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THE MINIMAL RIGHT A-IDEAL OF
THE FREE SEMIGROUP
ON A COUNTABLE SET

ROBERT SULKA

In[1] O. Grosek and L. Satko have studied some properties of left, right and
two-sided A-ideals of a semigroup S. A left A-ideal G of a semigroup S is a subset
G c S such that for all s € S there exists a g € G satisfying the relation sg € G. The
right A-ideal is defined dually and the two-sided A-ideal is a subset of S that is
a left A-ideal and a right a right A-ideal of S.

In the presented paper we prove the

Theorem. The free semigroup on a countable set has a minimal right A-ideal.
The proof of this Theorem is based on Lemma 1 and Lemma 2.

Lemma 1. Let S=(0.)~ 1 be a free semigroup on a countable set X, where
(0.)~ 1 is a simple sequence.

Then there exist a simple sequence (s.); 1 of elements of § and a sequence
G =(g.)~ : of elements of S such that the following conditions are satisfied :

() 1) Guar=¢usx, forall keN={1,2,3,...}
2) d:H={(g,,9.)eGxGlp<g}—S,

d(g,, 9.)=S,...54 1 Is a bijection.

We shall give the proof of this Lemma in several steps. Here /(o.) will denote the
length of the word o. € S.

First we construct a finite sequence (s,): | of elements of S and a finite sequence
Gi=(g.); 1 of elements of S for all keN, k=2, satisfying the following
conditions :

(xx) 1) gmi=gs forall r<k
** 2) d:Hi={(9p, 9)€eG: X Gilp<q}—S,

d(g,, 9,)=s,...s; is an injection.
I) For k =2let (s1) = (01) and G>=(4,, gz), where g, is an arbitrary element of S
and g, = gs:. Evidently (s:) and G, satisfy conditions ().
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II) Suppose the sequences (s,);":' and G., having the properties (x+) to be
defined for i € N. We want to define (s,)?' 1 and Ga,., having the properties ().

Let may, =max{l(d(gpv gq)l(gp, gq)EHZ'}‘ Further let (S’)El 1y where 1(52')2
2m., s =x' if X={x} and s;, =xyx’y’...x’y’ if X contains at least two distinct
elements x and y. Let Ga.x = (g,)2'"', where gaoi = gasa..

Evidently the property 1) of (+#) is satisfied.

The property 2) of () follows from comparing lengths of words.

a) The relation /(d(g,, g2.+1)) > 1(d(g,, g2.+1)) holds for every (g,, g,) € Ha,,
hence d(g,, gz+1) # d(gq, g2ie1)-

b) We have /(d(g., g2+1)) = I(s2) = 2my > my, = I(d(g,, 9,)) for every
(9», 94) € H2, and for every g, € G,, therefore d(g., g2.«1) ¥ d(g,, g,). This means
that d: H,,.,— S is an ijection.

Hence 2) of (x=) holds.

IIT) Let us suppose that the sequences (s.)}' | and G,,., have the properties (##).
We define the sequences (s,)'")' and G.,.. satisfying the properties ().

Let S...: be the subsequence of S that can be obtained from § by omitting all
elements of d(Hz,.1).

Let us now consider the sequence (s,)7'"', where s,,., is the first term of S,...
Further let Gava = (g,)2', where gauz = g2 15241

We shall prove that (s )}'' and Ga..» have the properties (+#).

Evidently the property 1) of (++) is satisfied.

The property 2) of (»+) will be proved in several steps.

a) For every (g,, g,) € Ha..1 we have [(d(g,, g2..2)) > [(d(gs, g2.+2)), hence
d(gp, 92s2) # d(ga, G2:42).

b) The relation d(g,, g,) # S2.+1 = d(ga.+1, g2.+2) holds for every (g, g4) € Hzir
by the choice of s2.41.

c) For every (gs, 95) € Hz, and every g, € Gz, we have /(d(g,, g:)) < ma < 2m,
< I(d(g., g2-1)) < 1(d(g., g2.:+2)), hence d(g,, g) # d(gi, Gair2)-

d) For every (9., g,) € Ho, and also if g, = g, € G,, we have 1(d(g,, g2.+1)) <
1(d(gs, g2.+2)), therefore d(ge, gain1) # d(Gp, G2i12).

e) It remains to be shown that d(g,, g2.+1) # d(gq, ga..2) for all (g,, g;) € Ha..

We shall prove it indirectly.

Let
d(g,, g2:+1) = d(Gq> G2:+2) ().
From (i) we get
Sp---Sq 1Sq..-52, = Sq...52:82,4, (i1).
Hence
I(Sp...Sq 154...52) =1(54...52555, ) (iii).

Since both words in (ii) contain the word s,...s2, by compairing lengths of these
words we get
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I(sp---Sq 1) =I(s2:1) =1 (iv).

a) We have I(d(gpv gq))=l(52'+1)’ (9r> 9)eHo,. If X= {x}, we get d(g,, g,)
= S$341, (Gp, 94) € H2, which contradicts the choice of s2..1- Hence in the case of
X ={x} we have d(g,, g2..,) # d(g,, g2.+2) for every (g, 94) € Ha..

B) Now we shall deal with the case of X containing at least two distinct elements
x and y. By definition s, = xyx®y®...x’y’ and I(xyx*y®...x'y’) = I(s2) = 2m,, =
20(d(g,, 94)) = 21(sp...54-1)=21*. Therefore we may write

su=uv, where [(u)=1I* and I(v)=1I*.

By (ii) we have
s,,...sq 1Sq...52,—1uv=sq...Sz,-1u'USz;+1v

The equality of these two words implies the equality of the initial sections of these
words having the same length. Since

I(Sp...Sq 15q...82 1) =D*¥+1(sg...52, )=1(5,...52, 11) v),

we have
SpereSq.iS2 1=S,4...52, 1U (vi).
From (ii) and (vi) we get
Sq.- 82052041 = Sp...Sq.-82. = Sp...8q...S2, 1UV =5g...52, 1UUV.
This implies
Sq.- 82 15282041 = Sq...S2, UUV.
Hence s2,52,+1= uuv.

Since 2/(u) =< {(s2.), we have s, = uuw, where w may be the empty word. But this
is a contradiction with the form of the word s, = xyx’y*...x'y’.

This means that for all (g,, g,) € Hz., we have d(g,, g2.+1) ¥ d(gq; 9z2i+2)-

From a)—e) we get that the property 2) of (x«) is satisfied for the sequences
(S, 3':11 and Gz,+z.

Therefore the sequences (s,);'' and G,.., have the properties (s#).

From I)—III) using induction it follows that the sequences (s,); | and G have
the properties (xx) for all ke N, k=2.

IV) Let us consider (s,)7-: and G=(g.)» .. We want to show that these
sequences have the properties ().

The property 1) of () follows immediatelly from the property 1) of (x»).

The injectivity of the function d: H— S follows from the injectivity of the
functions d: Hi,— S.

The surjectivity of the function d: H— S is a consequence of the fact that during
the construction all elements of S=(0.).-: are used as values of the function d:
H—S. The element o, will be used last in the construction of G;,. Therefore the
function d: H— S is a bijection. Hence the property 2) of (*) is also satisfied.
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Lemma 2. Let S=(0.).-, be a free semigroup on a countable set X, where
(0.)=-1 is a simple sequence. Let (s,)7-1 be a simple sequence of elements of S and
G =(g»)==1 be a sequence of elements of S satisfying (). Then G =(g.)a-1 is
a minimal right A-ideal of S.

Proof. a) The mapping d: H— S is a surjection, hence for every o, € S there
exists an element (g,, g,) € H such that g,0, = g, i.e. for every 0. € S there exists an
element g, € G such that g,0. = g, € G. This means that G is a right A-ideal.

b) If we omit an arbitrary element g, € G from G, then G\{g:} is not a right
A-ideal.

By the assumption we have gi+1= giSk, hence d(gi, gu+1) = k. Since d- H— S is
injective, for the element si€S there exists only one pair (g,, g.)e Hc G X G
such that d(g,, g,) = s«, namely (gy, ;) = (gk> Grs1)-

Let us suppose that G\{g.} is a right A-ideal. Then for the element s, € S there
exists an element g, € (G\{g«}) = G such that g,s. =g, € (G\{g:}) c G. Clearly
(9s» 9.) e Hc G X G and d(g,, g;) = s« hold. From this it follows that (g,, g,)
= (gx, Gu+1), therefore we have g, = g, € (G\{g«}), which is impossible. Hence
G\{g.} is not a right A-ideal.

We have proved that G is a minimal right A-ideal. Lemma 1 and Lemma 2 imply
directly our Theorem.

Remark. The proof of the Theorem involves the construction of a minimal
A-ideal of the infinite cyclic semigroup. O. Grosek and L. Satko have con-
structed minimal A-ideals of the infinite cyclic semigroup, distinct from minimal
A-ideals used in the proof of our Theorem.
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MHUHHUMAJILHBIN MPABBIA A-UEAJI CBOBOHOU MONYTPYIIIbI
HA CYETHOM MHOXECTBE

Po6ept lllynka
Pe3iome

IMpHBOAHTCA KOHCTPYKUHS HEKOTOPbIX MHHHMANBHBIX A-HIeanos cBoGOAHOW MoAYTpynnbl Ha
CYE€THOM MHOXECTBE, YEM MOKA3bIBACTCA HX CYLHCCTBOBAHHE.
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