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THE INTERSECTION OF VALUATION RINGS

JURAJ KOSTRA

Let K be a field, G an additive abelian totally ordered group. By a valuation we
mean a mapping v: K'=K-{0}—>G such that v(x-y)=v(x)+v(y) and
v(x+y) = min {v(x), v(y)}. The set of all x e K such that v(x)=0 or x=0 is
naturally a ring V. This ring is said to be the valuation ring of v. We shall say that
A c K is a valuation ring of K if A is the valuation ring for some valuation of K.

If A, B are subrings of K (having the unit element), A v B denotes the smallest
subring containing A and B.

We first note: If V is a valuation ring and B any subring of K, then

1) VvB=V-B

holds (Hereby V-B={ae V, beB}). Clearly V-B < Vv B holds, therefore it is
sufficient to prove only the converse inclusion.

Letxe VvB. Then x=a,b, +...+ ambm,where a,€ V,b,e B, 1<i<m. Let v
be such a valuation of the field K for which V- {0} ={x e K: v(x)=0}. Choose
bye{by, ..., b} such that v(b)=min {v(b): i=1,2,...,m}. Then x=xb;'b,
and v(xb;')=0, hence xb;' € V and b, € B, therefore xe V-B.

In this paper we show that (1) can be generalized if we suppose moreover that
the group of values of valuations is archimedean. Henceforth we suppose that all
valuation rings considered below have the property that the group of values of their
valuations is archimedean. We shall also suppose that to the valuation ring V; there
belongs the valuation v; and that each subring of K has a unit element. For the
basic notion of the present paper see [1] and [2].

We prove '

Proposition. Let K be a field, let V, (i=1, 2, ..., n) be valuation rings contained
in K. Then for each subring B of the field K
@) Bv[(1Vi=B-(1V,
i=1

i=1
holds.
To prove this proposition the following lemma will be needed.
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Lemma. Let V; (i=1,2, ..., n) be valuation rings of the field K. Let B be
a subring of the field K such that B L"J V.. Then there exists an index j, 1<j<n

i=1

such that B c V.

Proof of the lemma. We shall proceed by induction with respect to n.

Let n=2; then suppose that B < V,uV,. Suppose for an indirect proof that
there exist elements b;, b,€ B such that b,e V,—V,, b,e V,— V,. Since b, +
b.e B, we have b,+ b,e V,uV,. Therefore either b,+ b,e V;, or b+ b, e V,.
Suppose, e.g., b, +b,e Vi. Then b,+ b,— b, € V,, i.e., b,e V,, a contradiction.
Analogically for the case b, + b € V,. Hence we have either B< V, or B c V,. The
lemma is true for n=2.

Suppose that n>2 and the assertion of the Lemma holds for all m<n. Let
B cJ V.. We can suppose that for each i (1<i<n) BnV,&lJV, holds, since

i=1 j=1
j#i

otherwise we would have B = J V; and then by the assumption there is an index j,
j=1
1<j<n such that Bc V,. i
Under our assumption there exist n elements b, (i=1, ..., n) such that
b;e(BNnV,)—V, for all j, j# i. We prove that this leads to a contradiction. Let us
consider the sequence {b, + k - b, }5=o. Since b, ¢ V,,, we have b, + k- b, ¢ V, for all
k. Therefore b, + k- b, € V,, — V, for 0< k< n and for an index ji # n. Hence there
exist integers ki, k; and an index j,# n such that 0<k, <k, <n, b, + kb, € V,, and
b,+ k;b, € V,,. Denote k,— k,=1,. Then L,b, = (b, + k:b,) — (b1 + kib.)€ V.
Now, let us consider the sequence {b,+ k- b}x-o. Similarly as above for each
natural r there exists an integer /,, 0</,<n, and an index j,#n such that
l.-bre'V,. Since 0< I, <n for each r and there is only a finite number of different
rings V;, we conclude that there exist two integers /, j, 0</, j<n such that for
infinitely many values of r we have /-b,€ V,. But from /-b, € V; it follows that
v;(I-b;)=0. Since v;(b,) <0, this contradicts the fact that the group of values of
the valuation v; is archimedean. Our assumption cannot hold. So there exists an

index i; such that BnV, c EJ V;, which implies B c LnJ V; and by the inductive
j=1 j=1
j*i i*iy

assumption there exists an index i such that B < V,. This proves our Lemma.

Proof of the Proposition. Clearly B-ﬁ V,c:Bvﬁ V.. We shall prove the

i=1 i=1

converse inclusion. Let x e Bv ﬁ V.. Then x = ab; where a; € ﬁ V., bjeB.
i=1

j=1 i=1

We try to find an element y € B such that xy~'e ﬁ V., since then x = (xy ')y,

i=1

y € B, hence xeB-ﬁ V.
i=1
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If Bc}:L"J V., then there exists an element z € B such that z ¢ CJ V.. This implies
i=1

i=1
v:(z)<O0 (for i=1,2,...,n), hence there is ke N such that v,(bz"*)=0 (for
i=1,2, ..., n). In this case it is sufficient to put y = z*.
If B c:U V., then by our Lemma there exists an index j, 1<j=<n such that
i=1 .
B < V,. Without loss of generality we may suppose that Bc V,.
If B cﬁ V., then (2) clearly holds. Let B c ﬁ V, for s<n and B¢ V, for i >s.
i=1 i=1
Then by our Lemma there exist an element b € B such that b€ V, for i<s and
b¢V, for i>s.

Now it is sufficien to prove that there exist an element z € B such that v,(z) =0
for i<s and v,(z)<O0 for i>s, since then there is an integer k such that
x-2 *e€( V; and in this case it is sufficient to put y=z*.

i=1

If v;(b) =0 for all i <s, we can put z = b. Suppose therefore that thereisani<s
such that v,(b)>0. Define the sequence {b,},-;, as follous: b,=b, b=
(1+b,)-b,. Let K,={V;: i<s, vi(b,)=0}. Obviously K,.,cK,. If there is j,
1<j< o such that K;,, =K, then v;(1+ b;)=0 for all i<s. Since there is only
a finite number of rings V;, i<s, such an index j certainly exists. Clearly b, ¢ V, for
i>s, hence we can put z=1+ b; and our Proposition is proved.
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MEPECEYEHHME KOIIELL HOPMHPOBAHUS

IOpait KocTpa

Pe3ome .
B cTraTbe OKa3aHO, YTO HAMMEHILEE KOMbLO, MOPOXAEHHOE NEPECEYEHUEM KOJIEl] HOPMUPOBAHUA

C rpynmno# 3HaYeH1i HOPMUPOBaHKUs paHra 1 ¥ 1o6GOro NoAKoNbLA (B JAHHOM NOJE), paBHAa HAUMEHILIEH
NONYTPyTIe, NOPOXACHHON ITUMH OOBEKTaMH, B3ATHIMU TOJILKO C ONepalMeil YMHOXEHHA.
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