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THE COVERING OF RINGS
BY INTEGRALLY CLOSED RINGS

JURAJ KOSTRA

Dedicated to Academician Stefan Schwarz on the occasion of his 70th birthday

We introduce first some basic notions used in this paper.
Let K be a field. Let G be a linearly ordered abelian group extended by the
element o, greater than any other element of G, and such that

©o+g=ag+o0=0»
00 = 00 = 00
for all ae G.

A mapping v from K into G is called a valuation of the field K if

1) v(a)=o<a=0;
2) v(a-b)=v(a)+v(b) for all a, beK;
3) v(a+ b)=min {v(a), v(b)} for all a, beK.

From the definition of the valuation it follows that v(a + b) = min {v(a), v(b)}
whenever v(a) # v(b).

The set of all x € K such that v(x)=0 forms a ring V. This ring V is called the
valuation ring belonging to v. We shall say that V < K is a valuation ring of K if V
is a valuation ring for some valuation of K.

The following simple facts will be used. If x € K and V is a valuation ring of K,
then at least one of the elements x, x' is contained in V. If both x and x ' are
contained in V, then x is called a unit of the ring V. If u is a unit and y € V is not
a unit, then u +y is a unit of the valuation ring V. In particular, if y € V is not
a unit, then 1+ y is a unit. An element u € V is a unit if and only if v(u)=0. In
particular, v(1)=v(—1)=0.

If V is a valuation ring of a field K, then K — V is multiplicatively closed, i.e.
aéV,bé&Vimply a-b¢V.

If a¢V and u is a unit of V, then a-ué¢V, since a-u¢V would imply
a-u-u'eV,ie. aeV.

In the following we shall deal with covering a subring B of K by subrings
Ay, A, ..., A, of K, i.e. we shall find conditions under which
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BcA/UA-U...UA,
may hold.
We first show:

Lemma 1. If B, A,, A, are subrings of K and Bc A|UA., then either Bc A, or
BcA..

Proof. Suppose that there exist two elements a,, a> such that A,, a-€ B and
€A — A a-€ A-— A,. Since a,+ a-€ B A|UA, we have either a, +a-€ A, or
ay+ a>€ A:. Suppose, e.g. that a,+a-€ A,. Then a, + a>—a,=a-€ A, contrary to
our assumption. Analogously if a; + a: € A, then ¢, + a>— a.=«a, € A-, contrary to
the assumption. Hence either B= A, or B = A,. This proves our statement.

Lemma 1 does not necessarily hold if the number of “‘summands” is larger than
2. In [4] an example of a field K and subrings B, A,, A., A, of K has been given
such that Bc AjUA:UA,;, while B is contained in none of the A, A., A..

In the following suppose that B, A, ..., A, is a finite number of subrings of K.

In [2] we have shown: If G is Archimedean and

Bc AlUA:U...UA,,

where all A, are valuation rings, then B is contained in one of the rings A,.

In [4] has been shown: If Bc AjUA,U...UA,, n=3, and all A, with the
exception of at most two ‘‘summands’ are valuation rings, then B is contained in
one of the rings A,.

Let K be a field and A a subring of K. An element x € K is called integral over
the ring A if there are elements A, ai, ..., a, 1€ A, n=1, such that

X” + a, |.x” ! +...+ llu:().

A ring A is called integrally closed in the field K if each element of K which is
integral over A is contained in A.

The purpose of the present paper is to show that the result of [4] (mentioned
above) may be sharpened. Instead of supposing that A, A., ..., A, with the
exception of two of them are valuation rings it is sufficient to suppose that
Ay, As, ..., A, with the exception of at most two of them are integrally closed rings.

We shall use the following known result

Theorem 1. ([1], p. 70, Corollary 10.9)

A subring A of a field K is integrally closed in K if and only if A is an intersection
of valuation rings of K.

Note that the intersection of two valuation rings need not be a valuation ring.

Lemma 2. Let K be a field and B a subring of K containing the unity element of
K. Let W={V,, V., ..., V} be a finite set of valuation rings each of which contains
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1
a given element b € B. Then there is an element ¢ € B such that ce( ]V, and c is
. 1

a unit of each Ve W.
Proof. Denote by v; the valuation of K belonging to V.. Put b,= b and definc
the sequence 3 ={bu, b\, ..., b/} by the recurrent formula

b.=1+ ﬁ b;.
The supposition -

bue Bnh Vv,
implies -

beeBAMV,

and therefore v,(b.)=0 for all v;, i=1,2, ..., 1. We next show that for a fixed
chosen v, there is at most one element b,;, € 8 such that v;(b,;,)>0.

If for all b, € B we have v;(b.) =0, there is nothing to prove. Let b,;, be the first
term in 3 for which v;(b.;)>0. Then for any m > s(j) we have

m—1
v, (H b,,) >0,
hence v,(b,.)=0. Hence to any v, there is at most one element b, such that
v,(b.,)) #0. Since card B =1+ 1, there is necessarily an element, say b, = ¢, such
that v,(¢)=0 for all je{1,2,...,1}. Hence c is a unit for all V,e W.

Remark. Let V be an arbitrary valuation ring not containing b. We shall prove
that the element ¢ chosen from the sequence f3 in the proof of Lemma 2 is not
contained in V. We show by induction that any b; € § is not contained in V. By the
assumption b,=b ¢ V. Let for i <s b, ¢ V, then from the fact that the complement
of a valuation ring in the field K is multiplicatively closed it follows that

Moev

i=0
and so

v—1
b,=1+]] b ¢V,
i=0

hence c¢ V.

Theorem 2. Let B, A,, A,, ..., A, be subrings of a field K containing the unity
element of K. Suppose that the rings A:, with the exception of at most two of them,

are integrally closed in K. If B anJA,-, then there is an i (1<i<n) such that
i=1
Bc A..
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Proof. By Lemma 1 we may suppose that n =3. Without loss of generality we
may suppose that A, ..., A, are integrally closed, hence intersections of valuation
rings of the field K. Suppose for an indirect proof that BnA,# B for all je N,
N={1,2, ..., n}. Again without loss of generality we may suppose that B4 J A,

1#]

for any j e N. We shall show that under this condition there is necessarily an x € B
such that x ¢ J A..
(|
For any je N there exists an element ¢; such that

a; € BOA, - UA,
i+
Each of the rings { A, ..., A, } is an intersection of valuation rings of K. Hence to
any q, just chosen and to any ring A,, i# j and i > 2, there is a valuation ring V,,
such that A;cV,; and a;¢ V,,. The set M={V,,|i>2, i#j} is a finite set of
valuation rings and, of course,

A}UA4UUA,,CU‘/,, l>2, l#}.

For a fixed a; let M"” be the set of all valuation rings Ve M containing a,. If
M # @, by Lemma 2 there is a element ¢; € B, ¢; with the property of Remark, that
¢; is contained in all valuation rings Ve M and ¢ is a unit of each Ve M. If
MY =g put ¢;=aq;. Denote

n
du = l—[ C,.
=1

Clearly dyeB. If V=V, , is any valuation ring from M, then by definition
a, € V=1V, ., hence ¢, ¢ V. Some other ¢; may be contained in V. The product of
those ¢, which are not contained in V is not contained in V (since K—V is
multiplicatively closed). For those ¢, which are contained in V the product is a unit
of V. Since the product of an element not contained in V and a unit of V is not
contained in V, we have the following result: The element d, constructed above is
contained in none of the valuation rings Ve M.

We now consider the following subset of M:

M0=(Vl_i|i>2}U{V2V;|l’>2}U{V1<nli>3}

(if n=3, the last summand is empty) Clearly d,¢ V,, for any V,,eM, and
AjU...UA, is covered by Ve M,.

We next show that there is a positive integer ¢ such that none of the elements
ay'ds, az'dy, a3'dy is a unit of any V e M,.

dy € V for any V e M,; hence for any v, ;, where j, i run through all admissible
j, i, there is
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1’,4i(11(’»‘)¢ 1’,(,((1.’;‘)
for positive integers t, # .. Hence for a fixed [ e {1, 2, 3}
'U,'A,'((ll lll(""):()

for at most one positive integer .. Therefore there is a positive integer ¢, , such
that for any t,=1¢,,, we have

vi.i(a, 'd§)#0.

Now if t=max {1,,,|je{1,2,3},i€{3,4,...,n},i>j, 1e{l,2,3}}, then none of
the elements a;'d}, as'd)h, as'd) is a unit of any Ve M,.

Put d = di. Clearly d ¢ L"JA,, since for each Ve M, d ¢ V. From d € B it follows

that d e A|UA2.
We now finally show that there is an element x € B such that x § A|u...UA,.
There are three possibilities :

deAlﬁAz, d€A|_A2, deAz_A|.

l.Letde AinA,.Putx =a;+ d. Then x ¢ A;jUA,UA, (For, x € A, would imply
a;=x—deA, xe A, would imply as=x—de A, and xe A: would imply d=
X —as€ As, in all cases a contradiction). To show that x ¢ A, for i>3 write
x=a(1+a3'd).

a) Suppose ai'd ¢ Vi,. Since a;¢ Vi, and 1+a3'd¢ Vs, we have x ¢ Vi,
whence x ¢ A..

B) Suppose a;'de Vs,. Then 1+ a5'd is a unit of V,,, since a;'d is not a unit.
The product of a;é V,.; and the unit 1+ a;'d does not belong to V. Hence
x¢ V., and so x ¢ A,

2. Let de Ai— A,. Put x=a,+d. Then x ¢ A,UA, (For, xe A, would imply
x—d=a,€ A, x€ A, would imply x —a,=d € A,, in both cases a contradiction).
To show x ¢ A; for i>2 write

x=a(1+a3;'d)

a) Suppose a;'d¢ V... Since a.¢ V., and 1+a;'d¢ V,, we have x¢ V.,
whence x ¢ A,.

B) Suppose a;'d € V,.i, a;'d is not a unit of V,;, hence 1 + a;'d is a unit of V5.
The product a. ¢ V,.; and the unit 1+ a;'d does not belong to V. ;. Hence x ¢ V..,
and x ¢ A,.

3. Let de A,— A,. Put x =a,+ d. Analogously to the case 2 we get

x¢ L"J A..
i=1
Theorem 2 is proved.
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MOKPBLITUE KOJIEL] HEJIO3AMKHYTbBIMHU KOJIbLIAMU
Juraj Kostra
Pesiome

B paGote nokasana ciepytomas teopema: Ilyete B, Ay, ..., A, nogkonsna ¢ eauuuuei nons K,
TAkME 4TO

v Bce Koabla A,. i=1, ..., n KpOMe ObITH MOXET JIBYX SBJISUTCS LCJO3AMKHYTHIMH KOJbILaMu. Tora
CyniecTBYCT Takoe Koawuo {;, i€ {l,...,n}, ytoB c A,.
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