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(Communicated by Michal Zajac)

ABSTRACT. For fairly broad classes of topological vector spaces X and Y,

there are given complete characterizations of those maps f: X — Y for which the

induced transformation of series )~ z, ~» 3 f(z,) preserves properties such as
n n

convergence, boundedness, absolute convergence, and unconditional convergence.
For example, the following extension of a result of R. Rado for the case of normed
spaces is shown: If X is metrizable, and Y is sequentially complete and contains
no isomorphic copy of the space w of all scalar sequences, then f preserves
convergence of series if and only if f is additive and continuous in a neighborhood
of zero.

0. Introduction

It was shown by Rado [Ra; Theorem 3] that a map f from one Banach
space into another preserves convergence of series if and only if f is continuous
and R-linear in a neighborhood of zero. He also mentioned that his research
had originated from a problem raised by D. J. White, who also found an al-
ternative proof for the case of maps f: R — R. The result for this latter case
was rediscovered by Wildenberg [W] with quite a complicated proof, but a
much simpler proof was soon provided by Smith [S]. In fact, Smith’s proof
is easily adaptable to the more general case treated by Rad o and, essentially,
is very close to Rado’s proof. Also, apparently unaware of [Ra], the case of
maps f: R® — R" has recently been considered by Kostyrko [K]. In an-
other recent paper of Borsik, Cerveiiansky and Salat [BCS], maps f
preserving absolute convergence of real series have been characterized as those
for which |f(z)| < const -|z] in a neighborhood of zero. (The referee has pointed
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out that also two newer publications, [DMS] and [G], are somewhat related to
the subject matter of the present paper.)

The purpose of this paper is to extend characterizations of the above type
to maps f between fairly general topological vector spaces (or even topological
abelian groups, see the Final remark at the end of the paper). This is done
in Sections 3, 4, and 5 which are concerned, roughly speaking, with arbitrary
convergent series, absolutely convergent series. and unconditionally convergent
series, respectively. Sections 1 and 2 are of auxiliary character. In particular,
in Section 2 we discuss a so-called Property (@) that has to be imposed on
the range space in order for a Rado’s type result to hold. We show that it is
intimately related to the noncontainment of a copy of the space w of all scalar
sequences.

We refer the reader to {J] and [Ro] for basic information about topological
vector spaces, F-seminorms, F-norms, etc. In what follows, we use the abbrevi-
ation TVS for Hausdorff topological vector space(s).

Let X and Y be Tvs. A map f: X — Y is said to preserve convergence
of series, or to send convergent series (in X ) to convergent series (in Y), if
whenever a series Dz, in X converges, so does its f-transform. i.e., the se-

n
ries ) f(z,) in Y. Similar, self-explanatory terminology will also be used when

n
series of other types, like Cauchy series, or absolutely convergent series. or un-
conditionally convergent (or unconditionally Cauchy) series are considered as
“inputs” or “outputs” of the map f.

1. Locally additive maps

Let X and Y be Tvs. We shall say that amap f: X — Y is locally additive
if it is additive in a neighborhood U of zero in X in the sense that f(u +v) =
f(u) + f(v) whenever u,v € U. Then, clearly, f(0) =0 and

Flug +---Fug) = flug) +--+ fluy) (%)

whenever u,,...,u, €U and u; +---+u, €U fori=1,..., k- 1.

Moreover, assuming (as we may) that U is symmetric, we have f(—u) =
—f(u) and f(u—v) = f(u)— f(v) for u,v € U. In consequence, if f is continuous
at zero, then it is (uniformly) continuous in U. Likewise, if f is sequentially
continuous at zero, then it is sequentially continuous in U.

PROPOSITION 1. Let X and Y be TVS, and let a map f: X — Y be locally
additive and sequentially continuous at zero. Then f sends convergent series to
convergent series, and Cauchy series to Cauchy series.
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Proof. Let U be a closed symmetric neighborhood of zero in X in which
f is additive. Let »_ z,, be a Cauchy series in X . Then there exists k such that
n

form>212>2k
an eU, whence Zf(xn) = f(Zzn) . )
n=l n=| n=l

Take any two sequences of indices (I ;) and (m;) such that {; <m; and [; — oo
as j = 0o. Then

™m;
Z z, =0 as j— o0
n=l;

and, for large j,

gff(wn)=f(§wn)-

n=l; n=l;

Hence, by the sequential continuity of f at zero,

ij(xn)—)() as j— 00.

n=l;

This proves that the series > f(z,) is Cauchy in Y.
n

o0
If the series )z, is convergent, let = denote the sum of the series ) z,,.
n

n=k
m m
By () and since U is closed, z € U. Moreover, Y. f(z,) = f( > zn) - f(z)
n=~k n=k
as m — co. Hence the series ) f(z,) is convergent in Y. a

The following should be treated as a “folklore” result.

PROPOSITION 2. Let X andY beTvs. Ifamap f: X — Y is locally additive
and continuous at zero, then there exists a unique continuous R-linear operator
T: X =Y such that f and T coincide in a neighborhood of zero in X .

Proof. Let U be a balanced neighborhood of zero in X in which f is
additive.

Fix any z € U. From property (k) above it follows that f(z) = nf(z/n), or
f(z/n) = f(z)/n for all n € N. Since f is odd in U, applying (%) one more
time gives f(rz) = rf(z) for any rational = with |r| < 1. In consequence, by
the continuity of f,

flrz) =rf(z) whenever z €U and |r| <1.
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Now, take any z € X and let a,b > 0 be such that both z/a and z/b are
in U. Then, assuming as we may that ¢:= b/a < 1 and using the last property

of f,
af(a™tz) =af(cb~lz) =bf(b7 ).

Hence the formula

T(z) =af(a™'2), where a > 0 is any number such that z/a € U,

well-defines a map T: X — Y, and it is obvious that T(z) = f(z) for x € U.
Moreover, T is additive. In fact, let u,v € X and choose any number a > 0
such that all three elements a™'u, a='v, and a7} (u + v) are in U. Then

T(u+v)=af(a” (u+v)) =af(a u) +af(a™'v) =T(u) + T(v).

Similarly, T' is R-homogeneous, thus R-linear. The uniqueness of T is obvious.

—
]

Remark. It is well known that a continuous additive map (or operator) between
TVS is always R-homogeneous, and thus R-linear.

2. Spaces with Property (@)

We shall say that a Tvs Y has Property (@) if there is no sequence (y,,) in
Y with nonzero terms such that the series ) a, y,, is Cauchy for every sequence
n

(a,,) of positive integers. The reason for considering such “strange” sequences
will become apparent in the proof of Theorem 1 below.

An obvious example of a TVs that lacks Property () is w, the space of all
scalar sequences with its usual product (or coordinatewise convergence) topo-
logy: Here the sequence (e,) of unit vectors has the property that the series
> a,e, converges for every sequence (a,) of scalars. Hence, if a Tvs Y has

n

Property (@), then it contains no isomorphic copy of w, nor even a copy of the
subspace w, = lin(e,,) of w. (In particular, no infinite product of nonzero TVS
can have Property (@).) We are going to show below that also the converse is
true.

LEMMA 1. Let (y,) be a sequence in a TVS Y such that the series Y_a,y, is

n
Cauchy for every sequence (a,) of positive integers. Then it is Cauchy for every
sequence (a,) of scalars.
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Proof. First note that the series ) a,y, must be Cauchy for every se-

n
quence (a,) of integers. Next observe that this is equivalent to the following:

(cc) For every sequence (a,) of integers and every sequence (I ;) of disjoint
consecutive intervals in N,

Zanyn—>0 as j—oo.
nel;

We have to show that (cc) holds true if “integers” is replaced by “reals”.
Suppose it is not so. Thus there is a sequence (c,) of reals for which one can
find a sequence (I ]-) of disjoint consecutive intervals in N such that

p(chyn)>s (7=1,2,...)
nel;

for some continuous F-seminorm p on Y and some number £ > 0. Then we can
choose a sequence (b,) of rationals with each b, close enough to c, to ensure

that
p(anyn)>s (7=1,2,...).

nte

For each j let m; € N be such that a, :=m;b, is an integer for n € I,. Then

p(miZanyn)>e (7=12,...)

J nel;
so that .
m—Zanyn%}O as j‘—)OO,
J nel;
which clearly contradicts (cc). i

We will need the following properties of the space w; see [BPR] and [D].

(A) The general form of a continuous linear operator 7' from w to a TVS
Y is T((a,)) = 3 a,y,,, where (y,) is a sequence in Y such that the
n

series y_a,y, is convergent for every (a,) € w.
n
(B) If a continuous linear operator 7' from w to a TvS Y has infinite dimen-
sional range, then T(w) = w.

(C) w is a minimal TVs; hence if a continuous linear operator T from w to
a TVS Y is one-to-one, then it is an isomorphic embedding.
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LEMMA 2. Let T be a continuous linear operator from w to a TVS Y having
an infinitely dimensional range. Then there exists an infinite subset M of N
such that le(M) is an isomorphic embedding, where w(M) := {(a,) € w :
(Vn¢ M)(a,=0)} 2 w.

Proof. Clearly, y, := T(e,) # 0 for infinitely many n. By (B), the sub-
space W = T(w) of Y is isomorphic to w. Fix a basis (w,) of W (equivalent
to the basis (e;) of w) and let (w;) be the associated sequence of coefficient
functionals. For each w € W, let s(w) = {k: wj(w) # 0}, the support of w
relative to (wy,). Since the series ) a,y, convergesin W for all scalar sequences
(a,), it is easy to see that n

{n: k€s(y,)}l <oco forall keN.

Making use of this fact and proceeding by induction, one can easily construct
infinite sequences n; < n, < ... and k; < k, < ... in N such that, denoting

zj = ynj )
k; €s(z;) and {1,....,k; —1}ns(z;) =0 for j=12,....
Using these two properties it is not hard to see that whenever Z b;z; =0,

j
then bj =0 for all j. In consequence, the set M = {nj : j € N} is as required:
If (a,) € w(M) and T((a,)) =0, then (a,) = 0 so that TIw(M) is one-to-one,
and it remains to apply (C). O

COROLLARY 1. Let Y be a TVS, and let (y,) be a sequence in Y with all
Y, # 0 and such that the series Y  a,y, is convergent for every sequence (a,) of
n

scalars. Then (y,) has a subsequence (2,)) which is equivalent to the unit vector
basis (e,) of w. That is, the linear operator J: w — Y defined by J((an)) =
Y- a,z, is an isomorphic embedding.

Proof. First note that the linear span of (y,,) must be of infinite dimension.
Next, define a continuous linear operator T: w — Y by T((a,)) =Y a,y, -
Then dimT'(w) = oo, and the assertion follows from Lemma 2. n a

Remark. An infinite dimensional subspace Z of w always contains a sequence
(z;) equivalent to the basis (e,,) of w. In fact, since dim Z = oo, for every k € N
there must exist 0 # 2z € Z such that {1,...,k} Ns(z) = 0. (Here the support
s(z) is taken relative to (e,).) From this, one can easily deduce the existence
of a sequence k; < k, < ... in N and (z;) in Z satisfying the two conditions

displayed above. Then Z a;z; converges for every (a;) € w, and ; a;z; =0 if

j
and only if (aj) = 0. Thus (z;) is as required.
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PROPOSITION 3. For a TVS Y the following are equivalent.
(a) Y has Property (@).
(b) Y has no subspace isomorphic to a dense (or just infinite dimensional)
subspace of w.
(c) Y has no subspace isomorphic to the subspace w, of w.

Proof.
(a) = (b) holds by the Remark above, and (b) = (c) is trivial.

(¢) = (a): Assuming (a) is false and making use of Lemma 1, we find a
sequence (y,,) C Y with nonzero terms such that the series Y a,,y,, is Cauchy for
n

every sequence (a,) of scalars. Viewing (y,,) as a sequence in Y, the completion
of Y, and applying Corollary 1, we get a subsequence (z,) equivalent to the
unit vector basis (e,) of w. Then the subspace lin(z,) C Y is isomorphic to
w,, contradicting (c). a

COROLLARY 2. A sequentially complete TVvS Y has Property (@) if and only
if Y contains no isomorphic copy of w.

Remark. A property of a Tvs Y apparently stronger than Property (@) is

the following: For every sequence (y,) in Y with nonzero terms there exists a

continuous F-seminorm ¢ on Y such that infsupq(ty,) > 0 or, equivalently,
noo¢

there is a balanced neighborhood V' of zero in Y which contains none of the lines

passing through 0 and y,, for n = 1,2,... . If Y = (Y, |-||) is an F-normed space,

then this holds if and only if ir;f(') sup ||ty|| > 0 (i.e., Y does not have “arbitrarily
y#0 ¢

short lines”). When Y is an F-space, the latter condition is in turn equivalent
to the noncontainment by Y of copies of w (by an old result of Bessaga,
Petczynski and Rolewicz [BPR], see also [Ro]).

3. Maps preserving convergent or Cauchy series

PROPOSITION 4. Let X and Y beTvs. Ifamap f: X =Y sends convergent
series to Cauchy series, then f(0) =0 and f is sequentially continuous at zero.

Proof. It is obvious that f(0) = 0. To show that f is sequentially con-
tinuous at 0, take any null sequence (u,). Then the series u; + (—u;) + ...
+u, + (—u,) + ... converges in X (to 0), hence its f-transform is a Cauchy
series in Y. In consequence f(u,) — 0. O

Recall that the topology of a metrizable Tvs X can always be defined by an
F-norm ||-|].
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We now come to the first of our main results. The proof below is a modifica-
tion of the arguments used in [Ra] and [S].

THEOREM 1. Let X be a metrizable TVS and Y any TVS having Property ().
Then for a map f: X — Y the following are equivalent:

(a) f sends convergent series to convergent series.
(b) f sends convergent series to Cauchy series.
(c) f is locally additive and continuous at zero.

Proof.

(b) = (c): In view of Proposition 4 it remains to show that f is locally
additive. Equivalently, we need to show that for the function

g(u,v)=f(u+v)+f(-—u)+f(-—v), U,UEX,

there is a neighborhood U of zero in X such that g(u,v) =0 for all u,v € U.
Suppose it is not so. Then there exist null sequences (u;) and (v;) in X such
that y, := g(uj,vj) # 0 for each j.

Choose any sequence (aj) in N, and consider the series >z, in X whose

n
terms come up in consecutive blocks A. each of which in turn consists of a;
consecutive subblocks, each of the form

(u; +v;) + (—uy) + (—v;).

Note. Here, and in similar constructions below, no parentheses are used around
“blocks”.

Then the series ;xn converges (to 0) in X . By assumption (b), the series
Y f(z,) is Cauchy in Y, hence so is the series Y z;, where z; denotes the sum
~ .

j
of the block of the series ) f(x,) corresponding to A;. Since z; = a;y;, we

n
see that the series ) a;y; is Cauchy for every choice of (a;) C N, contradicting
n

Property (@) of Y.
(c) = (a) is contained in Proposition 1, and (a) = (b) is trivial. a

Remark. Let X = [, with its weak topology, ¥ = [, with its norm topology,
and let f: X — Y be the identity map. By the Schur property of [,, f is a
sequentially continuous linear map. Hence it sends convergent (Cauchy) series to
convergent (Cauchy) series. However, it is not continuous at zero. Furthermore,
also the map g: X — Y which coincides with f on the unit ball of [, and is
zero elsewhere preserves convergent (Cauchy) series, although it is not locally
additive. Thus the assumption of metrizability of X in Theorem 1 is essential.
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COROLLARY 3. Let X be a metrizable TVS, and let Y = [[ Y, be a product of
iel
TVS, each having Property (). Then for a map f = (f,): X =Y the following
are equivalent.
(a) f sends convergent series to convergent (or Cauchy) series.
(b) Each of the component maps f,: X = Y, is locally additive and continu-
ous at zero.

Remark. Note that a neighborhood of zero in which f; is additive may, in
general, depend on i. Hence f itself need not be locally additive. This happens,
for example. when f = (f,): X = (X,]|-|]) = w, where each f, vanishes for
lz]] < 1/k. and assumes arbitrary nonzero values for {|z|| > 1/k. In fact, in this
case for every null sequence (z,) in X the series ) f(z,) is unconditionally

n
convergent in w. This follows easily from the fact that for each & only a finite
number of vectors f(z,) may have a nonzero kth component.

We strengthen the above remark by showing that the implication (b) = (c)
of Theorem 1 is simply false for each Tvs Y without Property (@).

PROPOSITION 5. If a TVS Y does not have Property (@), then for every
nonzero TVS X there exists a map f: X — Y which is continuous at zero
but not locally additive. and yet for every null sequence (x,) in X the series
> f(z,) is unconditionally Cauchy.

3

Proof. By assumption, there is a sequence (y,,) in ¥ with nonzero terms
such that

(cc,) the series Y a,y, is Cauchy for every sequence (a,) in N.
n

We may assume that (y,,) is linearly independent. Fix a null sequence (u,,) in
X with pairwise distinct nonzero terms. Define f: X — Y by setting f(z) =y,
if r=u, (n=1,2,...), and 0 otherwise. Clearly, f is continuous at zero, but
it is not locally additive. Take any null sequence (z,) in X. Without loss of
generahtv it can be assumed that {z, : k € N} C {u, : n € N}. For each n let

=|{k: z, =u,}|. Fixany V € N and denote by (V) the largest integer
such that

Hk: k<N & z, =u,}|=m, for 1< n<r(N).

Also, let
s(N) =max{n: =, =u, forsome 1 <k < N}.

Then 7(N) < s(N) and
r(N)

S o) = 3 4 S

k=1 n=r( 1\)+1
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where a,(N) are some integers with 0 < a,(N) < m,, for r(N) < n < s(N).
Evidently, both (V) and s(/N) tend nondecreasingly to infinity as N — oc.
From (cc,) it follows easily that

s(N)
Zan(N)ynAO as N —oco.
n=r(N)+1
Finally, by (cc,) again, the series ) m, y, is Cauchy, hence so is the series
n
Zk: f(zy). O

Thus there seems to be no hope for any characterization of maps preserving
convergence of series when the range space lacks Property (). Nonetheless. we
have the following general result. We say that a series is bounded if the sequence

of its partial sums is bounded.

THEOREM 2. Let X be a metrizable TVS and Y any TVS. Then for a map
f: X =Y the following are equivalent.

(a) f sends Cauchy series to bounded series.
(b) f sends Cauchy series to Cauchy series.
(c) f sends convergent series to Cauchy series.
(d) f sends bounded series to bounded series.

Proof. Let ||-]| be an F-norm defining the topology of X .
(a) = (b): Suppose there is a Cauchy series )z, in X for which the
n

series y_ f(x,) is not Cauchy in Y. Then there are strictly increasing sequences

n
(k;) and (m;) in N such that k; <m; <k;,, and

”(2 @) >

for some continuous F-seminorm p on Y and some ¢ > 0. Since the series )z,
n

is Cauchy, we may assume that
!

PIES

n=~k

1
<j—2 whenever k, k<!, j=12..... (0)

o0
Now. consider the series »_ u, whose terms come up in consecutive blocks -4
r—1
so that. for j =1,2,...,
. A2jf] consists of j consecutive subblocks, each of the form

Ty, T T+l
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® A,; consists of j consecutive subblocks, each of the form

(‘-7714]-) + (—xkj+1) +o At (=T,,) -

2

Using (o) it is easy to see that the series ) u, converges to 0. However,
. r
denoting by z; the sum of the block of the series }_ f(u,) corresponding to 4;,
we have '

PG 2 y) =p(n§; f(x,,)) >e.

Hence the series " f(z,) is not bounded in Y, contradicting the assumption.

(b) = (c): Obvious.
(c) => (d): Suppose there is a bounded series Y u, in X for which the

series > f (un) isnot bounded in Y . Then there are strictly increasing sequences

n
(k;) and (mj) in N such that k; <m; <k;,, and the sequence

is not bounded in Y. Hence there is a sequence 0 < a; >0 such that a,w; # 0

m
in Y. Since the series ) u, is bounded in X, so is the set S := { You, :
n n=k
k,m e N, ksm}. Hence

sup{|laz||: €S} >0 as a—0. (00)

Consider the series )z, in X whose terms come up in consecutive blocks
n
A, where for 7 =1,2,...,
Ay =auy +ajug g+ au,,

J

and
Ay = (maguy ) + (mauy ) + oo+ (majuy,).

Using (00) it is easy to see that the series Yz, converges to 0. However, the
n
series Y f(x,,) is not Cauchy in Y because the sums of its blocks corresponding

n
to Ay; 1 do not tend to zero.
(d) = (a): Obvious. 0
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Remarks.

1. For X and Y Banach spaces, the equivalence of (a) and (b) in Theorem 2
was already noted by Rado [Ra: Theorem 5.

2. The condition “f sends convergent series to convergent series’ cannot be
added to the list of equivalent conditions in Theorem 2. To see this, construct a
map f as in the proof of Proposition 5 for X =R, u, =n"2.Y = w, Cw. and

Y, = €,- Then the series ) wu, is convergent in R, while the series ) f(u,) =
n n

> e, does not converge in Y.
n

4. Maps preserving absolutely convergent series

If X is a metrizable TVS and the choice of an F-norm ||-|| defining the topo-
logy of X is of importance, we indicate this by writing X = (X,||-[|), and refer
to X as an F-normed space. It is so, for instance. when absolutely convergent
series _x, in X, that is, those with ) ||z,[l < oo. are considered.

n n

THEOREM 3. Let X = (X,|[|-]|) and ¥ = (Y. |I-]l) be F-normed spaces. Then
for amap f: X =Y the following are equivalent.

(a) f sends absolutely convergent series to absolutely convergent series.

(b) There is a constant K such that ||f(z)|| < Kl|z|| in a neighborhood of
zero in X .

Proof.

(a) = (b): Suppose condition (b) is not satisfied. Then there exists a se-
quence (u;) in X such that

el <572 and (If(u)ll > 7lull,  j=1.2....
For each j, let m; be the least integer such that mllu;li > j~2. Note that then
m i il = (m; = Dl + gl < 2572
Now, consider the series 3~z in X whose terms come up in consecutive blocks

n
A,, where A; = u;+---+u; (m; summands). Then zn:llrnﬂ = Ej:mj\ u,f| < o0,
while

Do)l = ijilf(uj)ﬂ > Zj3mj\lujll 2 Zj =00,

contradicting (a). Since the other implication is obvious, the proof is finished.

a
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THEOREM 4. Let X = (X,|]|) be an F-normed space and Y = (Y,|-|) a
normed space. Then for a map f: X =Y the following are equivalent.

(a) f sends absolutely convergent series to absolutely convergent series.

(b) f sends absolutely convergent series to unconditionally Cauchy series.
(¢) f sends absolutely convergent series to Cauchy series.

(d) f sends absolutely convergent series to bounded series.

(e) There is a constant K such that ||f(z)|| < K||z|| in a neighborhood of

zeroin X .

Proof. Only the implication (d) = (e) needs a proof: Assuming (e)
fails, we proceed as in the preceding proof and finish as follows: ... Then
2 llz,ll = 3 mjllu;l| < oo. However, the series 3 f(x,,) is not bounded because
n 7 n

for the sum z; of its block corresponding to A; we have |[z;|| = m,||f(u;)|| >
m;j%|lu ]l > j, contradicting (d). O
Remarks.

1. The above two proofs are modeled on the arguments used in [BCS; The-
orem 2.6] to establish the equivalence of conditions (a), (c), and (e) in Theorem 4
for the case X =Y = R. It is worth pointing out that the proof given there
is unnecessarily complicated: In fact, in that particular case, (a) and (c) are
evidently equivalent because (c) implies (b), and for scalar series unconditional
and absolute convergence coincide.

Actually, arguments like those above have been of constant use in the theory
of Orlicz-type sequence spaces since its very beginning, see e.g. [BO; Kap. 1,
Satz 1] and [MO; 1.13, 1.14]. Following this line one may observe that the same
proof as for Theorem 3 gives also a more general result:

THEOREM 3A. Let X be a vector space and let p,v: X — R, . Then
Y v(z,) < oo whenever ) ¢(z,) < oo if and only if there are constants

n n
c¢>0 and K >0 such that ¢¥(z) < K¢(z) whenever ¢(z) < c.

Of course, to deduce Theorem 3 from Theorem 3a it is enough to set
o(x) = |jz|| and ¥(z) = [[f(z)]|.

2. In Theorem 4, even if X were a Banach space but Y merely a p-normed
space, where 0 < p < 1, the implication (b) = (a) would not hold. To see this,
take X = R with its usual norm |-|; ¥ = R with the p-norm |-|? (0 <p < 1);
f = the identity map; and consider the series 3 n~1/?P. Nevertheless, as we

n
show below. conditions (b), (c¢) and (d) of Theorem 4 remain equivalent even for
arbitrary TvVS Y.
3. If both X and Y are normed spaces, and the map f: X — Y is positively
homogeneous, then condition (e) in Theorem 4 can be replaced by the following:
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There are constants ¢ > 0 and K > 0 such that ||f(z)|| < K||z|| for every
z € X with ||z]| < ¢. Similar remarks apply to Theorems 6 and 7 below.

THEOREM 5. Let X = (X, ||-||) be an F-normed space and Y any TVS. Then
for amap f: X =Y the following are equivalent.

(a) f sends absolutely convergent series to unconditionally Cauchy series.
(b) f sends absolutely convergent series to Cauchy series.
(c) f sends absolutely convergent series to bounded series.

Proof. Only the implication (c) = (a) needs a proof: Assuming (a) fails,
we proceed almost as in the proof of the implication (a) = (b) in Theorem 2.
Suppose there is an absolutely convergent series Yz, in X for which the

n
series »_ f(z,,) is not unconditionally Cauchy in Y. Then there exists a sequence

(F;) of finite subsets of N such that maxF; <minF; ,,

1 .
Slelsg md (¥ re))>e G=12.0  ®)
nEF, J TlEF]
for some continuous F-seminorm p on Y and some € > 0.
o0
Now, consider the series ) u, whose terms come up in consecutive blocks
r=1

A;, each in turn consisting of j identical subblocks Z}p z, (1=12,...).
ner;

Using (+) it is easy to see that }_[lu,|| < co. However, denoting by z; the
T

sum of the block of the series Y f(u,) corresponding to A;, we have

p(i™'%;) =p( > f(xn)) >€.

neF;
Hence the series ) f(u,) is not bounded in Y, contradicting the assumption.
T
O
We conclude this section with the following.

PROPOSITION 6. Let X = (X,||||) be an F-normed space and Y an arbitrary
TVS. If a map f: X — Y sends absolutely convergent series to bounded series,
then f(0) =0 and f is continuous at zero.

Proof. Obviously, f(0) = 0. Suppose f is not continuous at 0. Then
there is a sequence (u;) in X such that |lu,]| < 7% and p(f(u;)) > = for
some continuous F-seminorm p on Y and some e > 0. Now. consider the series
>z, in X whose terms come up in consecutive blocks Aj =u; +-+u
n
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(j summands). Then 3 ||z, || = Y jllu,ll < 3572 < oo. However, the series
- 4 .

j J
Z f(z,) is not bounded in Y because, denoting by z; the sum of its block

correspondmg to A;, we have p(j~'2;) = p(f(u;)) > ¢ and thus j7'z; /40 as
Jj — 00. O

5. Maps preserving unconditionally convergent series

From Theorem 4 it follows that if X is a finite dimensional Banach space and
Y an arbitrary Banach space, then a map f: X — Y preserves unconditional
convergence of series if and only if ||f(z)|| < const -||z|| near the origin. This is
no longer true if dim X = oo: In view of the Dvoretzky-Rogers theorem, the map
f: X = R defined by f(z) = ||z]| does not preserve unconditional convergence.
Given a finite family (z,: n € N) of vectors in an F-normed space (X, []|),

we define
u(z,:n€N) = sup{“ an
neF

Recall that a series ) x, in X is unconditionally Cauchy if and only if

: FCN}.

n
wz,:n € N)—=0 as minN — co.

THEOREM 6. Let X = (X, ||-|]) and Y = (Y,||]|) be F-normed spaces. A map
f: X = Y sends unconditionally Cauchy series to absolutely convergent series
if and only if there exist constants ¢ >0 and K > 0 such that

Wf@ )+ -+ f )l < Kp(zy,...,z,) whenever p(z,,...,z,) <c.

Proof. The “if” part is obvious.

The “only if” part: Suppose the condition does not hold. Then we can find
a sequence (u,) in X together with a sequence (V. j) of consecutive intervals in
N such that for each j

wu,in € N)<G™®  and Y (If(w)ll > 5, neN,).
neN;

For each j, let m; be an integer such that j72 K m;p(u,:n € N;) < 272,

Now, consider the series > z, in X whose terms come up in consec-

n
utive blocks A;, each consisting of mn; identical subblocks 3 wu,. Since
neN;

Zm Ju(u,:n € N;) < oo, it follows easily that the series Zm is uncon-

dlthIlaHV Cauchy. However, as in the proof of Theorem 4, Z I[ fle )l =
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Remark. The following is a more general form of the above result (with the
same proof).

THEOREM 6A. Let X = (X, |||) be an F-normed space. A map v: X - R,
sends unconditionally Cauchy series to com)ergent series if and only if there are
constants ¢ > 0 and K > 0 such that ¥(z,) +--- +¥(z,) < Ku(zy,...,z,)

whenever p(z,...,z,) < c.

Of course, to deduce Theorem 6 from Theorem 6a it is enough to set y(x) =
If ()]l
Ll a

THEOREM 7. Let X = (X,|||]) be an F-normed space and ¥ = (Y,
normed space. Then for a map f: X = Y the following are equivalent.

(a) f sends unconditionally Cauchy series to (unconditionally) Cauchy
series.

(b) f sends unconditionally Cauchy series to bounded series.

(c) There are constants ¢ > 0 and K > 0 such that

If(zy) +--+ flz )l < Ku(zy,...,z,) whenever p(z,,...,z,) <c.
Proof.
(b) = (c): Assuming (c) is false, we proceed as in the previous proof,
replacing Y. ||f(u,)|l with || Z f(u,)|l. As before, we get an unconditionally
neN; neN;
Cauchy series Zm in X . However, the series Z f(z,,) is not bounded because
for the sum z; of its block corresponding to A; Vxe have ||z, || = m,|| > ou,ll >
neEN;
m;j u(un:nENj)>J. m|
Remarks.

1. The same simple choice of X and Y as in Remark 2 after Theorem 4
shows that the assumption in Theorem 7 that Y is a normed space is essential
for the implication (a) = (c) to hold.

2. If a map f from a metrizable TvS X to an F-normed space Y (resp.,
a Tvs Y with Property (@)) sends convergent series to absolutely convergent
(resp., unconditionally Cauchy) series, then f = 0 in a neighborhood of zero
in X (comp. [BCS; Theorem 2.10]). In fact, by Theorem 1 and Proposition 2.
there is a balanced neighborhood U of zero in X such that f|U =
some continuous R-linear operator T: X — Y. Suppose y := f(z) # 0 for

some r € U. Then the series Y (—1)"n~'z is convergent in R -z C X. while

n
its f-transform —1)"n~1y is not absolutely (or unconditionally) convergent
Y

inR-yCY.
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6. Final remark

The following of our results have exact analogues in the setting of Hausdorff
topological abelian groups: Propositions 1 and 4, Theorem 1 (with formally the
same definition of Property (@)), Corollary 3, and Theorems 3 and 6. Their
proofs need only minor terminological modifications.

(W]

REFERENCES

BIRNBAUM, Z. W.—ORLICZ, W.: Uber die Verallgemeinerung des Begriffes der
zueinander konjugierten Potenzen, Studia Math. 3 (1931), 1-67.

BORSIK, J.—CERVENANSKY, J.—SALAT, T.: Remarks on functions preserving
convergence of infinite series, Real Anal. Exchange 21 (1995/6), 725-731.
BESSAGA, C.—PELCZYNSKI, A.—ROLEWICZ, S.: Some properties of the
space (s), Collog. Math. 7 (1957), 45-51.

DINDOS. M.—MARTISOVITS, L—SALAT, T.: Remarks on infinite series in linear
normed spaces, Tatra Mt. Math. Publ. (Real Functions. Part I) 19 (2000), 31-46.
DREWNOWSKI, L.: On minimally subspace-comparable F-spaces, J. Funct. Anal. 26
(1977), 315-332.

GRINNELL, R. J.: Functions preserving sequence spaces, Real Anal. Exchange 25
(1999/00), 239-255.

JARCHOW, H.: Locally Convez Spaces, B. G. Teubner, Stuttgart, 1981.
KOSTYRKO, P.: On convergence preserving transformations of infinite series, Math.
Slovaca 46 (1996), 239-243.

MAZUR, S.—ORLICZ, W.: On some classes of linear spaces, Studia Math. 17 (1958),
97-119.

RADO, R.: A theorem on infinite series, J. London Math. Soc. 35 (1960), 273-276.
ROLEWICZ, S.: Metric Linear Spaces, Polish Sci. Publ. - Reidel Publ. Co., Warszawa,
1984.

SMITH, A.: Convergence preserving functions: an alternative discussion, Amer. Math.
Monthly 98 (1991), 831-833.

WILDENBERG, G.: Convergence preserving functions, Amer. Math. Monthly 95
(1988), 542-544.

Received February 8. 1999 Faculty of Mathematics
Revised December 11, 2000 and Computer Science

A. Mickiewicz University
Matejki 48/49
PL-60-769 Poznan
POLAND

E-mail: drewlech@amu.edu.pl

91



		webmaster@dml.cz
	2012-08-01T14:38:36+0200
	CZ
	DML-CZ attests to the accuracy and integrity of this document




