Mathematica Slovaca

Szymon Dolecki
Flexible niveloids

Mathematica Slovaca, Vol. 49 (1999), No. 1, 1--16

Persistent URL: http://dml.cz/dmlcz/132005

Terms of use:

© Mathematical Institute of the Slovak Academy of Sciences, 1999

Institute of Mathematics of the Academy of Sciences of the Czech Republic provides access to
digitized documents strictly for personal use. Each copy of any part of this document must contain
these Terms of use.

This paper has been digitized, optimized for electronic delivery and stamped
O with digital signature within the project DML-CZ: The Czech Digital Mathematics
Library http://project.dml.cz


http://dml.cz/dmlcz/132005
http://project.dml.cz

Mathematica
Slovaca

©1999
Mathematical Institute

Math. SIOVQCE, 49 (1999), No. 1, 1-16 Slovak Academy of Sciences

FLEXIBLE NIVELOIDS

SzZyMON DOLECKI

(Communicated by Lubica Hold)

ABSTRACT. Niveloids are isotone functionals that commute with the addition
of finite constants. A niveloid is flexible if it commutes with lattice isomorphisms.
Limitoids are isotone functionals that commute with lattice homomorphisms.
Limitoids are characterized using carriers within the class of flexible niveloids.
This characterization contains an illuminating new proof of the Greco represen-
tation theorem.

1. Introduction

Denote by R = [—00, +00] the extended real line. A functional T': R* SR
is called a flezible niveloid if it is isotone (i.e., f < ¢ implies T(f) < T(g) for

each f,g € ﬁx) and if
T(ef) = ¢(T(f)) (1.1)

for every lattice isomorphism ¢ of R onto R.
Every flexible niveloid is a niveloid, i.e., an isotone functional such that

TXR T(f+r)=T(f)+r. (1.2)

An isotone functional is a limitoid if (1.1) holds for every lattice homomorphism
¢ of R onto R.

Niveloids were introduced in [4]. Numerous regularization functionals, such
as convexification, quasi-convexification, bi-conjugation, lower semicontinuous
regularization, upper semicontinuous regularization, are niveloids. In particular,
lower and upper limits along families of sets are niveloids; actually, they are
examples of flexible niveloids. Lower and upper limits have been characterized
by Greco [7] as limitoids.

Within the class of all niveloids flexible niveloids are distinguished by a degree
of insensitivity to vertical stretching and squeezing (of the functions on which
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they act). In other words, flexible niveloids depend primarily on the levels of
functions. Complete dependence on the levels of functions characterizes the limi-
toids. The aim of this paper is to investigate that subtle difference that makes
a limitoid of a flexible niveloid. !

If A is a family of subsets of X, then the functionals lin}A inf, lim jup on R

(lower and the upper limits along A) given by!

lim 1nff = sup lnff,

) ; AE;‘ (1.3)
S =
1mAup f{IelA s1f11pf

are limitoids. Recall that for a given family A of subsets of X the grill A#*
consists of all the subsets of X that intersect every element of 4. Notice that
lim sup = hrﬂ inf, and vice versa, because A## is the least family stable for

supsets that includes A. Denote by x$5 the characteristic function of H valued
in the lattice R:

-0 ifz¢H.

G. H. Greco gives in [7] the following representation theorem:

THEOREM 1.1. (Greco) For every limitoid L on R® , there ezists a family
A of subsets of X such that for every f € RY ,

L(f) = limnf f (1.5)
Moreover, the largest family fulfilling (1.5) is
IL={A: L(x3)=+}. (1.6)

In particular, it follows from Theorem 1.1 that all the I'-functionals ([2])
are limitoids. In [6] G. H. Greco gives another characterization of limitoids,
namely, in terms of the monotone integral. A function §: 2X — {0,1} is called
increasing if #(0) = 0, (1) = 1 and B(A) < B(B) provided that A C B.
If f: X — @4_, then the integral of f with respect to 8 (G. Vitali [8],
G. Choquet [1}) is defined by

)[fdﬁ=0/ﬂ{f>t}dt

and [fdf=[f, dB— [f_dB for f: X = R.
X X X

1Of course, irfx‘ff = xlgg f(z) and s%pf = :1613 f(=z).
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THEOREM 1.2. (Greco) For every limitoid L on ﬁx, the function B(A) =
. . =X .
L(x4) is increasing and for every f € R,

Mﬁ=!fw.

In what follows we use the upper and lower extensions to R of the addition
and the subtraction; namely, +00 + (—o00) = 400 and +oo + (—00) = ~00,

while —r = —;—(—7') and —7 = -!-(—7”).
If PcC EX, then the functionals V,, A, defined by

Vpf = supinf(f -p),
peP (1.7)
Apf = ;g;; sup(f — p)

are niveloids. They play a distinguished role in the study of flexible niveloids.
The functionals (1.3) constitute a special case of (1.7) with

P={x¥: Aec A}.

Denote by ® the set of all lattice isomorphisms of R and by ®, the subset
of & of those ¢ for which ¢(0) = 0. Of course, ¢ € & if and only if ¢ is a
strictly increasing continuous function with ¢(—00) = —oo and ¢(+00) = +00.
A niveloid T is a flexible niveloid if and only if (1.1) holds for every ¢ € ®,. In
fact, every p € @ is of the form p = ¢+ 7, where ¢ € &, and r € R. Therefore,
it is sufficient to use (1.2) to conclude the proof.

2. Normality

A niveloid T is called normal if T'(0) =0 ([4]).

PROPOSITION 2.1. A niwveloid T on X is normal if and only if, for each
feRY,

inf f <T(f) <supf. (2.1)

Proof. Clearly, (2.1) implies normality. Suppose that T is normal and

inf f > —o0o. Then inf f = T(inf f + 0) = T(inf f) + 0 = T(inf f). Thus, by

isotonicity, inf f < T'(f). The second inequality follows from duality. 0O

A niveloid is normalizable if T'(0) € R. If T is normalizable, then, for each

bounded function b, one has T'(b) € R. The converse is even more obvious. If b
is bounded and T'(b) € R, then the niveloid T, defined by

T,(f) =T(f +b) (2.2)

3
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is normal. This explains the term “normalizable”.
Here is an example of biconjugation which is not a normalizable niveloid.

EXAMPLE 2.2. Let w = {A|- —y|: y € R, A > 1}. Then T(f) = f**(0) =

sup ()\ly| - r) is a proper niveloid which is not normalizable, because
Al-—yl-r<f
T(0) = —o0.

Every limitoid is normal. Indeed, if L(0) # 0, then L(0) € {—o0,+00},
because a flexible niveloid is normal if and only if it is normalizable. By choosing
@ =0, we get the following contradiction

0 # L(0) = L((0)) = ¢(L(0)) = 0.
PROPOSITION 2.3. Fvery normalized flexible niveloid is normal.

Proof. Let T be normalized and flexible but T'(0) # 0. Let ¢ € ®, be
such that ¢(7°(0)) # T(0). Then T(0) = T(¢(0)) = ¢(T(0)), a contradiction.
a

_ Denote by A, the closure in the natural topology of a subset A of R. Clearly,
A is the least complete sublattice of R that includes A.

PROPOSITION 2.4. If T is a normal flexible niveloid, then for every f € r* ,

T(f) € FX) . (2.3)

Proof. Suppose that, on the contrary, T(f) ¢ f(X). If T(f) € R, then
there exists & > 0 such that [T(f) — 6, T(f) + 6] N f(X) = 0. There exists
@ € ® such that ¢(r) =7 if r ¢ [T(f) — 6, T(f) + 6] and for which (T(f)) #
T(f). Then ¢f = f and thus, by flexibility, T(f) = T(¢of) = »(T(f)), a
contradiction.

If T(f) is infinite, say, T'(f) = +00, then, by normality, sup f = +oo showing
that +oo € f(X). a

3. Flexible families of functions

A family B C R” is said to be flezible if @y (B) C B. For a flexible niveloid
T, the families {T' = 0}, {T = +o0} and {T = —oo} are flexible. We shall see
that the converse also holds (Theorem 3.3).

The family B is called 0-admissible if there exists a niveloid T such that
T(B) = {0}.

4



FLEXIBLE NIVELOIDS
PROPOSITION 3.1. If a flexible family B is 0-admissible, then for every
be B, inf|b| =0.

Proof. Suppose that, for same b € B, inf || =, > 0. Let ¢: R — R be
defined by

z for r>0
2 =
r) = 3.1
() {21", for r < 0. (3:1)
Then, since b is proper, r, < 400 and
. . 1 . To
- = — - > — 0
inf(b - (b)) {égg} 50 A {—oér<lfl;<0}( bz5 >0,
contrary to 0-admissibility. O

Let p € R™ . We shall consider niveloids of the form (1.7) generated by ®,(p),
the least flexible family that contains p. It is clear that ¢ € ®,(p) if and only

if there exists a lattice isomorphism v: p(X) — ¢(X) such that r > 0 entails
v(r) > 0, s < 0 entails v(0) < 0, v(—o0) = —co provided that —oco € p(X)
and v(+00) = +oo provided that +oo € p(X). In particular, if ¢ € ®,(p), then

sup p=+oo if and only if sup ¢ = +4o0; as well, sup p =0 if and only

{p<+o0} {p<+oo} {p<o0}
if sup ¢ =0. Of course, dual formula hold too.
{p<0}

We have seen in Proposition 3.1 that in order that ®,(p) be 0-admissible it is
necessary that inf |p| = 0. This condition is also sufficient. Indeed, suppose, for
example, that sup p = 0. Then there exists a sequence (z,),, C {p < 0} with

{r<o0}
limp(z, ) = 0. Consequently, for each g € ®,(p), ¢(z,) <0 and lim q(z,) =0.
Therefore, for each € > 0, there exists n such that |p(z,)| < e, |9(z,)] < € so
that inf(p — ¢) <0 and inf(q — p) <0.

THEOREM 3.2. If inf|p| = 0, then Vg () 1s a flexible niveloid. Moreover,
Voo =0 if and only if

sup inf f =400, 3.2
reg {r<p} f (32)
v inf - 3.3
A {ruslp}f > -0, (3.3)
sup inf =0. 3.4
5>I(: {—e<p} f ( )

Proof. Observe first that every ¢ € ®,(p) satisfies (3.2), (3.3) and (3.4).

Indeed, if sup {ir<1f} q < +00, then there would exist a sequence (z,,),, such that
reRATSp
limp(z,) = 400 and sup ¢(z,) < +co which is impossible. If there existed r € R
n n

5
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for which {igf ) q = —o0, then there would exist a sequence (r,), C {r < p}
r<p
for which limg(z,) = —oo, which contradicts ¢ € ®,(p). Finally to see that
n
g fulfills (3.4) note, that in the case where inf p = 0, inf ¢ = 0 as well.
{o<p} {0<p}

Otherwise, sup inf ¢=0.
e>0 {—e<p<0}
Let V

oo(p)d = 0- Then, for each d > 0, there exists ¢ € ®,(p) such that
f > q— 4. Since ¢ satisfies (3.2), (3.3) and (3.4), f fulfills (3.2) (3.3) and
sup inf f > —4 (for each § > 0), hence

e>0 {—e<p}

sup inf >0.
5>I(; {—e<p} f -

If Vg, f < 0, then the inverse inequality also holds, hence we have (3.4).

Assume that, on the contrary, there exists 7 > 0 such that ( in<f , f > for
—e<p

some € > 0. As, on the other hand, Vq,o(p)f > 0, there exists ¢ € ®,(p) such

that f > ¢q— 5. But there exists d > 0 such that . i§1f }f > r. We define
—6<q

% for t >0,

(5+1)t for t<O0. (3.5)

p(z) = {

Then ¢ € &, and ¢(q) € ®,(p). Now, on {g > 0}, f=§+'2£ >s+i-%=
I+%=0p(@+70n{-6<qg<0}, p(g) <0and f > 7, hence, a fortiori
f>¢(@)+%;0n {g< -6}, v(g) = (5 +1)g. Therefore, on {g < —6}, one has
f=wlq)>q—5-r(%) = ¢>5,sothat inf(f = p(g)) > % > 0, contrary to
the assumption.

Suppose now that f satisfies (3.2), (3.3) and (3.4). We have seen that, for

every ¢ € ®,(p) (3.4) amounts to sup{ ig1<f }f = 0. In particular, for every
§>0 {—6<q

d > 0, there exists z € {—¢ < ¢} for which f(z) < J.It follows that inf(f—gq) <

f(z) — q(z) <26 which proves that Vaomf <0.

Let € > 0. We shall find ¢ € ®,(p) for which f > g — . In view of (3.2),
for each k € N, there exists n(k) € N such that ‘ (ilgf< ) f > ke and, besides,
n(k)<p
n(k +1) > n(k). As a consequence of (3.4), {(i)1<1f}f > 0. Define now for n(k) <
<r
r<n(k+1),

olr) = mr s =g " ) e (3.6)

where k =0,1,2,... and n(0) =0.
By virtue of (3.3), for every k € N, there exists an m(k) > 0 such that

. inf }f > —m(k) and we may assume that m(k + 1) > m(k) > €. By (3.4),
—k<p

6
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there exists 1 > § > 0 such that inf f > —e. We complete now the definition

{-0<p}
of ¢ for negative r.
mg—llr if —6d<r<o,
p(r) = == 4 1) —m(2) if —1<r<-6,

[m(k+1) —m(k)](r+k) —m(k+1) if —k<r<-k+1, k>2.

So defined ¢ belongs to ®,(p) and enjoys the property f > ¢(p) —e proving
that Vg ) = 0.1t is clear that if f satisfies (3.2), (3.3) and (3.4) and ¢ € @,
then (f) also satisfies (3.2), (3.3) and (3.4).

If Vaoopd =t € R, then f = g —1 satisfies (3.2), (3.3) and (3.4), hence
sup inf g=t. As a consequence, for every ¢ € ®,, one has
e>0 {—<p}

sup inf = p(t
e>I0) {—e<p} #lo) = ()

and ¢(g) satisfies (3.2) and (3.3), proving that Vg, 0(9) = ¢(t). If Vg ()9 =
+00, then there is a sequence (f,), of functions satisfying Vg ., f, = 0 such
that g > f, +n. As we have shown Vg ., 0(f, +n) = ¢(n). Hence, ¢(g) >
o(f,+n) and Voo ®(9) = +00. Finally, if Vg )9 = —00, then Vg 10(g) =
—oo for each ¢ € ®,, because otherwise there would be V%(p)cp(g) > —oo and
Vao)9 = Vaopm?~ (¢(g)) = —oco which is impossible, because of the discussion
above. O

If T, is a flexible niveloid on R” foreachic I ,then \/ T, and A T, are also

i€l i€l

flexible niveloids (the bounds being considered in the complete lattice of all the
functionals on R ). The above holds also for the empty set of indices I; in other
words, the degenerate niveloids (7' = +o0o and T' = —oo) are flexible. Therefore
to every functional 7' on EX, there corresponds a least flexible niveloid F+T
that majorizes T' and a greatest flexible niveloid F~ T that minorizes T . In fact,
the upper and lower projections on the class of flexible niveloids in the sublattice

of all niveloids are
(FFT)(f) = sup e T(p(f)),
E-T)(f) = jnf o™ T(e())).

THEOREM 3.3. If T is a niveloid for which {T = 0} and {T = +oo} are
flezible families (or {T =0} and {T = —oo} are flexible), then T is flexible.

(3.7)

Proof. By the Second Representation Theorem [4; Theorem 2.3}, T =
Vir=oy V Vir=too}- As {T = 0} is a flexible 0-admissible family, for every
p € {T' =0}, Vg,(, is a flexible niveloid by virtue of Theorem 3.2.
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Consequently V (T=0} = V Voo(p) i flexible as the least upper bound
T(p)=0

of flexible niveloids. To see that V ,_, .y is flexible, consider f such that

Vir=too}f = +00. As {T' = 400} is an (+00) family, this amounts to f €

{T = +o0}, hence p(f) € {T = +oo} for each ¢ € &, in view of flexibility so

that Vir_,.,¢(f) = +oo. Finally, T' is flexible being the supremum of two
flexible niveloids. O

EXAMPLE 3.4. Let i: R — R be the identity on R. Of course, ®,(i) con-
sists of all the strictly increasing continuous finite functions that vanish at the
origin and tend to +o0o and to —oo with the argument. By Theorem 3.2,
Vao@yf = 0 if and only if zl’}rfoof(a;) = +o0, Jicr;frf(x) > —oo for each

r € R and sup in<f f(z) = 0. In particular, f may admit (+o0) values. Now
e>0 —€<z

f € {V%(i) =0} N {V%(i) < +oo} whenever the preceding conditions hold
and when f is bounded from above by a vertical translate of a function from
®,(7). In particular, such an f admits only finite values and must tend to —co
when the argument does.

Observe that the family B = {V%(i) =0}n {V%(i) < 400} is a flexible
0-family. The flexibility follows from the fact that {V%(i) =0} is flexible and
that, if for some h € ®,(i) and r € R, f < h+r, then, for every ¢ € &,
o(f) < p(h+1) = [p(h+7) — p(h(0) +r)] + ¢(R(0) + r) and the term under
the brackets belongs to ®(i). Since (i) C B C {Vg ;) =0}, {Vz =0} =
{V%(i) = 0}. Now if Vgf < +o00, then there exists b € D for which f C b.
But now Ag, ;b < +00 so that Ag ;) f < +0o proving that {Ayz < +oo} =
{Dgg) < +00}. Consequently, B is a 0-family.

We note that B is strictly greater than {V%(i) =0} N {Agyuy = 0} For

instance, the function f(z) = (z + 1)(z — 1)? belongs to the former but not to
the latter.

ExAMPLE 3.5. Let G = {V%(i) = 0}, that is, the family of those functions g
for which lim g(z) = +o00, and iI;f g(x) > —oo for each r € R and
T—00 z2>r

sup in<f g9(z)=0. (3.8)

e>0 —EST

We shall see that {A; = 0} consists of all the functions fulfilling (3.8). Therefore,
in view of section 12, {A; = 0} is maximal 0-admissible.

Let Agf = 0. In particular, for every ¢ > 0, there exists g € G such that
f < g+ 4, so that, by (3.8), 51;13 _1,§1<fz f(z) < 0. If this inequality were strict,

then there would exist 7 < 0 and a sequence (z,), such that ——}; <z, and

8
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f(z,) < r. Then either z, > 0 for some ny € N, so that ¢, , € G and
sup(f — ¢{zn,,}) = f(z,,) <r <0,o0r z, <0, for each n € N. In the latter
case, ¢{zﬂ:neN} € G and sup(f - ¢{zn:neN}) < r < 0. Consequently, the
0-admissibility of {Ag; = 0} is contradicted.

Let f satisfy (3.8). As every g € G also satisfies (3.8), we have, by the
0-admissibility of the set of those functions that fulfil (3.8), that Agf > 0. On
the other hand, for each n € N, there exists =, > —% for which f(z,) < %
If there is a subsequence (z,, ), of (z,), with z <0, then f < ;b{x"k: k>ko)
+ % and Yy, k>ke} € G for each k;; otherwise, there exists n, such that

0 Tkt =
z, > 0 foreach n > ny. Now ¢, 1 € Gand f < 1,[){%}-%%. Anyway, Ogf < 0.

In view of [4; Theorem 6.4], a maximal 0-admissible family need not contain

0. However,

THEOREM 3.6. Every mazimal 0-admissible flexible family contains 0.

Proof. If B is 0-admissible and flexible, then
V50 <0< V0.

In fact, inf(—b) < inf|b] = 0 in view of Proposition 3.1, hence Vz0 =
supinf(—B) < 0. As well, inf(b) < inf|b| = 0 so that Az0 = gxelgsup(—b) > 0.
beB
If B is maximal 0-admissible then V30 = A0, thus 0 € B. a
PROPOSITION 3.7. Let B be a 0-admissible flexible family. Then Vgf =0
if and only if there exists a sequence (b,,),, C B such that

sup inf f = +4o0, 3.9
’I‘Eg {stn}f ( )
\Z {Tlélbfn}f > —00, (3.10)

1
sup inf > —-—, 3.11
6>1(:)){—55bn}f - on ( )
supsup inf f<0. (3.12)

beB e>0 {—e<b}

Proof. We have that B = |J ®,(b), for some B, (in particular for

bE By
B, = B). Therefore, Vzf > 0 whenever there exists a sequence (b,), C B,
such that Vg ,  f > ; which, in view of Theorem 3.2, amounts to (3.9),

(3.10). Now, V4 f <0 is equivalent to (3.11) in view of Theorem 3.2. a

A niveloid T is inf-convolutive (resp. sup-convolutive) if for every function f,

T(f)= Vir=o}f (resp. T'(f) = Atr—oyf)-

Here is an example of a flexible niveloid which is neither inf- nor sup- convo-
lutive.
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EXAMPLE 3.8. Consider the following niveloid

inff: supf<+4oo,

T(f)={ —oco: inff=—00, supf=+oo,

+oo: inff > —00, supf=+c0.
We observe that T'(f) = 0 whenever inf f = 0 and sup f < 400, T(f) = +o0
if and only if sup f = +o0, and inf f > —co and T(f) = —oo if and only if
inf f = —co. In view of Theorem 3.3, it is sufficient to define {T' = 0} and
{T = +o0} or (T'=0) and {T = —c0}.

Vieeoyf=  sup inf(f —b),
{b:inf b=0, sup b<+o0}
sup(f —b).

Dpr_onf = inf
{T—O}f {b:infb=01,2upb<+°°}

Now Vir_o;f = +0o whenever there exists a sequence of functions (b,), C
{T = 0} such that f > b, + n. Therefore, in particular f > n so that
f = +0o0. We have seen that there exist functions f for which T(f) = +oo
but Vir_oyf < +oo: T is not inf-convolutive.

Now if Agp_gyf = —oo, then in particular, sup f < f,. Consequently, there
exists a function f for which T(f) = —oo but Ayp_gyf > —oco: T is not
sup-convolutive, but {T' = 0} is sup-convolutive.

THEOREM 3.9. If G is an inf-convolutive flexible family, then Ay is a limi-
toid.

Proof. Let A= |J{{-e <b}: e€>0}.If Ayzf <0, then, for every
beB

n € N, there exists g, € G such that f < g, + % and since g, fulfills (3.11),
limjinf f < 0. m]

4. Limitoids and carriers

We shall denote by £(X) the set of all limitoids together with the functionals
—oo and +4o00. The latter will be referred to as degenerate limitoids. We shall
see later that £(X) is closed under arbitrary least upper bounds and greatest

lower bounds.
The notions of (lower and upper) carriers will enable us to characterize the

limitoids, recovering Theorem 1.1 via a simple alternative proof.
Denote by v, the indicator function of H:
0 ifze H,

e ={ | S (1)

10
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and by 9§ the indicator function of H valued in the lattice R:

o -0 ifrzeH,
vir (@) = { too ¢ H. (4.2)
Of course, Y§ = —x% -
Let T be an arbitrary niveloid. The lower carrier of T is defined by
IT={A: T(-y,) >0} (4.3)
and its upper carrier by
1T = (I17)*. (4.4)

Here T*(f) = —T(—f) is the conjugate functional of T. Of course, 1T =
{H: T(ypy) <0}".
PROPOSITION 4.1. If T is a flexible normal niveloid, then A € |T if and
only if T(=v,) > —o0 and A € 1T if and only if T(¢,) < co.

Proof. Let T(-%,) > —co0. By normality, T(—%,) < 0 and, in view of
Proposition 2.4, T(—%4) = 0. The second statement follows from duality. O

The pseudocarrier is defined by

IT={A: T(x3)=+}. (4.5)
Recall that pseudocarriers have already appeared in the Greco represen-

tation theorem (Theorem 1.1). In view of [4; Corollary 1.3], if T is a niveloid,
then

A€lT <Y inff <T(f), (4.6)
He(tT)* v T(f) <supf. (4.7)
H

Now it is clear that § € T if and only if T = +o0; also {T # 0 if and only if
inf < T. Dually, @ € 17 if and only if T' = —o0; as well, 17 # 0 if and only if
T < sup. Consequently, T is normal if and only if |T" and 17" are nondegenerate
semifilters.

We observe that F,_(7*) = (F_T)*. Moreover,

IE,.T)=3T=3(F_T). (4.8)

Formula: (4.6) and (4.7) imply that, for every niveloid T', and for each f,
liminf f < T(f) < limsup f

T (17)#

and because lim inf = lim sup,
A A#
liminf < T < liminf . (4.9)
T 1T

Moreover, these are the greatest lower limit that minorizes T', and the least lower
limit that majorizes T'. It follows from the definitions that, for every niveloid T,

T CiT Cc1T. (4.10)

11
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THEOREM 4.2. A niveloid T is a limitoid (possibly degenerate) if and only if
{T = 1T (and thus equal to }T').

Proof. It is straightforward that lirr}A inf (and lim sup) is a limitoid (proper,
A

whenever A is a base of a proper semifilter). Consequéntly if 1T = | T, then by
(4.9) T is a limitoid.

Suppose now that T is a limitoid. Let A € $T'. By setting p(r) =7 A0, we
get from (1.1),

T(=94) =T(xx A0 =T(xF)A0=0,

thus A € {T. If now H € ($T)#, then by setting o(r) = 7 V 0, we derive
from (1.1),

T(Wy)=TWFV0)=T(F)vV0o=0
so that H € (1T)#. We have proved that 17 C |T. O

In view of (4.9), (4.10) and (4.5), Theorem 4.2 implies Theorem 1.1.

ExXAMPLE 4.3. Let C be the functional of convexification at a given point of
R, for instance, C(f) = (co f)(0). We have that

tC#£3C=\C.

In fact, A € {C whenever co(—1,)(0) = 0 and this happens only when A =R.
On the other hand, co(x¥)(0) = X%, 4¢)(0). Now, A € (1C)# if and only
if 0= co(1,4)(0) = 9, 4(0) and A € ($C)# if and only if co(yF)(0) = -0,
equivalently —oco = 15 4(0).

It follows from our considerations that the lower projection of C' on the
class of limitoids is equal to inf. On the other hand, H € 1C if and only if
0 ¢ co H¢. Therefore the upper projection of C on the class of limitoids is equal
to the quasi-convexification at 0. Summarizing,

(L™ co)(f) =inf f, (L*co)f = sup inff.
{H:0¢co He} H

EXAMPLE 4.4. Let D(f) = f**(0), the classical biconjugation on the line R.

As (=Y 4)*™* # —oo if only if A = R and alike (x¥)** # —oo if and only if

A =R, |D=1D = {R}. Now (¥F)** = —oc if and only if A # 0, while
% =1".coa SO that

ID=3D#1D.

The lower projection on limitoids is also inf and the upper the quasi-convex
lower semicontinuous hull.

12
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EXAMPLE 4.5. (A flexible normal inf-convolutive niveloid which is not a limitoid)
Let B = {Vg4,;) =0} from Example 3.4. We shall set F = {VBU{O} =0}. We

have that f € F if and only if
Vefvinf f=0,

equivalently if V,f <0 and inf f < 0 and either Vf > 0 or inf > 0. This is
tantamount to: f € B (because Vgf < 0 implies inf f < 0) or Vizf < 0 and
inf f =0.

Another characterization given in [7] describes limitoids as those isotone func-
tionals L for which

L(x%) € {—o00,+00}, (4.11)
V.V L(fAr)=L(f)Ar, (4.12)
reR f
V.V L(fVr)=L(f)Vr. (4.13)
reR f

Of course, (4.11) is satisfied by every niveloid L. We note that a weaker version
of (4.12) and (4.13) was used in the proof of Theorem 4.2.

As it was shown in (7], £(X) is isomorphic to the complete lattice of semifil-
ters on X (degenerate ones comprised). Denote by L™ T and L™ T respectively
the upper and the lower projection on the class of limitoids. We note that

WLT)=iT, 1(L*T)=1T;
the latter may be obtained from the former by duality.

THEOREM 4.6. The lower (resp. upper) projection of a niveloid T on L(X)
is given by

(L™TY(f) = IirilTinff (resp. (LTT)(f) = lir?%nff). (4.14)

Moreover, for every family {T;};,c; of niveloids, one has
L~ (/\ Ti) = AL (T) and L* ( \V} T,.) =\/LtT,. (415
iel i€l iel il
This property corresponds to the following rule concerning carriers
‘L(/\Ti) =()4T; and T(\/Ti) = J1T;. (4.16)
iel i€l i€l i€l
On the other hand, if I is finite then
¢(\/Ti)=U¢Ti and T(/\:l;):ﬂm. (4.17)
i€l i€l i€l iel

In particular, as a consequence of Proposition 4.1 and Theorem 4.2 we have:

13
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PROPOSITION 4.7. If {T}},., are flexible normal niveloids, then (4.16) and
(4.17) hold.

Therefore, if B is a flexible 0-admissible family containing 0, then

(L=Vp)f = sup inf f,
{b€B: supb<+oo} {—00<b}
(LY V) f = sup f (4.18)

inf
{H: 3235‘,;?"20} H
THEOREM 4.8. FEvery limitoid is a convolutive niveloid.

Proof. Let L be alimitoid. By Theorem 4.2 and by (4.9), L(f) = 0 if and
only if sup iIfl‘ff =0 and thus L =V ;_o. Dually, L(f) = 0 if and only if

A€tL
inf =0,hence L=2A,,_,,. 0
e yp =0 bence L= By

5. Flexible niveloids on bounded functions

Let T be a normal niveloid. A set A belongs to the lower quasi-carrier iT
of T if there exist —oco < r < s < +00 such that the function

s ifzeA,
b(m):{r ifzg A (5.1)

satisfies T'(b) = s. On the other hand, H € $T if T(b) =r with A= H¢. We
have that
ITcirT and FTctT. (5.2)

Indeed, if A € [T, then 0=T(-v,) <T(x4—1) <T(x4)—1<supx,—1<0,
by normality. Similarly, =1, < b —s. On the other hand, if H € 1T and b is
given by (5.1), then ¥y > b—s so that 0 > T(yy) > T(b) —s > infb—s=0.

PROPOSITION 5.1. If T is a normal niveloid and [ is a bounded function,
then
liminf f <T(f) <limsup f. (5.3)
ir *r

Proof. Let A€ iT and let s=i%ff and 7 =inf f. Then b= (—v¢, +s)
+ 7 Vinf f is of the type (5.1) and fulfills b < f. Thus i%ff =T() <T(f) so
that the first inequality holds. The second is similar. O

14
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PROPOSITION 5.2. If T is normal and flexible, then
Aeil < T(x,) =1 < A°¢ IT.
Proof. Let A € iT and b be as in (5.1). Then T(b—7) = s — r and

T(x,) =T(=(b—r)) = 1.1f A ¢ {T, then T(x ) = 0, because T(f) € f(X).
By definition A€ € $T. O

COROLLARY 5.3. If T is normal and flexible, then :kT = ($T)# and hence
for each bounded function f,

liminf f = T(f).
T

This approach that enables us to exhibit the limitoid coinciding with T on

the bounded functions is akin to the method of carriers in the characterization
of limitoids.

6. Application to Moreau-Yosida approximation

Approximations of the Moreau-Yosida [DOLECKI, S: Fuzzy I'-operators and
convolutive approzimations. In: Nonsmooth Optimization and Related Topics
(F. H. Clarke, V. F. Demyanov, F. Giannessi, eds.), Plenum, New York 1989,

109-131] type hinge on the coincidence of certain niveloids on the sets of func-
tions of the form

gh:{f: rgmthJ”}'

We say that @Q approzimates P (from below) over h whenever, for each
p€P,e>0 and s € R there exists ¢ € () such that

pV(h+s)>qg—c¢. (6.1)

THEOREM 6.1. If Q approzimates P from below over h, then for each f J h,
Vpf <Vqof.

Proof. Let r <V, f. Then there exists p € P such that f > p+r. On the
other hand, by assumption, there exists t € R for which f > h + t. Therefore,
f>[pVv(h+({t—r))]+r and, since Q approximates P over h, for every € > 0,
there exists ¢ € @ such that f > q¢—e+r, hence Vof > r—e¢ for each € > 0.

O
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