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ABSTRACT. The boundedness principle and the continuity principle are given in
the case of Orlicz classes. This allows to study the continuity of strongly nonlinear
potential and to establish relations between some capacities.

1. Introduction

The nonlinear potential theory has taken its time over the development and
unifying its different components. Actually, it finds its applications in some fields,
particularly in the theory of partial differential equations.

In [4], [7], [8] we have introduced a theory of potential in Orlicz spaces. In [5],
[6] we have treated some development of this theory, in particular the continuity
of Bessel potential and the instability of capacity.

The present paper establishes the boundedness principle in Orlicz spaces
L, when the conjugate N-function A* satisfies the A,-condition and for any
radially decreasing convolution kernel. This principle stated in Theorem 3.6,
says that for a positive Radon measure p, if the potential in Orlicz spaces is
bounded in the support of p, then it is bounded everywhere. In the case of the
nonlinear potential defined on L? Lebesgue spaces, the proof is based essentially
on the studying the cases 1 < p < 2 and p > 2. For Orlicz spaces, the proof
is somewhat complicated and uses some properties of N-functions satisfying the
A, -condition. Therefore, this gives another proof of the boundedness principle
in LP Lebesgue spaces, without distinction of the exponent p.

As a corollary, if L , is reflexive (respectively uniformly convex for Luxemburg
norm), then the C; ,-capacitary potential g * f is a bounded function on RN
for any analytic set (respectively any set) X such that C, 4(X) < oo.
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NOUREDDINE AiSSAOUI

Another consequence of the boundedness principle is an equivalence of the
capacities V, 4, and W, , (see Definition 3.3), stated in Theorem 3.9. Hence
these two capacities have the same null sets.

The potential in Orlicz spaces is called strongly nonlinear, in distinction from
the nonlinear potential defined on LP Lebesgue spaces.

The boundedness principle is due to Ugaheri [12] for the classical potential
theory and for a general kernel. The nonlinear extension defined on LP Lebesgue
spaces is due to Havin and Maz’ya [9] for Riesz kernels and to Adams
and Meyers [2] in the general case.

Theorem 3.1 states that in order to have a capacity that is useful for mea-
suring small sets, we should work with kernels g ¢ L ;.. , but g € L. (z1>13- In
this case, the capacity is a more sensitive measure than N-dimensional Lebesgue
measure. Note that this result is valid for any N-function.

The continuity principle for the nonlinear potential theory is due to Havin
and M az’ya [9] for Riesz kernels. We generalize this principle for strongly non-
linear case. This principle stated in Theorem 3.10, says that in Orlicz spaces L 4
with conjugate N-function A* satisfying the A,-condition and for any radially
decreasing convolution kernel, if p is a positive Radon measure with compact
support and if the restriction of the strongly nonlinear potential to the support
of u is continuous, then this potential is continuous everywhere. The proof uses
the boundedness principle.

For a reflexive Orlicz space L 4, Theorem 3.11 gives a positive Radon measure
u with compact support K, such that the strongly nonlinear potential associated
to p and K is continuous everywhere. This extension of a well known result in
classical potential theory and in nonlinear potential theory, is a consequence of
the continuity principle for strongly nonlinear potential.

2. Preliminaries

2.1. Orlicz spaces.

We recall some definitions and results about Orlicz spaces. For more details,
one can consult [3], [10], [11].

Let A: R — R* be an N-function,i.e. A is continuous, convex, with A(¢) >0
for t > 0, tlir%é%—l =0, lim @ =400 and A is even.
—_

t—+4o00
It]
Equivalently, A admits the representation: A(t) = [ a(z)dx, where
0
a: R* — R* is non-decreasing, right continuous, with a(0) = 0, a(t) > 0

for t >0 and lim a(t) = +oo0.
t—+o0
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ON THE CONTINUITY OF STRONGLY NONLINEAR POTENTIAL

The N-function A* conjugate to A is defined by A*(t) = f Ia *(z) dz, where
is given by a*(s) = sup{t: a(t) < s}.

Let A be an N-function and let € be an open set in RN . We denote by
L 4(€2) the set of measurable functions f on €, called an Orlicz class, such that

*

a

o(f, 4,9) =/A(f(x)) dz < co.

Q

Let A and A* be two conjugate N-functions and let f be a measurable
function defined almost everywhere in Q. The Orlicz norm of f, ||f|| AqQ OF
I fll 4 if there is no confusion, is defined by

171l = sup{ [1£(2)9(@)] dz: g € £4.(0) and plg, 4", ) < 1}

The set L ,(2) of measurable functions f such that ||f||, < oo is called an
Orlicz space. When  =RY | we set L, in place of L ,(RV).

The Luzemburg norm ||| f|ll 4 q, or || f|ll 4 if there is no confusion, is defined
in L,(2) by

7Ly = in{r > 0: [A(X2) dz <1},
Q

As we have noted in [8], we can suppose a and a* continuous and strictly
increasing. Hence the N-functions A and A* are strictly convex and a* = a™!.

Let A be an N-function. We say that A satisfies the A, -condition if there
exists a constant C' > 0 such that A(2t) < CA(t) for all t > 0.

Recall that A satisfies the A,-condition if and only if £, = L. Moreover
L, is reflexive if and only if A and A* satisfy the A,-condition.

2.2. Capacity and potential in Orlicz spaces.
We shall need some definitions and results concerning capacities and poten-
tials in Orlicz spaces. For more details, see [4], [7], [8].

DEFINITION 2.1. Let I’ be a o-additive class of sets which contains compact
sets in RV . Let C be a positive function defined in T.
A) C is called capacity if it satisfies the following axioms:

(i) C(0) =0.
(ii) If X and Y arein ' and X C Y, then C(X) < C(Y).

(iii) If X, i=1,2,...,arein T, then c( U Xi) < T C(X,).
i>1 i>1
B) C is called an outer capacity if for every X € T

C(X) =inf{C(0) : O open, X C O}.
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C) C is called an inner capacity if for every X € T
C(X) =sup{C(K): K compact, I{f C X}.

Let k be a positive and measurable function in RV | called a kernel, and let
A be an N-function. For X C RV | we define

CkA(X’ ) =inf{A(|Ifll4) : feL} and kxf>1 on X},
wa(X) =inf{|lIflll,: f€L} and kxf>1on X},

where k x f is the usual convolution. The sign + deals with positive elements
in the considered space. From [7], C}, 4 is a capacity.

If a statement holds except on a set X, where Cy_,(X) = 0, then we say that
the statement holds Ck’ 4-quasieverywhere (abbreviated Ci.a-q.e., or (k, A)-q.e.
if there is no confusion).

We call a function f € L such that kx f > 1 on X, a test function for
4(X). Moreover, a test functlon say f, for Cj 4(X) such that Cy 4(X) =
|||f|||A is called a Cj,_,-capacitary function of X and k* f a Cr. A-Capamtary

potential of X .

For the properties of C} , and Cy, ,, see [7], and for the existence and unique-
ness of C} ,-capacitary function of a sct, sce [8].

M denotes the vector space of Radon measures. M, is the Banach space of
measures equipped with the norm ||u|| = total variation of s < oo. The cone of
positive elements of M is denoted by M.

F will stand for the o-field of sets which are p-measurable for all p € M.

If € M;", we say that p is concentrated on X if p(Y’) = 0 for all sets ¥’
which are p-mecasurable and such that Y c¢ X.

Let A and A* be two conjugate N-functions. For X € F', we define

D, 4(X) =sup{||u||: p € M, p concentrated on X and ||k pul 4. < 1},

where k# is the convolution of k and p defined by (kxu)(z) = [ k(z—y) du(y).

A measure g € M;" such that u is concentrated on X and [[k*pll 4. < 1is
called a test measure for Dy 4(X).If in addition Dy 4 (X) = ||p||, we say that u
is a Dy 4-capacitary dzstnbutwn, and kxp a Dy A-capacztary potential for X .
For the properties of D, A and the existence of a D) 4-capacitary distribution,
see [7], [8].

2.3. Bessel kernels.
For m > 0, the Bessel kernel G, is most easily defined through its Fourier
transform F(G,,) a

[F(Gm)](x) = (27r)_% (1+ lz)?)” 2,
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where [F(f)](z) = (2r)~% [ f(y)e™'#¥ dy for f € L.
G,, is positive in L' and satisfies the equality: G,,,=G.*G,.

We put in the sequel B, , =Cq; 4 and B;, , =Cg 4.

3. On the continuity of potentials

3.1. Radially decreasing convolution kernels.
We recall the definition of radially decreasing convolution kernel.

DEFINITION 3.1. A function g defined on RY x R¥ is a radially decreasing
convolution kernel if g(x,y) = go(|z—y|), where g, is a positive lower semicon-

1
tinuous, non-increasing function on R* and such that [ g,(¢t)tV~! dt < co.
0

We put g(z) = g,(|z]) for z € RV.
THEOREM 3.1. Let g be a radially decreasing convolution kernel and A any
N-function. Then
1) lliglll 4. < oo implies that C,, 4({z}) >0 for any z € RN .
2) |llgll g« fjz;>1y = oo implies that C; 4(X) =0 for all X.
3) Mgllla- (jz)>1y < © implies that |X| = 0 whenever C, 4(X)=0.

Proof. We follow the method in [1] for Lebesgue case.
1) Let g be such that |||g|l| 4~ < oo and set £ = 0. Let f be a test function
for C, 4 ({0}) . Then Hélder inequality in Orlicz spaces gives

1< / af dz < £l 4. -

This implies C;,A({O}) > [llgll 4-] '>o.

2) Let g be such that |[||g]| A {jz|>1} = O It suffices to show that Cg‘A(B)
= 0 for the unit ball B = B(0, 1), since any set X can be covered by a countable
number of balls with radius 1, having the same capacity because of the trans-
lation invariance of capacity for a convolution kernel. If the positive measure p
is supported on B, then: g * p(z) > go(|$| + 1)#(3)-

Hence g * ] 4. = oo-

[7; Theorem 11] gives C, 4(B) = 0. .

3) Let g be such that [[|glll s~ jz)>1; < 0 It suffices to consider measurable
sets and show that |X N B| = 0 for the unit ball. Let ¥ = XN B and feL}
be such that g* f > 1 on Y. Then

V| < / g% f do = / 70 % xy) dz < 2 AlLalg * Xy -

Y RN
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where Xy is the characteristic function of Y.

We have gxxy (z) < Cg(%) when |z] > 2, and gxxy(z) < C when |z| <2,
when C is a constant independent of Y.

Hence |X N B| < CC, 4(X).

The proof is complete. O

THEOREM 3.2. Let A be an N-function and g(z) = g,(|z|]) be a radially
decreasing convolution kernel. Suppose that g is continuous on R" \ {0}, satisfies
gl a- (jz>13 < 0 and that there ezist H and § positive such that

9o(r) < Hgy(2r) for 0<r<9§.

Let f € L} be such that g+ f > 1 a.e. on an open set O. Then g* f > 1
everywhere on O.

Proof. We follow the idea given in [1]. We can assume, without loss of
generality, that g+ f > 1 a.e. on a neighborhood of 0, and prove that g*f(0) > 1.
We can suppose that g * f(0) < oco.

Let 0 < d < b and define a function n by

9(z)
——— for d<|z| <D,
_) Jewdy
2) =\ 1i<iel
0 otherwise.
We put G(r) = [ g(y) dy and obtain [ 1 dz =logG(b) — logG(d).
lyl<r RN
But }i_% G(d) = 0, so for an arbitrarily small b, we can choose d so that
[ nde=1.
RN
Hence for b small enough, we obtain: 1 < [ n(gx f) dz = [ (nxg)f dy.

RN RN
We fix p so that 0 < p < 4. Then

fimn+9s) = im [ n(@)g(y ~) dz = g(u),  wniformly for |y] > p.
RN
We get [ n(z)g(y — z) dz < g, (ly| — b).
IRN

Hence, for any § < co, we obtain lim [ (nxg)fdy= [ gf dy.

—

p<|y|<S p<lyl<S
On the other hand, Hélder inequality in Orlicz spaces gives [ (n*g)f dy <
ly|=S

2“|f”]A|”g”|A*‘{[z|>s_b} < ¢ for S large enough.
We may estimate n x g(y) for |y| < p.
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Remark that for |z —y| < 1’2’4, we get |z| > J%l and |z| > |z — y|. So, by the
monotonicity of g

[n@w-ay = [ —g(‘”‘}ggfz)‘d? a

le—yl< iy le—yl< Jei<z]

<o) [ Sz asc(y)

le—yl< Bl Jti<|z|

Also the monotonicity of g gives [ n(z)g(y —z) dz < g(¥).
lz—y]> 13!

By hypothesis, if |y| < 2§, then n* g(y) < 2Hg(y), and thus

/(W*g)fdySQH/gfdy<s

lyl<p lyl<p

if p is small enough.

Ifwelet b—0,weget 1< [gf dy+2e.
p<lyl<S

We obtain the theorem by letting p = 0 and § — 0. a

As a consequence, we give the following corollary when the considered kernel

is Bessel.
Let A be an N-function and m > 0. Define the space of Bessel potentials

byLmA—{zp G, *f: feL,}, and anorm on L, 4, by [[¥lll,, 4 =

HIleA if =G, «f.
For E C RV, we pose F, A(E)= mf{l”gb]”mA YEL, 4, ¥(z) 21 ae

on some neighborhood of E} .

COROLLARY 3.3. Let A be an N-function satisfying the A, -condition and let
m > 0. Suppose that m < % , where o = a(A) = sup t:(tt) Let EC RN . Then

A(E) rn A(E)

Proof. We note that G, is a radially decreasing convolution kernel, that
G, is continuous on RV \ {0}, and that there exist H and & positive such that
G, (r) <HG,(2r) for 0 <r <4.

On the other hand, recall that if 3 is the conjugate of a, i.e. 71 +371 =1,
then (sce [10]) (Vt < 1)(A*(t) < A*(1)tP).

We must show that |||Gm[||A.'{|I|>1} < 0.

We know that there is a constant B such that (Vz)(G,,(z) < Blz|™™N).
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Hence [A*(G,,(z))dz< [A*(Blz|™") dz.
{lz|>1} {1z|>1}
By changes of variables, there are constants C; > 0 and 0 < B’ < 1 such

that [ A*(Blz™N) dz < C, [ A*(tm=N)iV1 dr.
{1=1>1) B

1
But C, [ A*(t™~N)tN-! dt is a constant C, and
BI

o0

/A*‘(tm"")t""1 dt < A"(l)/t(’”""mt""1 dt=C.
1 1

Hence, there is a constant C’ such that  [A*(G,,(z)) dz < C'.
{lz|>1}
This implies |||G,, || A (Jz)>1} S sup(1,C’) < 0.
Let ¢ € L,, 4 be such that ¢(z) > 1 a.e. on an open set U containing E.
Then ¢ =G, x f foran f € L, and ||[9lll,, 4 = llIflll4-

We have also G,, * f* > 1 a.e. on U. By Theorem 3.2, G, * f* >1 on U,
and thus B;, 4(U) < |[|£lll -

By [7; Théoréme 2], B,, , is an outer capacity. Hence B, ,(E) < F,, 4(E).
The opposite inequality is obvious and the proof is complete. O

3.2. The boundedness principle.
The following proposition can be found in [2]. To make the paper self-
consistent, we give the proof.

PROPOSITION 3.4. ([2]) Let g be a radially decreasing convolution kernel and

let p € M™Y. Then there is a constant Q, depending only on N, such that for
all z € RN

gru(z) <Q sup gx*p(y).
yeEsupp p

Proof. We can assume that

let T'),T,,.

sup g#*pu(y) = 1. Let = ¢ supppu, and
YyEsupp p

..,I‘Q be closed circular cones with vertices at = and total angular

Q
opening at the vertex of %, such that |JT'; = RN .
i=1

Let p; be the restriction of p to T',. Let x, be a point of suppp; such
that |z — ;| = dist(z,supp p;). Let II; be the perpendicular bisector of the line
segment from x to z,, and let I} and II; be the halfspaces determined by II,.
By elementary geometry, it is seen that if z; € II; , then supp p; C II; . Hence,
if y € supp p;, then |y — z;| < |y — z|. This implies that g(z —y) < g(z; — ),
and thus g* p,(z) < g*p,(z,) <1.
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Hence g * pu(z) <3 g% p(z) £ Q.
This completes the proof. m]

Recall the so called boundedness principle in the case of Lebesgue LP spaces.

THEOREM 3.5. ([2]) Let g, u and Q as in Proposition 3.4. Let p > 1 and p’
its conjugate. Define the associated potential to p by VI (z) = g* (g*p)? ~1(z).

Then for all z € RV, VI (z) < max{Q,Q" '} sup VE(Y).

' yEsuppp

Now we introduce a principle, which we also call a boundedness principle in
the case of Orlicz spaces L, such that A* satisfies the A,-condition.

Recall that if A satisfies the A,-condition, then for all > 1, there is a
constant C(Q) such that for all z, a(Qz) < C(Q)a(x).

Let a = a(A) = sup tj((:)) .

DEFINITION 3.2. Let A be an N-function, # € M* and let g be a kernel.
We define the associated potential to p by V' 4(z) = g xa™'(g * p)(z).
We call this potential a strongly nonlinear potential.

We have the following result:

THEOREM 3.6 (BOUNDEDNESS PRINCIPLE). Let g, p and Q be as
wn. Proposition 3.4 and let A be an N-function such that A* satisfies the
A, -condition. Define the strongly nonlinear potential V! 4 (z) = gxa™" (g p)(x).
Then for all x € RN

Vi, (2) < QCQ)a(A") sup VP, (y).

yEsupp p

Proof. Let = ¢ supp i, and let z, € supp x4 minimize the distance from
x to supp . We suppose that supp ¢ C II™, one of the halfspaces determined
by the perpendicular bisector II of the segment from z to z,. If a point y_
belongs to the halfspace II™, we denote its reflected point in IT by y, € II*.
Then, for all z € supp pt, we get |z—y_| > |z—y,|. Thus g*u(y_) < g+pu(y,),
and by monotony, f(y_) < f(y,), where f(y) =a™"(g* p)(y).

Now we claim that g * f(z_) < g* f(z,) forall z_ e II~.

We first suppose that all terms below are finite. Then the claim holds if and
only if

[ls6- = - gz, ~iw @< [lole, ~) - g ~0)s@) ay )

n- m+

forall z_ eIl™.

223



NOUREDDINE AiSSAOUI

Note that g(z_ —y_) —g(z, —y_) =g(z, —y,) —g9(z_ —y,).
For y_ € II™, the inequality |z_ —y_| < |z, —y_| implies

glz_—-y_)—-g(zy -y )=g(z, —y,)—gx_—-yy)>0.

Hence f(y_)[g(z_ ~y_) - g(zy —y_)] < fly)9(zy —v3) —g(z_ —y,)]-
We obtain (%) by integrating the members of this inequality over points and
their reflections.

If one or more terms in (%) are infinite, we replace g by a truncated kernel, for
example by g,, defined by g,(z) = max{0, min{g(z) —n~?!, n}} forn=1,...,
and apply monotone convergence.

In the case of arbitrary measure 1 € M+, we choose = ¢ supp £, and consider

Q
the subdivision |J I'; = RV as in Proposition 3.4. Let g, and z; be as in this
i=1
Proposition. Then we get V" (z) = Via(z).
Now we have

Q Q
a”(g*p)(z) <o [Z(g * M,-)(w)] =a! [Q > Qg+ ui)(r)} :

i=1 i=1

Since A* satisfies the A,-condition, there is a constant C(Q) such that for
all z, a™1(Qz) < C(Q)a™' (x).

Moreover, from the inequality za~!(z) < a(A*)A*(z), we obtain

Q
a”! [Q > QMg+ #i)(w)]

i=1

Q Q -1
<QC(Q)a(A")A” [Z Q (g u,-),(m)} [Z(g * ui)(x)} :

=1 =1

The convexity of A* yields

-1
a”! [QZQ 1(g*u,)(ﬂﬂ] < C(Q)a(4Y) {ZA‘(Q*M,)(-’”)} [Z(Q*u (z)] :

i=1

The inequalities A*(z) < za~!(z), and

[Z(g*m(fv)a 1<g*u,(w)HE(g*u,<x)] [Za (9 1)( ]

i=1

Q
imply a=!(g * p)(z) < C(Q)a(A*) [:L;:l a"l(g* pi)(:c)] .
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Q
Hence V!4 (z) < C(Q)a(A*) 21 Vya(z) < QC(Q)a(4%) esup Vialy).
i= yEsupp p
This completes the proof. 0O

Remark that Theorem 3.6 remains valid if we deal with a strongly nonlin-
ear potential of the form g, x a='(g, * 1), where both g, and g, are radially
decreasing convolution kernels.

Note also that for strongly nonlinear potential, the constant QC(Q)a(A*) is
perhaps not the best possible. This fact is of no importance for us, since all we
need is an inequality of the form Vg‘f 4(r) < K €sup Vg" 4(y), where K is a

su
constant depending only on NV and A. e
COROLLARY 3.7.

1) Let A be an N-function such that A and A* satisfy the A,-condition.
Let g be a radially decreasing convolution kernel and let X be an analytic set
such that C A(X) < oo. Then the C,,a-capacitary potential g f is a bounded
function on RN .

2) Let A be an uniformly conver N-function for the Luzemburg norm, sat-
isfying the A, -condition. Let g be a radially decreasing convolution kernel and
let X be any set such that C, 4(X) < oo. Then the C, ,-capacitary potential

g* f is a bounded function on R .

Proof.

1) From [4] (see also [8; Théoréme 6]), we have g* f <1 on suppy, where «
is the D, ,-capacitary distribution measure for X and f the C; 4-capacitary
function of X . Moreover, we have the following relation

-1
[(w) ] oo (i) e

This implies |||l 4[g*a™(g%7')] = g* f, where v’ = [ | ao (m—f[m;)
Theorem 3.6 gives

g f(z) < Csup {[lflllalg*a™(g*xNw)} < C.

y€suppy’

A']’y'

2) Let X be any set such that C, 4,(X) < co, and let f be the C; ,-capacit-

ary function of X . From [8; Théoréme 3], there is a sequence of open sets (0,);

for which the sequence of capacitary functions (f;), converges strongly to f in

L, . For a subsequence, the semicontinuity of positive functions gives g* f(z) <
liminf g * f,(z) < C.

The proof is finished. O
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DEFINITION 3.3. Let A be an N-function and let g be a radially decreasing
convolution kernel. On F define V, , and W, 4 by

V, 4(X) =sup{|lull : n€ M*, p concentrated on X and
(Ve)(g*a~ (g *u)(z) <1)},

W, 4(X) =sup{|lull: # € M*, p concentrated on X and
(Va € suppp)(g*a~'(g*p)(z) <1)}.

PROPOSITION 3.8. Vg 4 and Wg,A are inner capacities.

Proof. The proof is identical with that given in [7; Théoreme 10]. O

THEOREM 3.9. Let A be an N-function such that A and A* satisfy the
A, -condition. Let g be a radially decreasing convolution kernel and let X € F'.
Then there is a constant C, depending only on A and N, such that

V, a(X) S W, 4(X) S CV, 4(X).

Proof. It is obvious that V;;,A(X) < W, 4(X). We must prove the last
inequality.

Let 4 € M+ be concentrated on X and such that g*a=1(g* pu)(z) <1 for
all z in supp p. Theorem 3.6 gives a constant C > 1 depending only on A and
N such that: (Vz € RV)(g*a~1(g*p)(z) <C).

This means that (Vz € RV)(g* C7la (g p)(z) < 1).

On the other hand, remark that if 0 < C’ < 1, then there is a C"" such that
for all ¢, C'a™1(t) > a~1(C"t).

In fact, put C’a~!(t) = y. Then t = a(C'"'y), and since A satisfies the
A,-condition, there is a constant K depending only on C’ such that t < Ka(y).
This implies that tK~! < a(y). So a~}(tK~1) < C'a~1(t).

Hence, there is a constant K’ such that (Vz € RN )(gxa=1(g*xK'p)(z) < 1).

Thus v = K'p is a positive measure concentrated on X and such that

(VzeRY)(gxa  (g*7)(z) <1).
Whence W, ,(X) <K'V, ,(X).

The proof is complete.

3.3 The continuity principle.
The continuity principle for the nonlinear potential theory has been estab-

lished by Havin and Maz’ya [9] for Riesz kernels. We propose an extension
to the strongly nonlinear case.
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THEOREM 3.10 (CONTINUITY PRINCIPLE). Let A be an N-function such
that A* satisfies the A, -condition. Let g be a radially decreasing convolution
kernel continuous on RN \ {0}, and let p € M+ be a measure with compact
support K . Suppose that the restriction of V“ ‘a4 to K belongs to C(K). Then

Vi a is continuous in RV .

Proof. Let f(y) = a~'(g* u)(y). Then, by Dini’s Theorem on monotone
convergence, the integral g * f(z) converges uniformly on K in the sense that
for any € > 0, there is § > 0 such that

gz—y)fly)dy<e forall z€ K.
|lz—yl<d
Let the kernel h; be defined by: hs(z) = g(x) for |z| < d, and hs(x) = 0
otherwise.

From Theorem 3.6 and the remark following it applied to the kernels g and
hg, there is a constant C' depending only on A and N, such that

hs* f(x) = /g(x—y)f(y) dy < Ce forall zeRN.
|z—yl<é
Let z, € K and (z,), be a sequence such that z, — xz. Then, by the
continuity of g away from 0,
llmsupV”A(z ) < [(g = hg) * f](zg) + Ce < Vg’fA(mo) + Ce.

. Il/ . I_L . . ‘L
Since V', is semicontinuous, we get Vg'A(.’EO) < hnrglor.}f Vyalz,).

This implies that Vg‘f 4 is continuous at all z € K. The continuity off K is a
consequence of the continuity of g.
The proof is finished. O

THEOREM 3.11. Let A be an N-function such that A and A* satisfy the
A, -condition. Let g be a radially decreasing convolution kernel continuous on

N\ {0}. Let K be a compact set such that C, a(K) > 0. Then there is a non
null measure yu € M*(K) such that the potential g [a‘l o (g*u)] is continuous
in RN

Proof. From the hypothesis it follows that there is a nonzero measure
p € M*(K) such that: (Vo € K)(gx[a™ o (gxp)] <1).

Pose f(y) = a= (g * )(v). Egorov’s Theorem gives a compact K’ C K such
that u(K') > 2u(K) and g+ f(z) converges uniformly on K'.

Denote by ' the restriction of u to K’. Then the integral g*[a~!o(g*u")] (z)
converges uniformly on K’. It follows as in the proof of Theorem 3.10, that
gx[a"'o(g*pu')] is continuous. ’

The proof is finished. O
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