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NONLINEAR BOUNDARY VALUE PROBLEM
FOR SECOND ORDER DIFFERENTIAL
EQUATIONS DEPENDING ON A PARAMETER

SVATOSLAV STANEK
(Communicated by Milan Medved’)

ABSTRACT. By means of the Leray-Schauder degree theory, sufficient condi-
tions are given for the existence and uniqueness of solutions of the boundary
value problem z' = f(t,z,z',)), a(z) = A, 2/(0) = B, 2'(1) = C, depending
on the parameter \. Here f € C° ([O, 1]><]R3), a: X — R is continuous increasing,
Ima =R, X is the Banach space of C%-functions on [0,1] and A, B,C € R.

1. Introduction

Let X be the Banach space of C%-functions on [0,1] with the norm ||z| =
max{|z(t)|; 0 <t <1},
Consider the boundary value problem (BVP for short)

" = f(t,z,z’,\), (1)
a(r)=A4A, 2 (0)=B, '(1)=C, (2)

depending on the parameter A. Here f € C°([0,1] x R*), a: X — R is con-
tinuous increasing (i.e. z,y € X, z(t) < y(t) on [0,1] = a(z) < a(y)),
Ima =R, where Ima is the range of o, and A, B,C € R.

We say that the pair (z, ;) € C%([0,1]) xR is a solution of the BVP (1), (2)
if = is a solution of (1) for A = A, satisfying (2).

In this paper, sufficient conditions are given for the existence and uniqueness
of solutions of the BVP (1), (2). The existence theorem is proved using the in-
variance of the Leray-Schauder degree with respect to a homotopy (see, e.g., [2]).

AMS Subject Classification (1991): Primary 34B10, 34B15.
Key words: one-parameter boundary value problem, nonlinear second-order differential equa-
tion, functional boundary conditions.
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The proof of the uniqueness of solutions is based on methods of classical mathe-
matical analysis. We note that the BVP (1), (2) for A = B = C = 0 was studied
in [9] under the assumptions that f satisfies sign conditions and at the same
time conditions of monotonicity. The results were proved using a combination of
the coincidence degree theory and the shooting method. Our results generalize
those in [9].

We observe that second-order (ordinary and functional) differential equations
depending on a parameter were studied under various boundary conditions, e.g.,
in [1], [3] and in [5] - [9], usually under linear boundary conditions. The existence
results were proved using the Schauder linearization and quasilinearization tech-
nique, the technique of Green’s functions, the Schauder fixed point theorem,
a surjectivity result in R™, the Leray-Schauder degree method and a suitable
combination of the above methods.

2. Lemmas

Remark 1. Let A € R and a(b) = A for some b € X.If a(z +b) = A for
z € X, then there exists & € [0,1] such that z(§) = 0. Otherwise, z(t) + b(t) #
b(t) on [0,1], and then a(z + b) # a(z) since «a is increasing.

Remark 2. One can easily verify that the functionals

max{a:(t); OStgl}, min{x(t); OStSl},
b

/:I:S(S)ds (0<a<b<1),

a
> azt(t)  (a,>0, 0<t <t <1)
k=1 .

defined on X have the same properties as the functional «.

Let A € R and a(b) = A for some b € X. Let h € C°([0,1] x R®), and
consider the BVP

" = h(t,z,z’,)), (3)
a(e+b) =4, (0)=0, (1)=0 (4)

depending on the parameter A. We shall assume that h satisfies the following
assurnptions:
There exist constants M >0, ¢ > 0 and a nondecreasing function

w; : [0,00) — (0,00)
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such that
(A,) h(t,z,0,u) >0 for (¢,z) € [0,1] x [0, M],
h(t,z,0,—u) < 0 for (t,z) € [0,1] x [-M,0];
(Ay) h(t,—M,0,)X) <0< h(t,M,0,]) for (¢,\) €[0,1] X (—p,p);
(A3) |h(t,z,y, )| < wy(ly]) for (t,z,X) € [0,1] x [-M, M] x [~p, 4], y €R
and

LEMMA 1. Let assumptions (A;)—(A3) be satisfied for positive constants M,

p and a nondecreasing function w;: [0,00) — (0,00). Let (z,),) be a solution
of the BVP (3), (4) such that

lal <M, Pl <
Then
el <M, 2| <T, [2"]| <w,(T)+1, Nl <n, (5)
where T > 0 is a positive constant such that
' T
/—SES— oM (6)
J wy (s) ” .
Proof. By Remark 1, z(§) = 0 for some ¢ € [0, 1], hence
0 < max{z(t); 0<t <1} ==z(1), 0> min{z(t); 0<t <1} =z(v),

where 7,v € [0,1]. Assume |\,| = u, say for example, \j) = —p. Since z(v) €
[-M,0] and z'(v) = 0, we have (cf. (A,)) z”(v) = h(v,z(v),0,—pn) <0, a
contradiction.

Thus |A,| < p.

Assume z(p) = M for p € [0,1]. Then z'(p) = 0 and (cf. (A,)) z"(0) =
h(o, M,0,),) > 0, a contradiction. Similarly, z(n) = —M for n € [0, 1] leads to
a contradiction, and consequently, ||z|| < M.

Using (A;), (6) and a standard procedure (see, e.g., [4]) we obtain ||z'|| < T
and then |z”(¢t)| = Ih(t,w(t),:c’(t),)\o)l < w,(|a’'(t)]) < w(T) <w(T)+1 on
[0,1]. O

LEMMA 2. Let assumptions (A;)—(A;) be satisfied for positive constants M, p
and a nondecreasing function w, : [0,00) — (0,00). Then there ezists a solution

of the BVP (3), (4).
Proof. Let k = M/p and consider the differential equation
" =c-h(t,z,z', ) + (1 —c)(z + kN), celo,1]. (6.)
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Setting p,(t,z,y, ) = c-h(t, z,y,\)+ (1 —c)(z +k)) for (t,z,y,)) € [0,1] x R3
and c € [0,1], then p, is continuous and

Po(t,2,0,1) = c- h(t, 2,0, ) + (1 — ¢)(z + kp) > 0 for (t,z) e[0,1] x [0, M],
pe(t,z,0,—p) =c- h(t,z,0,—p) + (1 —c)(z — kp) < 0 for (t,z) €0, 1] x [~ M, 0],
pe(t,—M,0,X) = c-h(t,—M,0,\) + (1 —c)(~M +kX) <0  for (t,A)€[0,1] X (—p,p),
p(t, M,0,)) = c-h(t,M,0,X) + (1 — c)(M + kX) >0 for (t,A) €[0,1] X (—p,p),

Ip.(t,z, 9, A)| < clh(t,z, v, )| + (1 — ¢)|z + kA| < ¢ wy(ly]) + 2(1 — )M < w;y (Jy]) + 2M
for (t,IE,/\)G[O,l]X[—M,M]X[—p.,p,], yEIR
Hence, by Lemma 1,
lz )l <M, |zl < Ty, Nzl <w, (T +2M +1, [ AJ<w (7)

for any solution (z,,).) of the BVP (6_), (4) satisfying ||lz.|| < M, |2/ < p,
where T is a positive constant such that

T B
s ds
_— > 2M.
/w1(3)+2M g
0
Let Y = C'([0,1]) and Z = C?([0,1]) be the Banach spaces endowed with
the norms ||z||; = ||lz|| + [|z’|| and [lz|l, = |lzll; + [|="||, respectively; Y, =

{:1:; zeY, z/(0) =z'(1) =0}, Zy=2NY,.Let X xR = {(m,/\); e X,
AER}, Y0><R={(x,)\); z €Y, AER} and Z, xR = {(:z:,)\); T € Z,y,
XA € R} be the Banach spaces with the norms [|(z, A)|| = ||lz|| + |Al, [I(z, V)], =
lzll, + |A] and [|(z,A)|l, = [lzll, + |A|, respectively. Define the operators
K,H,L: ZyxR— X xR by

(K(z, X)) (t) = (2" (t) + z(t) + kX, oz +b) — A —2))
(H(z, 2)(t) = (h(t,z(t),'(t),X), —A)
(L(z, X)) (t) = (z(t) + kA, =X).
Consider the operator equation
K(z,\) =cH(z,\) + (2 —c)L(z,\), ce0,1]. (8.)

We see that the BVP (3), (4) has a solution (z,),) if and only if that is a
solution of (8,).

Now, we shall prove that K: Z; x R — X X R is one to one and onto, and
K™ ': X xR — Z; x R is continuous. Let (u,7) € X x R and consider the

operator equation

. K(z,\) = (u,7), 9)

that is, the equations
" +z+ kX =u(t), (10"
a(z+b)—A-2 =1, (10")
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where z € Z,, A € R. The function z(t) = c¢,sin(t) + c,cos(t) — kX +
¢
v(t) is general solution of (10’) with v(t) = [wu(s)sin(¢t — s) ds. So, Z(t) =
0
v’(1) cos(t)/sin(1) — kA +v(t) is the unique solution of (10’) in Z,. Setting
p(A) = a(v'(1) cos(t)/sin(1) — kX +v(t) + b(t)) — A — 2 (1)
(=a(@+b)—A-2X), AER,
p is continuous decreasing, /\lim p(A) = oo, )‘lim p(A) = —oco. Therefore the
equation p(A) = 7 has a unique solution, say A = A; hence
(v'(1) cos(t)/sin(1) — kg + v(t), Ag)
is the unique solution of (9). This proves that K~! exists and K~!(u,7) =
¢
(£,),), where &(t) = v'(1) cos(t)/sin(1) — kA, +v(t), v(t) = [u(s)sin(t—s) ds
0
and oZ + b) — A — 2\, = 7. To prove the continuity of K~!, we assume
that {(u,,7,)} C X x R is a convergent sequence, lim (u,,7,) = (u,7,). Let
n—oo
K Yu,,1,) = (z,,\,), n€N, and K~ (u, 7)) = (z, ).
Then
2, (8) = v (1) cos(t)/ sin(1) — kA, + 0, (2),
z(t) = v'(1) cos(t)/sin(1) — kX, + v(t),
a(z, +b)—A-2)\ =1, a(z+b)—A-2\, =1,
for t € [0,1] and n € N, where
t ¢
v, (t) = /un(s) sin(t — s) ds, v(t) = /u(s) sin(t — s) ds .
0 0
Evidently, lim v{’(t) = v()(t) uniformly on [0,1] for i = 0,1, and {\,} is
n—o0
a bounded sequence. Assume, on the contrary, that {),} is not convergent.

Then there exist convergent subsequences {), } and {), } of {)\ } such that
lim A\, =p;, lim A, =p,, 0; <0,, and consequently
n n—oo n

nango z; (t) =v'(1)cos(t)/sin(1) — ko, +v(t),

Jim z; (t) = v'(1) cos(t)/sin(1) — ko, + v(t)
uniformly on [0, 1]. Therefore a(v’(1) cos(t)/sin(1) — ke, +v(t) +b(t)) —A—2p,
= 75, a(v'(1)cos(t)/sin(1) — ke, + v(t) + b(t)) — A — 20, = 7,, and then

443



SVATOSLAV STANEK

p(o,) = p(o,) with p defined by (11) which contradicts the fact that p is de-
creasing on R; hence {),} is convergent, lim A = p,. Since
n—o0

Jim, z,(t) = v'(1) cos(t)/ sin(1) — kpy + v(t)

uniformly on [0,1] and a(v'(1) cos(t)/sin(1) — kpy +v(t) +b(t)) — A —2py = 7,
we have p, = A, lim z, =z, and consequently, lim K~ (u,,7,) = (z,},) =
n— o0

K~Y(u, 7).
Equation (8_) can be written in the equivalent form
(z,A) = K ' (cHj(z,\) + (2-¢c)Lj(z,))), c€0,1], (12,)

where j: Z; x R — Y, x R is the natural embedding, which is completely
continuous by the Arzela-Ascoli theorem and the Bolzano-Weierstrass theorem.
Define

Q={(z,)); (&,2) € Zy xR, |z <M, || <Ty,
ol < wy(T,) +2M +1, |\ < i}
Then 2 is a bounded open convex subset of Z; x R which is symmetric with
respect to 0 € Q. Let V:[0,1] x @ — Z, x R be given by V(c,z,)) =
K~Y(cHj(z,A\) + (2 —c)Lj(z, ). Then V is a compact operator and (cf. (7))
Vie,z,\) # (z,A) for all (z,\) € 8Q and ¢ € [0,1], hence (cf., e.g., [2])
D(I - K~Y(Hj + Lj),Q,O) = D(I - K‘1(2Lj),Q,O), where D denotes the
Leray-Schauder degree. In order to prove our lemma, it is sufficient to show that
D(I - K~'(2Lj),Q,0) #0. Let P =1 — K~1(2Lj).
Assume P(—z, —¢,) = aP(z,¢,) for some a > 1 and (z,,¢,) € Q. Then
(=29, —€o) — K (=22, — 2ke,, 2¢,) = a(zy,€4) — aK (22, + 2key, —2¢,)
and
(a+1)(zg,60) = aK (22 + 2key, —2¢,) — K 71 (—2z, — 2key, 26y) . (13)
So, since
K1 (2z, + 2key, —2¢,) = (w'(1) cos(t)/sin(1) — kA + w(t), A,) ,
K1 (—2zy — 2keg, 2¢5) = (—w'(1) cos(t)/ sin(1) — kpy — w(t), o) »

¢

where w(t) =2 [(zy(s) + ke,) sin(t — s) ds, and Ay, p, are (unique) constants
0

such that

a(w'(1) cos(t)/sin(1) — kXy + w(t) +b(t)) — A —2X, = —2¢,,
(14)

a(—w'(1) cos(t)/sin(1) — kpy — w(t) + b(t)) — A — 2, = 2¢,,
(147)
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we obtain (cf. (13))

2o() = w' (1) cos(t)/ sin(1) -+ w(t) + k(stg — arg)/(1 +a),
gg = (aXg — po)/(1 +a),

and therefore

sm

1 t
2
ng(t) = 25050 /xo s) cos(1— s) ds+2/ ols)sint = 5) ds+5—(ad — o)
0 0
because of

0(t) = /(1) cos(8)/sin(1) + w() + T (g ~ ako)

- 2;;);3) 0/1 z,(t) cos(1 — s) ds+2 Oj z,(s)sin(t — s) ds +2ke,
*1 —I:—a( Ho ~ ako)
= 2;::?5;) / T, (t) cos(1 — s) ds+2 Oj o(s)sin(t — s) ds
1 ia(‘”‘o ~ o)

Then z(t) = z,(t) + k(ad; — 1)/(1 + a) on [0,1], hence z,(t) = c et +
—k(aXy—19)/(1+a), where c,, c, are suitable constants. Since z, € Z,,

¢, = 0 = c,, and therefore z,(t) = —ke, on [0, 1], which implies (cf. assumption
(zg,eq) € ON) that || + |pe| > 0. Next, we have (cf. (14))
2(Ag + 1)
a(—kXg+b)—A=2)) -2, = —-—ll_*—_—a—o ,
2a(XAy + 1
a(=kpy+b) — A=2p,+2¢, = _(—lg—f—a_O) ,

thus

0> do(a(—kAg +5) — a8)) = o(a(—kdo+b) - 4) = 2ot o)

1+a
for Ay #0,
2ap(Ag + Ho)
0> pig (ex(—ktg +) = (b)) = prg ((~hpo +b) — A) = =2 ~0—=0
fOI‘ ,uoyéO,
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and then

2’\0()‘0 + No) 2“#0()‘0 + F‘o) _ 2(‘1#0 + )‘0)(’\0 + .Uo)

>0 0
Hosto = > 1+a l+a 14+a

Since (apy + X,) (Ao + ko) = (a/ 2y + )\0)2 +poro(1+a— 2a1/2) and g, (1+
a —2a'/%) > 0 for a > 1, we obtain (ap, + A)(Ag + #o) > 0, a contradiction.
Therefore P(—z,—¢) # aP(z,e) for all (z,e) € 8 and a > 1, and hence
D(I - K~1(2Lj),Q, O) is an odd integer by [2; p. 58, Theorem 8.3]. O

Remark 3. Let A, B,C € R. Then a(t) = a, + Bt + (C — B)t?/2 (t € [0,1])
is a function satisfying the boundary conditions (2), where a, € R is the unique
solution of the equation

a(a+ Bt+ (C — B)t*/2) = A, a €R.

3. Existence theorem

THEOREM 1. Assume that the following assumptions are satisfied:

(H,) For each positive constant E there exist constants K > 0 and A > 0
such that

flt,z,y,A) >E
for (t,z,y) €[0,1] X [-E,K + E] x [-E, E],
ft:z,y,—A) < —E
for (t,z,y) €[0,1) x [-K — E,E] x [-E, E],
fit,z,y,\) <-—-E
for (t,z,y,\) € [0,1] x[-K — E,—K + E|x [-E, E] x (—A,A),
ftt,z,y,)) >E
for (t,z,y,A\) €[0,1] x [K — E,K + E] x [-E, E] x (—A,A);

(Hz) A nondecreasing function w(-,D,): [0, oo) — (0,00) ezists for any
bounded subset D, of R? such that

|f(t7$’y’ ’\)l S w(|y|7D0) fOT‘ (t7$a >‘) € [0’1] X DO’ 4 € R’

and
/ s ds —
w(s;Do)— ’
0
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Then the BVP (1), (2) has a solution for each A,B,C € R.

Proof. Let A,B,C € R, and let a € C2([0, 1]) satisfy boundary condi-
tions (2) (see Remark 3). Set E; = max{||a||, ||a’|, [la"||} and

h(t,z,y,)\) = f(t,z +a(t),y+a'(t),A) —a”(t)  for (tz,y,\)€[0,1] x R®.
We see that (24, ) is a solution of the BVP (3), (4) (with b = a) if and only
if (zy+ a,),) is a solution of the BVP (1), (2). Hence to prove Theorem 1, it
is sufficient to show that the BVP (3), (4) (with b = a) has a solution, which
occurs if h satisfies assumptions of Lemma 2. Let K > 0, A > 0 be constants
corresponding to E = E| in (H,). Then
h(t,z,0,A) = f(¢t, z +a(t), a'(t), A) —a"(t) > E; —a"(t) >0
for (t,z) €[0,1] x [0, K],
h(t, 2,0,~A) = £(t, = +a(t), a'(t), -A) — a"(t) < ~E, —a"(t) < 0
for (t,z)€[0,1] x [-K,0],
h(t,—K,0,)) = f(t,—K +a(¢t),a'(t),A) —a"(t) < —E; —a"(t) <0
for (¢,A) €[0,1] x (—A,A),
h(t,K,0,)) = f(t, K +a(t), d'(t), A) —a"(t) > E; —a"(t)>0
for (t,A) €[0,1] x (—A,A).
Set D, = [-K — E|, K + E,] x [-A,A]. By (H,), there exists a nondecreasing
o0

function (-,D,): [0,00) — (0, 00) such that J -5(953‘?;—1) = oo and
0

|f(t,z,y, A)| < 'w(]y|;'D1) for (t,z,)) €[0,1] x D, yeR;
hence
|h(t, 2,9, )| = | (t, = + a(t),y +a'(t), ) —a"(2)]
<w(ly+d'@®);Dy) + By Sw(lyl+ E;;Dy) + By
for (t,z,)) €[0,1] x [-K,K] x [-A,A], y€eR.

The function h satisfies the assumptions of Lemma 2 with M = K, = A and
w, (u) =w(u+ E;;D;) + E; on [0,00). O

EXAMPLE 1. Theorem 1 can be applied to the differential equation
g =p(t,z) +q(t,,2') + k(t,2,2)\, (15)
with p € C°([0,1] x R), ¢,k € C°([0,1] x R?), llixlninfsign(a:) - p(t,z) = oo

uniformly on [0,1], limsupM < oo uniformly on [0,1] x R, a <

le]ooo Y2 +1
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k(t,z,y) < bon [0,1] x R?, a,b € R, 0 < a < b. Indeed, let E > 0 be a
positive constant. Set A, mf{p(t,x); 0<t<1, =z 2 E} (> —o0),
B, = sup{p(t,z); 0 < t<1, z < E} (< ), L= sup{|q(t, =, ¥)|;
0<t<1, z€R, |y[<E} (<o), A=21(L+E+max{B;,—4,}+1), and
let K be a positive constant such that

p(t,z) > E+ L +bA for (t,z) €[0,1] x [K — E,0),
p(t,z) < —E—L—-bA for (t,z)€0,1] x (—o0,—K + E].

We see that (H,) is satisfied, and (H,) holds with w(u;D,) = Au? + B, where
A= A(D,), B = B(D,) are suitable constants.

4. Uniqueness theorem

THEOREM 2. Let the assumptwns (H,), (H,) be satisfied, and, moreover,
suppose that -

H f(t,-,y,A) is increasing on R for each fized (t,y,\) € [0,1] x Rz
3
H,) f(t,z,y,-) is increasing on R for each fized (t,z,y) € [0,1] x R?.

Then there exists a unique solution of the BVP (1), (2) for each A,B,C € R.

Proof. Let A,B,C € R. By Theorem 1, there exists a solution (z,,A,)
of the BVP (1), (2 ) Assurne that (z,,A,) is another solution of the BVP (1)
(2), Ay > A,. Set w = z, —z;. Then w'(0) = w'(1) = 0 and w() = 0
for a £ € [0,1] since in the opposite case, z,(t) > z,(t) or z,(t) < z,(t) on
[0,1], and therefore a(z,) > a(z;) or a(z,) < a(z,), a contradiction. Hence
0 < max{w(t); 0 <t <1} =w(r), 0> min{w(t); 0 <t <1} = w()
for some 7,v € [0,1]. Then w'(7) = 0, w”(r) < 0; on the other hand (cf.

(Hy), (Hy)),
w" (1) = f('r, x2(r),x’2(7-), )‘2) - f(T’ ml(T)’wlz(T)’ )‘1) =0,

and therefore w”(7) = 0, which occurs if and only if w(7) = 0 and X, = A,.
Next we see that w/(v) = 0, w”(v) > 0, and with respect to (H;), w”(v) =
Fvz,(v), 25(v), A) — f(v,2,(¥), 25 (¥),A;) < 0; hence w”(v) = 0 and then
w(v) = 0. This proves w = 0; that is, (z;,A;) = (25, A,). a

EXAMPLE 2. Consider the differential equation (15), where p, ¢, k are as in
Example 1, and, in addition, p(¢,-), q(t,,y) are increasing on R for each fixed
(t,y) € [0,1] x R, and k(t,z,y) = k,(t,y) does not depend on the variable z.
Then, by Theorem 2, there exists a unique solution of the BVP (15), (2) for each
A,B,C eR.
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