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(Communicated by Michal Feckan)

ABSTRACT. Given an underdetermined system of ordinary differential equa-
tions, extremals of all possible variational problems relevant to the system to-
gether with the corresponding Poincaré-Cartan forms were characterized in geo-
metrical terms in previous Part I of this article. The present Part II demonstrates
the utility of this approach: it enables a deep insight into the structure of Euler-
Lagrange and Hamilton-Jacobi equations not available by other methods and
provides the sufficient extremality conditions without uncertain multipliers simi-
lar to the common Hilbert-Weierstrass theory. Degenerate variational problems
are in principle not excluded and, like in the “royal road” by Carathéodory, no
subtle investigation of admissible variations satisfying the boundary conditions is
needed.

Introduction

Let us overview the main achievements of this paper by using the common
terminology. Two underdetermined systems of differential equations are dis-
cussed here: the case of a single equation y;, = f(Z,y;,.- -, ¥ Y15+ Y_y)
and the case of two equations y;, = f(Z,9;,. -, ¥y Yo+ » Um—2)s Yme1 =
9(Z, Y1 Yy Yo -+ > Yien) , Where m > 2 or m > 3, respectively. For techni-
cal reasons, some results are stated only for the particular value m = 3.

In the first case, the nondegenerate subcase det(9?f/dy;0y;) # 0 (i,j =
1,...,m —1) leads to extremals given by a second order system. They are iden-
tical with the characteristics of the Pfaffian equation w = 0, where

hw = h(dym - fdz — Z %(dyi —yédz)) = h(Hdz - Z %dyi +dym>
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may be regarded as a generalized Poincaré-Cartan (PC) form. Here h is a para-
meter and H = —f+ ) y. 0f/0y; stands for the generalized Hamilton function.
Various extremality problems can be easily discussed in a uniform manner and
the Hilbert-Weierstrass criterion is obtained: the existence of appropriate solu-
tions of the Hamilton-Jacobi (H.J) equation together with the convexity of f in
Yis- - Yy, ensures the global extremum. We moreover deal with the generic
degenerate case assuming m = 3 for better clarity. Then the extremals are given
by a first order system. (It seems that this result cannot be easily verified with-
out the use of the PC forms.) Alas, the usual H.J equation is insufficient to
cope with the extremality problems. (We intend to discuss this remarkable and
old-standing problem in future and refer to [1; Parts II, III, IV] dealing with
analogous tasks for this time.) Finally the particular degenerate case when the
extremals satisfy an underdetermined system (namely y; = f and a single sec-
ond order equation) is mentioned. It is similar to (but more general than) the
so called “parametrical problem” of the classical theory (i.e., if the variational
integral is independent of the parametrization). It does not cause much difficul-
ties in spite of the fact that the extremals are depending on the choice of one
arbitrary function and a H.J involutive system (instead of a single equation) is
obtained.

In the case of two differential equations, the results are more instructive if
compared with the common point of view. For simplicity, let us refer only to the
case m = 3 here. Then the functions

_O0f of of 9g of d of G- Bg_l_afé?g dg 0g d 0Og

+ ! !
6 dy} 8y3 Ay Oy, dz dy;’ Oy, Oy; 0y, OJyi Oy, dz Oy

play the crucial role. If Gc’?zf/ay’12 # Fazg/ay{ , the extremals are given by
the additional third order equation
dG dF 2 0f

F&E - G—+G

=0
dz dz 8y2

+FG(8f 89) _p9

dy; 9y, 9y,

(equivalent to y;" + lower order terms = 0). The generalized PC form
9 9 )
h(G(dy3 — fdz - a—f,(dy1 - dm)) —F(dy2 —gdr — ﬁ(dy1 -y dm)))

of dg
- _ - F=21d Fdy, — Gd
h (H dz (G oy, Byl ) y, — Fdy, y3>

with a parameter h and the generalized Hamilton function H provide the
HJ equation and the Hilbert-Weierstrass extremality criterion. The convex-
ity of the function Gf — Fg in the variable y; (which is freezed in coefficients
F, G) is needful. This corresponds to the common “nondegenerate case”. We
also deal with the “degenerate case” assuming that both f, g are linear in v -
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The simplest result is obtained if the functions f, g are independent of 3; and
the inequality

of 0%g , dg 0*f

oy, ay% oy, A3
holds true. Then the extremals are given by an additional first order equation
(briefly: y; + -+ = 0), the PC form is retained (it simplifies considerably),
a reasonable H.J equation appears, but the relevant Weierstrass function is a
multiple of the function

07 - _ of
S ) () = 7)) = 55;(@ (3w) - 3())

(where F(-) = F(@,-, Y Us)s 5() = 9(2, - ,9,,3;) and @, g, Yy are regarded as
parameters) which looks very strange.

A few concluding remarks.

The nondegenerate variational problems are frequently investigated in actual
textbooks, however, the common presence of uncertain coefficients essentially
obscures the sense of the results. The degenerate problems were ignored as yet:
even the true identification of extremals is hardly possible by the common direct
calculations (cf. the surprising identities (20), (21)). The only exception repre-
sents the top linear problems appearing in sub-Riemannian geometries [4], [5].
It should be however noted that the classical definition of degenerate variational
problems does not make a good sense since it may be highly affected by the
choice of coordinates (e.g., the problem of Section 14 can be seen equivalent to
the theory of the simplest nondegenerate variational integral [ f(z,y,y') dz)
by appropriate adaptation of variables.

Some results of this article were already referred to without proofs in [2].

Preliminaries

1. Contact diffieties.

In order to enter into the applications easily, we begin with a short review of
classical concepts suitably adapted for our future aims. Let M(m) be the space
(isomorphic to R* , but moreover) equipped with (infinite order) jet coordinates
z,wi € F(M(m)) (i =1,...,m, s =0,1,...), contact forms w! = dw’ —
wt,, dz € ®(M(m)), and the formal derivative vector field

X =0/0z+ ) wi,,0/0w; € T(M(m)). (1)

Then the submodule Q(m) = {wi} C ®(M(m)) generated by all contact forms
clearly is a diffiety with the slope H(m) = Q(m)*+ = {X} c T(M(m)) genera-
ted by the single vector field (1).
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Hint.
We refer to [3; Sect. 3]: £Lyw? =w!,,, hence

QUm),: Q(m)y, C Q(m), C -+ C Q(m) = JQ(m), (Qm), = {w}: s<1})

(2)
is a good filtration.

The solutions P(t) € M(m), 0 <t <1, of Q(m) given by the formulae z =
z(t), wi = wi(t) satisfy wi,,dz/dt = dw!/dt (equivalently w , = dw’/dz
if z'(t) # 0) and it follows that the diffiety Q(m) corresponds to the empty
system of ordinary differential equations for m unknown functions wg,...,wd
of one independent variable z.

General systems of ordinary differential equations are realized as certain sub-
diffieties of Q(m). More explicitly, let f!,..., f¢ € F(M(m)) be functions such
that the equations X'fi =0 (j =1,...,¢, [ =0,1,...) determine a subspace
m: M C M(m). Then we obtain the induced diffiety @ = m*Q(m) C ®(M(m))
with the good filtration

Q,=m'Qm),:Q,CcQ C---CQ=UQ, (,=m*Q(m),) (3)
and the slope H = Q1 C T(M(m)) generated by the same vector field (1) re-
stricted to M. Denoting a little symbolically f7 = fI(z,. e wi, .., the diffiety
Q corresponds to the system of differential equations f(z,... ydPwg/dz®,..)
= 0 or, better, to the infinite prolongation X!'f7 =0 with derivatives d°w}/ dz*
substituted for the jet variables w? .

On this occasion, it is necessary to recall the common abbreviations of re-
strictions like f = m*f, ¢ = m*yp, especially
z=m"z, w! = m*w! w! =m*w (4)
and of partial derivatives like
f, =0f/0z, fsizaf/ﬁwi, [ =0f/owtow! .
We believe that no confusions will arise.
The contact forms w! € ®(M(m)) provide a basis of Q(m). The restrictions

w! = m*'w! € ®(M) (abbreviation (4)) generate Q but they are not linearly
independent. In more detail: the expansions

dF = F,de+Y _ Fidw! = XFdz+Y_ Fiwi € ®(M(m))  (F € F(M(m)))

are clearly true, hence the identity m*F = 0 (i.e., F vanishing on M which
also implies m*X F' = 0) leads to the linear dependence

0=dm'F=m"dF =) Fiw! € ®M), (5)

where F! = m*F!, w! = m*w’ (abbreviations (4)). In particular, F = X'f’
(j =1,...,¢c, I =0,1,...) may be substituted here which provides a large
family of identities (5).
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2. A survey of algorithms.

The main result of Part I was as follows: for a given diffiety @ C (M), the
FEuler-Lagrange (EL) subspaces e: E C M together with Poincaré-Cartan (PC)
submodules ) C Q can be explicitly calculated by a certain algorithm. Recall
that the restriction e*Q C ®(E) is a diffiety (the L diffiety, a subdiffiety
of ) and (1 C Q is a finite-dimensional submodule satisfying the equivalent
conditions

d2=0 (mod Q,QAQ), L,0CcQ (ZeQt) (6)

along E. Since E, Q) can be interpreted in terms of certain variational problems,
the solutions of £L£ diffieties are called extremals. (Alternatively: extremals are
solutions of € that lie in E.)

The algorithm consists of two steps. First, certain maximal possible subspaces
M C M and submodules 2 C  were determined such that (6) holds true for
Q (instead of §) along M. Second, this M was adapted to obtain the maximal
subspace E C M (hence E C M) such that the restriction of Q to E is a
diffiety (the ££ diffiety) and the modules ) = Q were identified along E.

In principle, the second step is quite clear (cf. also [3; Sect. 4] and any of the
examples below). Concerning the first step, let us state the main idea. If N ¢ M
is a subset and © C {2 a submodule, we introduce the submodule Kery,, © C ©
of all ¥ € © satisfying £,9 € © (Z € Q1) along N. This operation Kery is
repeatedly applied to certain terms of the filtration (3) which gives the desired
subspace M (which is equal to the last stationary term N) and the desired
module Q (the least value of the module Kery ).

3. Adjoint modules.

For the convenience of reader, some well-known results concerning the exis-
tence of special (local) bases of certain modules will be briefly stated. (Note that
the existence of some local bases of all modules under consideration is always
tacitly supposed.)

Let ¥ € ®(M) and consider the submodule

Adjdd = {Z]d¥: Z e T(M)} C &(M). (7)

This submodule has a special basis du',dv!,. .., duc,dv® (c > 0) such that dY =
dul Adv! + - +du® Adv®. In particular c = % dim Adjdd. If 9 ¢ Adjdd, then
9 =du® +vldul +--- +v°du for appropriate u® € F(M).

Let w € ®(M) be nonvanishing and consider the submodule

Adj{w} = {w, Z]dw: Z € T(M), w(Z) =0} C &M). (8)

This submodule has a special basis du®,du',dv?,... duc,dv® (¢ > 0) such that
hw = du®+v! dul+- - -+v° du for appropriate (nonvanishing) factor h € F(M).
In particular ¢ = }(dim Adj{w} — 1).
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By using these results, it follows that the codimension of the greatest sub-
space 1: L € M, the so called Hamilton-Jacobi (HJ) subspace, satisfying the
requirements 1*dJ = 0, 1*d(hw) = 0, respectively, is clearly equal to ¢. On a
simply connected domain, these requirements read

FW—-dW)=0, I*(hw—dW)=0, (9)

respectively, where W € F(M) is an unknown function. In the following appli-
cations, E will stand for the space M and ¢,w € e*(} will be the generalized
PC forms. Then the conditions (9) turn into a generalization of the familiar
classical HJ equation.

First example

4. One differential equation.
In order to deal with the equation

we introduce the subdiffiety Q@ = m*Q(m) C (M) of the diffiety Q2(m) on the
subspace m: M C M(m) of all points that satisfy the equations X'(w*—f) =0
(I=0,1,...). Clearly

!
X (wi* = f) =wiy, - Zflwl—i-l
as the top order terms are concerned, therefore the functions
T, wh, w (i=1,....m, j=1,....m—1, s=1,2,...)
provide the coordinate system on M. Then
X =0/0x+ ) wid/ow)+> wl,,0/0wl €t CTM) (w] =f)
- in terms of these coordinates and the forms
wé :m*wé, wg =m*w§ (i=1,...,m, j=1,....m—=1, s=0,1,...)

provide a basis of 2 (abbreviations (4) of the notation). Filtration (3) consists
of submodules

Q={w,w:i=1...,m, j=1,....m—-1, s<l} CQ

and the obvious formula £yw! = w!,, implies KerQ, = Q,_, for every [ > 1
(abbreviation Ker = Kery, ).
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The identity (5) applied to F = w]®* — f turns into the linear dependence

—Zf Zfﬂ*)l_o

in the module ®(M) and therefore

Ex(wo Zflwo) =Wt - Zf w! =0 (mod Q).

It follows that Ker{; = {w} C € is the one-dimensional submodule which is
generated by the form w = w* — 3" f/w). In more detail

Lyw=Y ewl+flw (d=f+Hf-XF) (10)

by easy calculation. In accordance with the algorithm, the subset M C M is
defined by the equations e/ =0 (j = 1,. — 1) which imply (6,) along M.
Then the ££ subspace E C M should be defined by the requlrements Xlel =0
(7 =1,. , 1 =0,1,...) and we may choose 2 = Q = {w} as the
PC module is concerned.

The conditions ensuring that we indeed have a subspace e: E C M (not a
mere subset) and hence the reasonable ££ diffiety e*Q2 C ®(E) are not quite
clear yet. We shall mention three “generic” cases.

5. The nondegenerate case.
Assuming det(f¥) # 0, the equations

Xl = XX+ == fiwh  +-
(jjk=1,....,m—1, 1=0,1,...)

are equivalent to certain conditions w’?f 4+t =0 and it follows that they
indeed determine a certain subspace e: E C M equipped with coordinates z,
wy, w] (i=1,...,m,j=1,...,m—1).

In order to determine the Lagrangian subspaces, the formulae

dwzda:AZeng+Za]k I AWk~ ijk IANGE+eEAw,  (11)

wherej,k:l,...,m—land
2a7% = f] 10_ +f f1 f1mf1’ £=fy dw+2fmw6 (12)

are needful.
It follows easily that

Adj{w} = {w,wi,w] : i=1,...,m, j=1,...,m—1}
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on E (where ¢/ = 0 identically). Therefore dim Adj{w} = 2m — 1 and the
Lagrangian subspaces 1: L C E defined by (9,) are of the codimension ¢ =
m — 1, hence dimL = 2m — (m — 1) = m + 1. We shall be interested in such
L that the functions x,w(l), ...,wy" provide the coordinate system on L. It is
necessary to solve (9,) with unknown functions h =1*h and W = I"W of the
coordinates mentioned above. This is expressed by the system

WS Huwl-1)=w,, -hf=W] (i=1..,m=1), h=W". (13)

Functions =, w,...,wi®, fL,..., fi*~! can be taken for alternative (local) co-
ordinates on E. In terms of these coordinates, we may introduce the Hamazlton

function H such that

H(.off 7y =Y fAwl = £ w),. 0P

(where -+ =z, w},...,wl") and then (13,) yields the HJ equation

W, /We" = H(...,=Wo [Wg",..., =W~ /W) (14)

quite analogously as in the common classical theory. Remaining equations (13)
may be regarded as the embedding equations W{/W* = —f] of the subspace
L into E. (In classical terms, the inclusion Adj{w} C Q along E means that
the extremals are identical with Cauchy characteristics of the H.J equation and
the space L represents the generalized Mayer field of extremals.)

Let us eventually mention the increment formula [3; Part I, (30)]. It will be
applied to the form hw (instead of @ appearing in [3; (27), (29), (30)]) and to
certain curves P(t),R(t) € L and Q(t) € M (0 <t < 1). More explicitly, let us
denote

Q) = (z(t), wy(t), ..., wi(t),wi (&), ..., w " (t),...) €M,

1
R(t) = (z(t), wy(t), ..., wg* (), ri (t),..., 77"} (¢),...) €L, (15)

where coordinates of P(t) € L need not be explicitly stated. We shall suppose
that both P(t), Q(t) are solutions of {2 (in particular P(t) € L C E is an
extremal and Q*w) =0 whence dw}(t) = wi(t)dz(t)) and moreover

W(R(0)) = W(P(0)) (16)

in accordance with [3; (28,)]. Thanks to (15) and the choice of variables in
W =W(z,w,...,wl"), condition (28,) is trivial. Then [3; (29)] reads

1
W(Q(1)) — W(P(L)) = /R*(hw) - /5 dz(t) (17)
0
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with the Weierstrass function
E:h(...)(f(...,w} wY = F( e
=Y AP ) =)

(abbreviation --- = T,wy,...,ws") evaluated on the curve w{ = w{(t), r{ =
71 (t). We shall suppose h = W™ > 0 (cf. (133)) and z'(t) > 0. Then (e.g.) the
converity of f in the variables w},...,w*™! ensures the inequality W (Q(1)) >

W (P(1)). This is a preliminary result: as yet we do not deal with any extremality
problem. The point lies in the fact that a large spectrum of such problems can
be resolved by means of appropriate choice of the function W'.

6. Continuation: Some extremality problems.

Only a few simple possibilities will be mentioned. Recall for clarity that we
shall deal with extremals P(t) € L, 0 <t < 1, embedded into a Mayer field and
such solutions Q(t) € M, 0 <t <1, of  given by (15,) that the “projections
R(t) € L” given by (15,) make a good sense. (The functions r{ (t) result from the
embedding equations of L into E.) The increment formula (17) will be applied,
however, some additional requirements for the solution W of the HJ equations
may appear if we wish to resolve certain particular extremality problem.

(¢) The classical Mayer problem.
Assuming the boundary conditions

z(P(0)) = z(Q(0)),  wi(P(0)) =wi(Q(0), i=1,...,m,
z(P(1) =z(Q()), w)(P()=w(QQ), j=1,...,m-1

(the functions z,w} € F(M) that should not be confused with arguments in
(15)), we have (16) is a triviality hence (17) may be applied. Assuming W{* > 0,
the inequalities W (Q(1)) > W(P(1)) and wi*(Q(1)) > wi*(P(1)) are equiva-
lent. So we have the sufficient criterion ensuring the extremality of the function
g = w§' at the right-hand end points of the curves Q(t). One can observe that
the solution W of the H.7 equation need not satisfy any additional boundary
conditions in this case: all Mayer fields are appropriate to solve the extremality.
(See also [3; 13(¢)] with a special choice of data.)

(e) The terminal problem.
Assuming the boundary conditions

z(P(0)) = z(Q(0)), wi (P(0)) = w5 (Q(0)), i=1,...,m,
z(P(1)) =z(Q(1)) =c,
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17) may be again applied and it ensures the extremality of function W (c, w},
g 0
...,w{*) at the right-hand end points. The extremality of a prescribed function

g = g(w},...,w) is ensured if the solution W of the HJ equation is chosen
such that (e.g.) g = W(c,wy,...,wy"). (Certain transversality conditions are

tacitly involved: (13, ;) together with dg = dW(c, w}, ..., wd) imply the con-
ditions gg + g{)”flj =0 (j=1,...,m—1) valid at the right-hand end points.
One can observe that then the stationarity requirement [3; (15,)] expressed by
the inclusion dg € {w,dz} is satisfied.)

(tee) The free time problem.
Assuming the boundary conditions

wé(P(O))Ewé(Q(O))Eai, i=1...,m,

w)(P(1) =wd(Q)) =V, j=1,....m—1,
(17) is ensured if W(z,a!,...,a™) = const. Applying (17), we obtain the suffi-
cient extremality condition for the function W (z,b',..., o™~ wi*) at the right-

hand end points. Then the extremality of a prescribed function g = g(z,wj*) is
ensured if (e.g.) W is chosen such that W(-,b!,...,b™ 1 ) = g. Altogether
taken, we have the peculiar boundary conditions

W(-,al,...,a™) = const, Wbt ..., 0™ ) =g

for the solution W of the HJ equation (and one can verify that they imply the
relevant stationarity conditions [3; (15)].

(tv) The classical variational problems.

If f§* = 0 is identically vanishing, all the above formulae are much simplified,
e.g., 2a7F = f('f - flkg, £=0, ¢ = fg - Xflj in (12). Moreover, w ¢ Adjdw
and dim Adjdw = 2(m — 1) in this case, therefore the HJ equations (9,) are
sufficient. (In other words, we may suppose h = W§* = 1 without the loss of
generality.) Recalling the above Mayer problem (¢) that concerns the extremality
of the value

1
wg"(Q(l)) = wy' (Q(O)) + /f(a:, wtl) t),..., w(’)”_l(t),w%(t), e ,wi”_l(t)) dz(t)
0

(hence of the integral), we have the familiar classical problem.

7. The degenerate case.

Assuming det (fff) = 0 from now on, we enter a huge realm which deserves
a whole book. So we restrict ourselves to certain generic situations with m = 3
in this article.
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Assuming moreover fll # 0 for technical reasons, fZ ~ bf]? where b =
12/fH and it follows

_flll1 (w; + bw%) +o bfll (11)2 + bwg) ) (18)

consequently e = €% — be! is a function of the order one at most. One can then
verify the formula

dw =edz Aw] + (e'dz + awf — fliw;) Awy + ¢ Aw, (19)
where a = 2a'?, ¢ = f3dx + fidw, + (f5 — fidb)ws, w, = w! + bw? by using
(12), (13), and the identities

e? = bej, b2 = bd], ej +e'bl +a+ fi1Xb=0 (20)

follow by identifying the coefficients in the congruence
0=d’w=deAdz Aw; — (e'dz + awi — fiiw;) Adw, (mod w,w,).

Hint.
Use also the formula dw, = dz Aw,,; +dbAw? and the congruences

dF = XFdz + Flw, + (F12 —bFll)wf (mod wo,wg,w,wi) (s>2, i=1,2)
with F =e,b.

We suppose e} # 0 in this section. (This is a generic case, see (203).) Then,
thanks to (18,) and (20,), the function

_ fll f
e=e1+—;11X6=f3+f11f3‘"f1lz“z: 1 10+ n) (e +Zw1e0)
1

(where i = 1,2,3 and w? = f) is again of the order at most one. The coefficient
el occurring in (19) can be replaced by this function é: we substitute e! dz =
(¢ — fii Xe/e}) dz, where moreover

Xedr =de— (e + fled)w, — cw? — edw — ejw,

(c=e2+ fied — b(es + fled) by direct verification) to obtain

fif de+Aw0) A wy + (C—eg 11111%) Aw,
e

dw = edz /\wg + (édz -
where A = a+c fllll/ e;. It s1mp11ﬁes considerably on the subspace defined by
e =0 (hence de < 0):
11
dw = (6dz + Awd) Aw, + (( e el%l wo) Aw.
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Then the remarkable identity
ér —be} = A (valid at e=0) (21)

follows by identifying the summand w? A dz A w, in the identically vanishing
form d*w (at e = 0). Our calculations are done.

Assume A # 0. (This is a generic case.) The ££ subspace E C M defined
by the equations X'e! = X'e2 =0 (I =0,1,...) can be equivalently defined by
X'e = X'é¢ = 0. Clearly

Xlezeiwi+l+e?w%+l+"', Xlé:élw1+l+e wl+l+
where e}éf — e?e] = e] A # 0 in virtue of (20,), (21). It follows that functions

T, wy, wi, w provide coordinates on E, hence dimE = 4.

With these results, various reasonable stationarity problems can be formu-
lated, however, the relevant ‘H.J concepts and the increment formula are insuf-
ficient to establish the extremality properties.

8. The case of underdetermined extremals.

Continuing the notation, let us assume e = e* — be! = 0 identically van-
ishing from now on. Then the ££ system reduces to the equations X'e! = 0
(I =0,1,...) and, assuming again f{] # 0, the infinite family of functions
z, wy, wi, w3, wh, w?, w?, s > 2, provide coordinates on the £L subspace
e: E C M. Formula (19) simplifies a little:

dw = (elda:+aw§— Hw) Awy +(Aw. (22)

Clearly Adj{w} = {w,wy,e'dz + aw? — f{lw,;} and the Lagrange subspaces
1. L C E are of the codimension ¢ = 1. We shall be interested in the infinite-
dimensional Lagrange subspaces where the functions z,w}, w3, w? (s # 1) pro-
vide the coordinate system. It is again necessary to resolve the equatlon (95)
with unknown functions h = 1*h and W = I*W. This leads to equations (13)

with m = 3,
(f1w1+f1w1 f):Wx’ _hfllzwol’ _hf12=W027 h=W§» (23)

however, they are not equivalent to a single H.J equation of the kind (14). In
fact, by virtue of the degeneracy, there exist functions G = G(m, w(l), wg, wg, z) ,
H = H(z,w}, w3, wd, z) such that

=Gl fl),  Hultfl-f=H(. 5
(at least locally) and (23) turns into the (involutive) H.J system

we o TwWE ) W CUTWR
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instead of a single equation.
Passing to the increment formula and extremality properties, the curves Q(t)
given by (15;) with m = 3 are retained, but quite another curve

R(t) = (z(t), wh(t), wa(t), w3 (t), ri (t), wi(t), wa(t), r3(t),...) € L

(distinctions at the places w?, s > 2) stands for (15,). Fortunately, this change
does not affect the Weierstrass function £ and the main result that the convexity
of f in the variable w} is enough to ensure the extremum.

Analogous extremality problems as in Section 6 may be introduced without
any difficulties. They do not have unique solutions, however, the existence of the
relevant function W (i.e., the embedding into the Mayer field and the convexity)
provides the sufficient extremality condition as before.

9. A note on the Jacobi principle

We shall deal with two equations w1 f and w? = F(f) simultaneously and
then the more precise notation like e’[f], blf], e[f] will clarify the exposition.
Recalling (10,), we have e7[f] = f§ + f1 /3 — X f] and therefore

¢[F(f)] = F'(NEf1+ A (F'()(F () - 1) I3 - XF'(f))

after a short calculation. Then, assuming e[f] = e*[f] — b[f]e}[f] = 0 identically
vanishing, clearly

e [F(f)] - blfle! [F(f)] (F2 = LA (F'(H(F'(f) - 1) £3 - XF'(f))

is true and finally the formula

det(F(£)i¥) = F'(H)F"(F) f11(f2 - b[f1f1)°

can be verified by using the identity f22 = b[f]fiZ = b[f])? f1}
Several conclusions follow.

(¢) Either of the identities F'(f) =0, F"'(f) =0, f2fii = flfi} ensures

the degeneracy det(F(f ){'f) = 0 and the converse is also true. Especially
the last identity ensures moreover b[F(f)] = b[f].

(w) If f2fH # f1F12) then the equations e![F(f)] = e?[F(f)] = 0 imply
XF'(f)=F'(H)(F'()-1)f3,

hence e![f] = €%[f] = O in the case when F'(f) # 0. Moreover
XF'(f) =0 (hence F'(f) = const # 0) if f3 =0 identically.

(cee) Conversely, the equation e![f] = XF'(f) — F'(f)(F'(f) - 1)f8 =0
implies e?[f] = 0 hence e! [F(f)] = e2[F(f)] =0.
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The classical Jacobi least action principle for the “parametrical variational
problems” appears as a very particular case of points (ct), (1) when f3 =0
is assumed. Then the equation F'(f) = const # 0 may be interpreted as a
“normalization” of the independent variable on the underdetermined extremals
(solutions of e![f] = e*[f] = 0) to obtain determined extremals (solutions of

el [F(f)] = e*[F(f)] =0).

10. On the realization problem.

Using the previous simple notation, we shall be interested in the overview
of all cases when e = 0 is identically vanishing. So we have to resolve the
identity e = be! regarded as a differential equation for the unknown function
[ = flz,wy, wi,wi, w},w?). The PC form w provides a useful tool.

Assuming e = 0 identically, dim Adj{w} = 3 by virtue of (22), therefore
hw = U dV —dW for appropriate functions h, U, V, W of variables z, w}, w]

(i=1,2,3, j =1,2), see Section 3. We shall however begin with the congruence
d(hw) = dU AdV 20 (mod wy,w],w;)
casily following from either of the formulae (11), (19), (22). In more detail
dU AdV =2 (XU dz + Ulw! + URw?) A (XV dz + Viw; + Viw?) =0,  (24)
whence U{ XV = V/ XU and moreover U}V2 = V!UZ. We may assume U =
U(z,w), w2, w3, V) and then (24) is satisfied if and only if
U, +Uyw; + Ugwf + Ug’wf =0 (wi=Ff) (25)

(direct verification). With this particular result, let us consider the obvious con-
gruence hw = U dV —dW =0 (mod wj,w?,w?). In more detail

U(XVdz + Ve + V2w?) 2 XWdz + Wlw} + Wiw} (26)

whence UV{ = W/ and we may assume W = W (z,w), w?, w3, V). Then (26)
is satisfied if and only if

0
wW'=U, WI+W01'U)}+WO2wf+WO3w?=0, (w}=f, /=W) (27)

(direct verification).

With these preparatory results, let us turn to the construction of the function
f. Abbreviating - -- = z,wg, w2, wd, we may choose a function W = W(..., 1)
and assuming W3 # 0, (27,) determines the function

1 p
F(...,w{,wf,V)z~V_V§(WI+W01w}+W02w§), (28)
0
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a temporary substitute for f. On the other hand, in accordance with (27,), we
have to put U = W'(...,V) and then

U, +Uyw; + Uw} + Udw} + WSF' =0 (29)

by using (27) and (28). In order to ensure (25), we must introduce the implicit
equation
F'(... wi,w},V)=0 (30)

for the function V. Our calculations are done: assuming F”' # 0, (30) determines
V = V(...,w},w?) which, substituted into (28), provides the sought function
f=F(.. w,w? V(.. wl,wl)) such that e = 0 identically. (An alternative
indirect verification: our solution ensures the identities (24)-(27), hence hw =
UdV —dW, dim Adj{hw} = 3 and e = 0 by virtue of formula (19).)

In particular, assume W = W(V, w}, wo) +w0 Then U = W' and conditions
(27), (29) are simplified as

Ulw! +Ugw? =0, Wlwl +Wiwl+F=0. (31)

The function V is clearly homogeneous of the order zero in w], w? (by virtue

of (31,)) and
F(...,w},wf,V(...,w%,wf)) =f(...,w%,wf)

is homogeneous of the order one (by virtue of (31,)). So we obtain the common
familiar “parametrical” integral [ f dz in this very particular case.
Second example

11. Two differential equations.
We deal with the equations

m __ 1 m 1 m—2
w] —f(x,wo,...,wo,wl,.. , Wy ),
m—1 _ 1 m 1 m—2

w] 9(z,wg, ..., wyt wy, ..., w2,

the relevant subdiffiety Q@ = m*Q(m) C ®(M) is defined on the subspace
m: M C M(m) of all points that satisfy the equations X'(w — f) =
XY (wm™ ' =g)=0 (I=0,1,...). One can see that the functions

T, wé, wﬁ (i=1,....m, j=1,....m—-2, s=0,1,...)
provide coordinates on M. Then the vector field
X =0/0x+» wid/ow)+ Y wl,,0/0wl € @t C T(M)
(wi'=f, WP =g)
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generates 2+ and the forms

wh, W (i=1,...,m, j=1,....m=2, s=12,...)
constitute a basis of Q2. Filtration (3) consists of submodules

Q= {wé,wg: i=1....m, j=1,....m—=2, s< l} C 0,
where KerQ, = Q,_; (I > 1). Denoting

w=wi =Y fuh,  e=wpTt =) glud,
we obtain
Lyw=> Flul+flu+fl'o, Lyo=)Y Guj+glu+gro, (32)
where
Fl=f+ffr+adfi" -Xf, @ =g+fa+de ™" -Xd

with j = 1,...,m—2, and it follows that Ker Q, = {w,®}. To calculate Ker? Q,,
the formula

EX(Aw — Bw) = Z(Apj — BGj)wg +Cw + D& (33)
with coefficients
C:Af(’;n—BgSn'{"xYA, D_—_Afén"'l_Bgz)n—l_XB

will be useful.

An exhaustive discussion of all interesting subcases which may occur is hardly
possible at this place. We restrict ourselves to a few indications assuming more-
over m = 3, hence j = 1 in the above formulae.

12. The most peculiar case.

If F1 = G!' = 0 identically, then KerQ, = R(Q) C Q is the maximal
completely integrable submodule of Q (see [3; Sect. 7], especially [3; 13(v)]),
explicitly Ker Q) = {w,@} = {dF,dG}. The functions F', G of variables z, w} ,
w3, w can be determined by solving certain ordinary differential equations.
It follows that the original system is equivalent to the conditions F' = const,

G = const, this should be viewed as a very peculiar and rare case.

13. The nondegenerate case.

Assuming (e.g.) F! # 0, we have Ker? {1, is generated by the single form
Aw— B € Ker (), along the subset N C M of all points satisfying AF! = BG'.
We may assume B = 1 for better clarity, hence A = G'/F! along N.
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Passing to the submodule Ker® 2, C Ker? Q,, it is nontrivial if and only if
the form £y (Aw — @) is a multiple of Aw — @ (and then Ker®Q; = Ker’ Q)

which is expressed by AD+C = 0. Since A = G!/F! along the subset N C M
we obtain the condition

(e=) (G2 f2+ F'GMN(f2 - g?) - (F)?g3 + F'XG' - G'XF' =0. (34)

We are done: the subset M = N C M is defined by the equation e = 0 and
Q = {Aw - @} = {G'w — F'@}. It follows that the PC module § is generated
by the single form G'w — F'& along the ££ subspace e: E C M of such points
that satisfy the system X'e=0 (I =0,1,...). More precisely: clearly

e=F'XG' - G'XF' + .- = (G'fl} = F'g!w} + -+ (35)

as the top order terms are concerned. We moreover suppose G* fll # Flgll to
cnsure that E C M is indeed a subspace and the functions z, w}, w3, w3, w}, w?

provide the coordinate system on E.
One can easily infer that the Lagrangian subspaces 1: L C E are of the
codimension two. We shall be interested in the case when =, wy, w2, w are

coordinates on L. Then (9,) is expressed by
h(le — Fl(.:)) = dW(x,wé,wg,wg)
which is equivalent to the system

W, = Wof+Wig+Wowy, Wo+Weg+Wofl =0, F'Wi+G'Wi=0

(36)
(and h = —WZ/F*, hence W2 # 0 is supposed). The system (36) gives a single
equation for the unknown function W': the equations (36, ;) can be solved in
terms of the parameters w}, wl and these can be 1nserted into (36,) with the
final result of the classical kind W, +H (z, wo, wo,wo, Wy, W, W3) =0 in terms
of the corresponding Hamilton functlon H. (In more detail, (36;) rewritten as
W3/Wg + G'/F' = 0 can be resolved with respect to w% and then (36,)
yields the variable w; . These w} and w] inserted into the right-hand side (36,)
provide the function H. The condition G!'fl! # Flgll with F! = —W2/h
G! = W2/h was employed here.) The increment formula (17) with the form
h(G'w — F'@) at the place of hw easily follows. The curves (15) with m = 3
lead to very simple Weierstrass function

E=h(..,m)(F(...,w}) = F(...,r}) = F}(...,r)(w} = 1)),

where the nonvanishing factor A may be in principle omitted, F = G* f — F! g
(alternatively hF = W3 f+W2g) and the dots stand for the parameters z, w},
w2, w3. Various extremahty problems can be discussed without much difficulties
analogously as in Section 6.
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14. A strange “degenerate” case.
We shall suppose f = f(z,w},wi,wd), g = g(z,w}, w?,wj), hence fl =
g1 = 0 vanishing identically for a moment. The above formulae simplify very

much:

w=uw], w=w§, Fl=fi(#0), G' =g, Gw-F'o=gu- fows

and the latter form generates the PC submodule Q C Q. The relevant &£
subspace E C M is defined by the equations X'e =0 (I =0,1,...), where

e=(99)"f3 + fago(fo — 95) — (f3)?g8 + fo X g5 — 90X o

is a particular case of (34). Clearly e = (figis — 9efoa)wi + -+ as the top
order summands are concerned. Assuming flgss # 9sfoa from now on (the
nondegenerate-degenerate case), functions z, wé, w3, wy may be used for co-
ordinates on E.

One can see that there are one-codimensional Lagrangian subspaces 1: L C E.
If z, wg, wg are taken for coordinates on L, then the condition (9,) reads
h(gow0 owa) = dW (z, w2, w]), that is

—W, = W3f+W2g, WZ=-hfl, W=hgl. (37)

The system (37) leads to a single H.J equation W, +H( ,WE, W3) =0 for the
unknown function W. (Indeed, the parameter w} can be determined by using
W3 /W5 + gb/f! = 0 and, inserted into (37,), we obtain the desired result.)
Passing to the increment formula. for the curves

Q) = (x(t),wy (£), w3 (t), w3 (), w; (t), wi(t),...) M, 0<t<1, 38)

R(t) = (x(t), r5(t), w3 (1), wy (1), 11 (1), 71 (1), ...) € L, 0<t<1,
and P(t) € L (0 <t < 1) satisfying (16), then (9,) applied to the form
h(géw - fg&) instead of hw leads to the very unorthodox Weierstrass function
€ = h(rg)(9o(ro) (f(wg) = f(rg)) = fo (rg) (9(ws) = 9(r5))) - (39)

where the parameters z, w3, wg’ are omitted for brevity. The inequalities £ > 0,
£ < 0 admit a geometrical interpretation. We shall not discuss the self-evident
results for various extremality problems, they do not bring any novelty.

15. The top linear case.
Slightly generalizing the previous Sectlon 14, we shall eventually conclude
with the quasilinear system

=Kw%+L, wf:]V[w%#—N,
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where K, L, M, N are given functions of variables z, w}, w?, w3. Retaining

the notation of Sections 11 and 12, we have the forms
w= wg—Mw(l) = dwg—de(lJ —Ndz, W= wg—Kw(l, = dwg—de(lJ —Ldz
such that (32) holds true with the coefficients
F'=Nj — M, + KNZ — LM? + MN} — NM;,
G'=Ly-K,+ML} - NK} + KL} - LKZ,
= Mfw] + NF, g8 = Kbwl + L} (k=2,3).
Assuming F! # 0, the form
G'lw-F'o =G'dw} - F' dw? + (F'K — G'M)dw} + (F'L — G'N) dz (40)

generates the PC module 0 C Q along the relevant ££ subspace E ¢ M
defined by X'e=0 (I =0,1,...). The function e was stated in (34), however,
quite another top order terms than in (35) appear:

e= Ew} + ...,
E = F'(GY)y + FX(GY)3K + F (G )}M
- GI(FI)}) - GI(FI)?,K - GI(FI)SM.

From now on, we suppose E # 0, then the functions z, w}, wg , wg provide
coordinates on E.
One can see that the Lagrangian subspaces L C E are of the codimension

one and we shall be interested in the case when z, w2, wj may be chosen

for coordinates on L, hence W = W (z,w2,w3) in equation (9,). A certain
inconvenience appears since the form (40), which should be substituted into the
left-hand side of (9,), involves the abundant summand dwj .

To cope with this problem, we introduce the equation w} = r(z,w?,w])
valid along the subspace L C E, where r is regarded as an additional unknown
function. In other words, the equation (9,) is completed to the system

h(G'w — F'©) = dW (z, w3, w]) , wy = 7(z, Wi, wj) . (41)
Then, by using (40) and dw} = r, dz + r2 dw? + r3 dw?, one can obtain the
requirements

MT +Sr,))=W,, Rh(-F'+8r))=W¢,  h(G"+Sr3)=W;}

T

for three unknown functions h, r, W of variables z, w2, w} with abbreviations

S=F'K—-G'M, T=F'L-G"'N. So we have a strange modification of the
common HJ equation

(F'=SrO) W+ (G +8Sr)Wg =0, (G +Sr3)W, = (T+Sr,) WS, (42)
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where the “parameter” function w} = r cannot be algebraically deleted. Accord-
ing to the sense of the system (42), the method of Cauchy characteristics may be
applied and therefore the solution can be reduced to mere ordinary differential
equations.

The increment formula for the curves (38) and an extremal P(t) € L (0 <
t < 1) immediately follows. One can obtain the Weierstrass function

E=h(r)){G (r)) [(M(wg) — ]M(TO))w1+N(wO) N(ry)] -

(
43
—F( ro)[(I{ K(TO))w1 + L(wy) - L(ré)]}, (43)

where the parameters z, w2, w3 were omitted and the variable w] may be

regarded as an independent parameter. This is clearly a generalization of the
previous result (39).

We again omit the discussion of extremality problems. In principle, it should
not cause much difficulties.
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