,
D’Ottaviano and Mundici [5].)
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For each generalized MV-algebra A there exists a lattice ordered group G
with a strong unit u such that, under the well-known notation, A = I'(G,u).
(Cf. Dvurecenskij [6].)

The main result of Chajda and Kihr [3] is the following theorem:

(o) Let A be an MV -algebra and let [a,b] be an interval of (A;<). Denote

[a,b] = A* and for each x,y € A* put
z@ y=(~(-z®a)Dy) AD,
fr=-(z®-b)Da.
Then A* = (A*, ®*,~*,a,b) is an MV -algebra.

In proving (&), the authors applied the relation A = I'(G, u), and the results
of their earlier papers [1] and [2].

In the present paper we prove:

(8) Let A be a generalized MV -algebra and let [a,b] be an interval of (A; ).

Denote [a,b] = A, and for each x,y € A, put

zd,y=(@x—-a+y)Ab,
~r=b-r+4+a, ~r=a-—-z+b.
Then we have
(i) A, =(A;®,,7y,~,a,b) is a generalized MV -algebra.
(ii) If A is an MV -algebra, then A, is an MV -algebra as well; more-
over, the operation &, coincides with ®*, and operation —, co-
incides with —* .

By proving (3), we do not apply («). In view of (ii), the assertion (§) is a

reneralization of ().

Some further results on a generalized MV-algebra A, are proved; they con-

cern Boolean elements of A, .
The intervals of (A;<) having the form [0,b] were studied in the author’s
paper [10].

For the definition of the binary operation ® in an M V-algebra, cf. Section 2

below.

Chajda and Kihr [4; Theorem 3.2] proved the following result:

(v) Let A= (A;®,~,~,0,1) be a generalized MV -algebra and let a,b € A
such that a < b. For z,y € [a,b] define t @,y = (z& (y ® ~a)) Ab,
= (hz©b) ®a and ~yxr = a @& (b - ~x). Then
([a, b]; B aps “abs ~aps @ b) s a generalized MV -algebra.

We prove:

(8) Let us apply the notation as in (B) and (7). Let z,y € [a,b]. Then

x@aby:m@ly’ _\abx:_‘lx’ Nab$:N1$'
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2. Preliminaries

We recall the definition of a generalized MV-algebra.

DEFINITION 2.1. Let A= (4;®,,~,0,1) be an algebra of type (2,1,1,0,0).
For z,y € A we put x ©y = ~(—z @ —y). Then A is called a generalized
MV -algebra if the following identities are valid:

(Al) 2@ (y®2) = (z DY) D 2;

(A2) z00=0@z =ux;

(A3) z@l=1®z=1;

(A4) -1 =0; ~1=0;

(A5) =(~z ®~y) = ~(-z @ y);

(A6) 2 (yO~z)=y® (2O ~y)=(yOz)dy=("20y) Dz,
(A7) (z@y) Oz =y 0O (z®~y);

(A8) ~—z =1=.

Let A be a generalized M V-algebra. For z,y € A weset z < y if ~zdy = 1.
Then (A4; <) is a distributive lattice with the least element 0 and the greatest
element 1. We put (A4; <) = £(A) and we say that ¢(A) is the underlying lattice
of A.

For a,b € A with a < b, the interval [a,b] has the usual meaning.

Let G be a lattice ordered group with a strong unit u. We put A = [0, u]
and for x,y € A we set

rOy=(r+y)Au, T=u-—-z, ~=—z4u, l=u.

Then (A;®,-,~,0,1) is a generalized MV-algebra. Analogously as in the case
of MV-algebras (cf. [5]) it is denoted by I'(G,u).

THEOREM 2.2. (Dvurecenskij [6].) For each generalized MV -algebra A
there ezists a lattice ordered group G with a strong unit u such that A = T(G,u).

In what follows, when speaking about a generalized M V-algebra A we always
assume that G and u are as in 2.2.

LEMMA 2.3. (Cf. [3], [10].) Let A be a generalized MV -algebra and a € A.
For z,y € [0,a] we put
r®,y=(+y) Aa, “,2r=a—1, ~ T =—T4a.

Then the structure A, = ([0, a; @By Ta> ~ar 0,a) is a generalized MV -algebra.

In fact, A, =T(G,,u), where G, is the convex £-subgroup of G' generated
by the element a.
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LEMMA 2.4. Let G be a lattice ordered group and a € G. For each z,y € G

we put ¢ +,y=a—a+y. Then (G;+,,=) is a lattice ordered group with the
neutral element a.

Proof. It is easy to verify that (G;+,) is a group. If z,y,p,q € A and
z Sy, then clearly p+,z+,¢Sp+,y+, 4. 0

For z € G we denote by —_z the inverse element of x with respect to the
group (G;+,). We have — r=a -2z +a.

3. Proof of ()

Assume that A is a generalized MV-algebra and that [a,b] is an interval

of £(A).
Under the notation as in 2.4 we put (G;+_,<) = G*. Let H be the convex

a) =

(-subgroup of G* which is generated by the element b. Then b is a strong unit
of H and hence we can construct the generalized MV-algebra A, =T'(H,b).
From the definition of .4; we immediately obtain:

LEMMA 3.1. {(A)) = [a,b].

Proof. The corresponding operations on A, will be denoted by &,
and ~,.
Let x,y € [a,b]. Then we have
t®y=(@+,y)ANb=(x—a+y)AD,
wrz=b—,z=b+,(—,2x)=b—at+(a—z+a)=b—z+a,
~r=—c+,b=(a-z+a)+,b=(a—z+a)—a+b=a—-z+b.
Hence we verified that the assertion (i) of (8) is valid.
For verifying that the assertion (ii) of (4) holds, let us suppose that A is an

MYV -algebra and consider the operations &* and —* as defined in ().
Thus we deal with the operation
-T@*y: (—\(—w@a)@y) /\b,
where z,y € [a,b]. We have —z + a £ 0, thus w — 2z + a £ u and hence
Tha= ((u—x)+a) ANu=u—x+a,
“(z@a)=u—(u—T+a)=z—a,
~(~z@®a)®y = ((x—a)+Y) Au,
“((rzda)@y) Ab=(z—a+Y)ANuAb=(z—a+y)Ab.
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We obtain z@*y =z, y.
Further, consider the operation

"z =-(z®-b) Ba
for z,y € [a,b]. We get
z®-b=(z+@w—-0)Au=(z—-b+u)Au.
Since z — b <0, we obtain £ — b+ u < u, hence

zd-b=z—-b+u,
A(z®-b)=u—(z—b+u)=b—zx,
(z®-b)da=(—zx+b+a)Au.

Since £ 2 a, we get —z+a <0 and then —z+b+a=—-z+a+b<b. In view
of b £ u we obtain (—z+b+a)Au=—x+b+a=>b—x+a. We conclude that
—*z = -z, completing the proof of (3). O

Until now we supposed that G is a lattice ordered group, u is a strong unit
of G, A=T(G,u) and [a,b] C [0,u]. Let us add two remarks on the role of the
element u to the previous proof.

1) Let G be alattice ordered group and let [a, b] be an interval in the positive
cone G' of G. Let u be any element of G with b < u. We denote by G’ the
convex {-subgroup of G' generated by the element w. Then w is a strong unit
of G'. Consider the generalized MV-algebra A = I'(G’, u). Working with G’,
we arrive to the same formulas as in (f). Hence u need not be a strong unit
of G; it suffices that the condition [a,b] C [0,u] is satisfied.

2) Let G, u and [a,b] be as in 1). Further, let «* be an element of G with
[a,b] C [0,u*]. Working with u* instead of u, we arrive, again, to the same
formulas for @, and -, as those given in (3). Hence these operations remain
valid by this change of w.

Let A, be as in (3); we say that A, is an interval subalgebra of A.

Proof of (). We recall that for z,y € [a,b] we have

t®,y=(x—-a+y)Ab, -jx=b—r+a, ~rT=a-z+b,
T®,y=(z®(y©~a)Ab,
pE=(zOb)®a, ~yr=a®(bO~).

Since
@y = ((u——:c)Jr(u—y))/\u,
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we obtain
zOy=—((u—rtu—pypu)+u=(y-u+z—u)V(-uw)+u,
tOy=(y—u+2z)VvV0. (+)
a) In view of (+) we get
yo~a=yO(-a+u) = (—atu—u+y) V0= (—a+y)VO0.
Since y 2 a, we obtain ¥ ® ~q = —a + y. Hence
TH(yo~a)=(T—a+y)Au.
Therefore
(2@ (yO~))Ab=(z—a+y)Aurb=(z—a+y)Ab.

Thus 2@,y =2®, y.
b) The relation (4) yields

Since b—z 20, we get "z O b = b — . Hence
(~zOb)da=(b-—z+a)Au

In view of z 2 a we have b — 2 4+ a £ b, whence (b—z+a)Au=>b—1z+a.
Therefore = ,z = -, z.

By applying analogous steps we obtain ~_ ,z =~ . O

4. Some further properties of an interval subalgebra

We slightly modify the above notation. Let G = (G;+, <) be a lattice ordered
group and let 0 £ a € G. Weput G, = (G;+,,S), where 2+, y =z —a+y

a’)l=
for each z,y € G. In view of 2.4, G _ is a lattice ordered group with the neutral
element a.

For each z € G we put ¢(z) =z + a. Then for any z,y € G we have
e@)+,oy) =(@+a)—at(yta)=z+y+a=p@+y).
We obtain:

LEMMA 4.1. The mapping ¢ S an isomorphism of the lattice ordered group G
onto the lattice ordered group G, -

We denote by ¢, the mapping ¢ reduced to the set [0,c], where ¢ =b — a.
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LEMMA 4.2. ¢, is an isomorphism of the generalized MV -algebra A, onto
the generalized MV -algebra A, .

Proof. We have ¢_(0) = a and ¢_(c) = b. Thus in view of 4.1, ¢, is an
isomorphism of the lattice £(A,) onto the lattice £(.A;).

We denote by @,, =, and ~,_ the corresponding operations in the generalized
MV-algebra A_.. We have to verify that the relations

(1) ¢ (z®,y) =@ (z) D) ¢.(y),
(2) po(m2) =119 (2),
(3) @(~.z) =~10.(2)
are valid for each z,y € [0, c].
From the definition of .4, we obtain

z®.y=(r+y)Ac, - r=c—z, ~,T=—T+cC.
We get
(2@, y) = ((z+y)Ae) =g (z+y) Ap(c) = (z+y+a) A,
@) ©1 0, (y) = (9 (2) +,0.W) Ab=((z+a) —a+ (y+a)) AD
=(z+y+a)Ab;
thus (1) is valid.
Further, we have
p.(~x)=p(c—x)=c—z+a=b—a—-z+a,
- (g (@) =b—p(z)+a=b-(z+a)+a=b—a—z+a,
thus (2) holds. The proof of (3) is analogous to that of (2). a
As a corollary we obtain:
PROPOSITION 4.3. If A, = ([a,b],®,,,,~,,a,b) is an interval subalgebra

of an MV -algebra A, then A, is isomorphic to an interval subalgebra A, of A
such that the underlying set of A, is the interval [0,b—a] of the lattice £(A).

An element z, of a generalized MV-algebra is called Boolean if it has a
complement in the lattice ¢(.A). We denote by B(.A) the set of all Boolean
elements of A.

From the fact that ¢(A) is a distributive lattice we immediately obtain:

LEMMA 4.4. B(A) is a sublattice of ¢(A) and it is a Boolean algebra.

LEMMA 4.5. Let c€ A and let z, € B(A). Then cAz, € B(A,).
Proof. There exists a complement y, of z, in ¢(A). Then we have
(chzg)AN(cAy,) =0, (cAzy) V(cAyy) =cA(zygVy)) =cAhu=c,

hence ¢ Ay, is a complement of c Az, in £(A,). O
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LEMMA 4.6. Let a, b and c be as above. Let z, € B(A). Then (¢ Azy) +a
€ B(A)).

Proof. This is a consequence of 4.2 and 4.5. a
For each z, € B(A) we put
P (xy) = x5 A e, Py(zy) = (g Ac) +a.

PROPOSITION 4.7. Let A, be an interval subalgebra of a generalized MV -al-
gebra A. Suppose that £(A,) = [a,b]; put ¢ = b—a. Then v, is a homomorphism
of B(A) into B(A,).

Proof. Let 9, be as above. In view of the distributivity of ¢(.4) and
according to 4.6 we infer that ¢, is a homomorphism of B(A) into B(A,).
Then by applying 4.1 we conclude that v, is a homomorphism of B(A) into
B(A,)). |

Internal direct factors of a generalized MV-algebras were studied in [9]. If ¢
is an element of A, then A, is an internal direct factor of A if and only if ¢ is
a Boolean element of A. From this and from 4.5 and 4.6 we obtain:

PROPOSITION 4.8. Let A* be a direct factor of A and let =* be the greatest
element of £(A*). Let A, be an interval subalgebra of A with ((A;) = [a,b],
c=b—a. Put (z* Ac)+a=z'. Then there ezists an internal direct factor A}
of A, such that ¢(A}) = [a,z'].

Under the notation as in 4.8, put v¥,(A*) = A}. Then according to the
relation between Boolean elements and internal direct factors of A, and in view
of 4.7 and 4.8 we conclude that 1, is a homomorphism of the Boolean algebra
of all internal direct factors of A into the Boolean algebra of all internal direct

factors of A, .
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