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DANIELL TYPE EXTENSIONS
OF L,-GAUGES AND INTEGRALS

IvaN DoBrAKOVT* — JANA DOBRAKOVOVA **

(Communicated by Miloslav Duchori)

ABSTRACT. We show that a Daniell type extension procedure is possible if the
subadditivity is replaced by a much weaker requirement of subadditive continuity.
Particullary, we prove that the Fatou and Daniell properties are preserved by this
completion of the elementary L,-gauge.

Introduction

An approach to vector integration based on application of the Daniell scheme,
using outer L,-pseudonorms induced by vector measures, named L,-gauges, was
elaborated by K. Bichteler in [3]. Its generalization to non locally convex
spaces outlined in [4] led in [5] to substantial progress in stochastic integration,
particularly in the LP-theory for p € [0,1). A similar investigation of subadditive
Daniell gauges and the integrals they dominate was done by M. Wilhelm in
[20], [21] and [22] in an abstract setting. In [8], we will show that L,-gauges
of a non linear integration corresponding to Riesz type representations of non
linear Hammerstein operators on C(S, F) from [1] and [2] are only subadditively
continuous, see (3) in Definition 1 below. Hence, it is of interest to investigate
the Daniell scheme of integration in such a general setting. At the same time,
we continue our program announced already in [9], see also [10]—[13].

Elementary L,-gauges introduced by Definition 1 usually have an additional
property connected with multiplication by scalars which determines the linear
topological structure they induce, see Theorems 1 and 2. In Section 2, we show
that an elementary L,-gauge J on a function lattice F always has an extension
to a function lattice £ such that £ is complete in the pseudometric induced by
this extension.

AMS Subject Classification (1991): Primary 28C05, 28C99.
Key words: vector lattice, subadditive continuity, elementary L,-gauge, Fatou property,
Daniell property.
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IVAN DOBRAKOV — JANA DOBRAKOVOVA

In the main Section 3 of this paper, we prove that our extension preserves
the Fatou and Daniell properties, see Theorems 8 and 9 respectively.

Finally, in Theorem 11, we show that, by applying our extension procedure
again, we obtain no further extension. The proofs of these results are subtle
and more involved then in the subadditive case treated in [3] and [20]. At the
same time they show how far subadditivity can be replaced by the much weaker
requirement of subadditive continuity.

We mentioned earlier that L,-gauges of our extra generality occur in the non
linear integration theory ([8]) corresponding to Riesz type representation of non
linear Hammerstein operators on C(S, E) from [1] and [2]. Namely, having a
non linear measure m on a §-ring P of subsets of a set 7', in [8], we show that

J(f)=J(f,T) =3 k72 i(kf,T) - (1+m(kf,T))""
k=1

is in general only a subadditively continuous L,-gauge with the Daniell property
on I:l(m).
Here m(g, F) is defined as in part II of [7], and

L,(m)={g, g is P-measurable and J(g,-): o(P) — [0, %2) is continuous} .

In other words, the analog J: I:l(m) — [O, %2) of the L,-pseudonorm [ |f| du
T

of the classical L;(x) in non linear integration theory is in general only a subad-

ditively continuous L;-gauge. Let us note that here J(f) must in general depend

on the multiples kf, £k =1,2,..., since, otherwise, L,(m) will not be a linear

space.

1. Elementary L,-gauges

Suppose T is a non-empty set. A collection F of functions on T with values
in R = (—o00,+00) (in R* = [—o00,+00]) is called an R- (R*-) function lattice
if af +bg, fVyg, fAg€eF provided f,g € F and a,b e R. S(R) and Cy,(T)
are the standard examples of R-function lattices. For more information about
function lattices, see [12].

DEFINITION 1. By elementary L,-gauge we mean a couple (F,J), where F
is an R-function lattice on T', J: F — R* and has the following properties:
(1) J(0) =0 and J(f) = J(|f|) for each f e F.
(2) 0<f<g = J(f) < J(g)
We say that J is monotone on F+ = {f,f e F, f>0}.
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3) f,e F,n=12,...,and J(f, — f,) = 0 as n,m — oo =
J(f,)—J(f,,) =0 as nm— oo.
We say that J is extendable subadditively continuous.

4 ff,eFt o,/ f = J() /I
We say that J has the Fatou property.

(5) f,,9, € F, n=12,... and J(f,)+ J(g,) - 0as n — o0 =
J(f,+g,) = 0asn—oo.
We say that J has the pseudometric generating property.

Clearly, (3) implies the subadditive continuity, or autocontinuity of J on F,
ie.,
fif,€F, n=12,..., and J(f - f,) =0 = J(f,) — J(f)
< VfeF Ve>0 36>0 such that
geF and J(g) <6 = J(f)—e<J(f+9) <J(f) +e.
If F is complete in g, o(f,g) = J(f — g), then the converse is also true.
We now list subsequent strengthenings of (3).

e J is uniformly subadditively continuous, or uniformly autocontinuous if
for each € > 0 there is a 6 > 0 such that
LgeF J(f—g)<é = [J(f) - J(9)l <e.
This property clearly implies (5).

e J is K-subadditive if there is a K € [1,00) such that
J(f+9)<J(f)+ K -J(g) for each f,g € F.
e J is subadditive if J(f + g) < J(f)+ J(g) for each f,g € F.

e J is additive on Ft-clear.

Note that a subadditive (additive) J is, in fact, countably subadditive
(additive).

We say that J is a Daniell elementary L,-gauge if f, € F* , n=1,2,...,
and f, \, 0 == J(f,) \\ 0. This Daniell property implies that J is mono-
tonically continuous on F*, and particularly the Fatou property of J.

As we will see in Theorems 1 and 2 below, the following additional prop-
erties of J concerning multiplication by scalars from R determine the linear
topological structure induced by J on F.

e J is scalarly continuous if J(a, f) — J(af) whenever f € F, a,,a € R,
n = 1,2,..., and a, — a, or equivalently, lim J(%) = 0 for each
f € F. Obviously, each Daniell J has this progce_x:fc);f.

e J islocally bounded if there exists a > 0, and for each n = 1,2, ... there
is a positive integer N(n) such that J(ﬁ) < L whenever f € F and
J(f)<a.
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J is p-homogeneous if there is a p € (0, 1] such that J(af) la|? - J(f)
for each a € R and each f € F.

J is subhomogeneous if J(af) < |a|- J(f) for each a € R, f € F.

e J is homogeneous if J(af) = |a|- J(f) for each a € R, f € F.
For ECT and f: T — R put ||f||gz = sup|f(t)|. Assertions (1) and (2) of
teE
the next lemma are immediate, while (3) follows from the well-known theorem

of Dini.

LEMMA 1.

(1) Let 1 € F, and let each f € F be a bounded function. Then an ele-
mentary L,-gauge J: F — RT s scalarly continuous if and only if J(f,) — 0

whenever f, € F, n=1,2,..., and ||f, |l — 0.

(2) An elementary L,-gauge J: S(R) — R" s scalarly continuous if and
only if J(f, - xg) — O whenever E € R, f, € S(R), n = 1,2,..., and
[ fnllg — 0.

(3) An elementary L,-gauge J: Cyo(T) — R* is scalarly continuous if and
only if it is a Daniell L,-gauge.

THEOREM 1. Suppose J: F — R has the properties (1), (2) and (5) of
Definition 1. Then:

(1) There are §,, 0 <6, <27F, k=1,2,..., such that 6, 0, J(f+9)

k+p
< b, whenever f,g € F and both J(f),J(9) < 6., and J( > fi)
i=k+1
< 6y for each k,p=1,2,... whenever fi € F and J(f,) <, for each
=1,2,....
(2) There is an invariant pseudometric p,: FxF — RT such that p (f,g) —0
if and only if J(f —g) — 0, f,g € F. (F,p.) is a pseudometric linear
topological space if and only if J is scalarly continuous.

Proof.

(1) According to (5) of Definition 1, for each € > 0 there is a § = §(¢) such
that J(f+g) < € whenever f,g € F and both J(f) J(g) < 6(g). Take 6 so that
0<6, <27 and put 6, =276, A6(2716,),...,6,., =276 N6(27%6,),. ...

(2) Take 6., k = 1,2,..., from (1), and put V, = {(f,9) € F x F,
J(f—g) < 6k}. Clearly, V,, k = 1,2,..., is a countable base of an invariant
uniformity. It remains for us to use the metrization Lemma 12 and Problem N
in [14; Chapter VI]J. O
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THEOREM 2. Suppose J: F — R is a Daniell elementary L,-gauge. Then
there is a subadditive Dantell L,-gauge J_ : F — RT such that J(f) — 0 if and
only if J.(f) =0, feF.

If J is subhomogeneous (locally bounded), then J, may be chosen so as to be
homogeneous (p-homogeneous).

Proof. Take p_ as in Theorem 1, and put ||f|| = p.(f,0). Then clearly
fs9n € Fy lgal < 1ol n = 1,20, and |f,]| — O implies g, || — 0. If
A, €R, n=1,2,...,and A\, — 0, then || f|| — 0 for each f € F by scalar
continuity of J.

Hence, just as in the proof of Theorem VIIL.1.4 in [19], we obtain that J_,
J.(f) = sup{||g||, 0 < g < |fl}, has the required property. J, is clearly
subhomogeneous (locally bounded) if and only if J is so. In that case, V =
{f,f e F, J(f) < 1} is bounded convex neighbourhood of 0. Hence Kol-
mogorov’s theorem, see [16; Theorem I111.2.1""], implies the existence of a homo-
geneous J,_.

The locally bounded case follows from Theorem II1.2.1 in [16]. ]

Suppose J: F — R* is uniformly autocontinuous and scalarly continuous.
Then clearly, sup |J(f + g) — J(f)| < oo for each g € F. Moreover, if J is
feF

locally bounded, then there is an a > 0 such that sup{]J(f +9) = J(f),
figeF, J(g) <a} < oo.

Less obvious is the next lemma:

LEMMA 2. Suppose J: F — RT is uniformly autocontinuous and p-homo-
geneous. Then there is a K € [1,00) such that J(f +g) < J(f) + K - J(g)
whenever f,g € F and J(g) <1.

Proof. Take g € F so that 0 < J(g) <1, and let € > 0. By the uniform
autocontinuity of J, there is a §, 0 < § < J(g), such that |J(f) — J(h)| < e
whenever f,h € F and J(f —h) < 6.

Next take 6, > 0 so that J(h) < 6§ whenever h € F and J(27'h) < §,.
Since, by assumption J is scalarly continuous, there is a positive integer N > 1
such that J((N —1)"!g) > 6 and J(N~'g) < 6.

But then J(N7'g) > §, since, otherwise, we have the contradiction:
J((N —1)"'g) < J(2N~'g) < 6. Hence 6, < J(N"!g) = N7P.J(g) for
some p € (0,1] by the assumed p-homogeneity of J.

But then N < (51_1-J(g))% 351_% - J(g) since J(g) < 1. Hence J(f +g) =
Jf+N-N1g)<J(f)+N-e<J(f)+e-67-J(g) foreach fE€F. O
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2. Extension of L,-gauges

In what follows, (F,J) will be a given elementary L,-gauge. All functions
considered are defined on T and have values in [—00,00]. Unless otherwise
specified, the arrows — ( or \) denote pointwise (monotone) convergence
of functions considered. Denote

.7-'°={f, If,€F, n=1,2,..., such that fn/‘f},
fuz{f, if,€F, n=1,2,..., such that fn\f}

For f € Fol = {f, fe€F° and f >0} we put J°(f) = nan;oJ(fn), where
f,€Ft, n=1,2,...,and f, / f. The monotonicity and the Fatou property
of J: F — R imply that J°: For [0,00] is uniquely defined. Evidently,
J° extends J, is monotone and has the pseudometric generating property. In a
standard way, see [18; 6.2.111.d], it follows that J° has the Fatou property. Hence
J? is countably subadditive provided J is subadditive. Finally, J° has any of
the properties: uniformly subadditively continuous, positively additive, locally
bounded, p-homogeneous, subhomogeneous, homogeneous, provided J has the
corresponding property. Note that, except for the Fatou property and positive
additivity, the analogs hold for the outer L,-gauge J* which we now define.

Put
Fr={f, Hg€f°+ such that |f| < g},

and for f € F* we define its outer L -gauge J*(f) by
* : o O+
J*(f) =inf{J°(g), g€ F*, |fI<g}.
We define the null functions N and the null sets by:
N={f, feF and J*(f)=0}, and N={N, NCT, xy€N}.

F* is clearly a hereditary R*-function lattice, J* extends J°, and J*(F) =
J*(|f]) for each f e F*.

THEOREM 3.
(1) Leté,, k=1,2,..., beasin Theorem 1. If f,g € F* and J*(f),J*(g) <

b1, then J*(f +g) < &, and if f; € F* and J*(f;) < é; for i =1,2,...,
k+p 00

then J*( 3 fi) <6, and J*( > fi) < 8, for cach k,p=1,2,....
i=k+1 i=k+1

(2) N is a hereditary o -sublattice of F*, N 1is a hereditary o -ring of subsets
of T, and f € N if and only if the set {t, te T, f(T)#0}€ N.
(3) F* is complete in p*, p*(f,9) = J*(f —g).
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4) If f,f, e F*, n=12,..., and J*(f — f,) — 0 as n — oo, then
there is a subsequence {f,,} of {f,} such that f, — f almost everywhere N
(a.e. N) as k — oo.

Proof.

(1) If f,g9,f, € F°, i =1,2,..., then the Fatou property of J° implies the
required assertions. From here, the general case easily follows from the definition
of J*.

(2) The first assertion follows from (1), while the equivalence is a consequence
of the inequalities:

I/ < lim n-|f|
n—00

= +00 " Xyt ter, ftyz0} = B0 7 X, veT, 5(1)0}

2 X{t, teT, f(£)#0} -

(3) Suppose f, € F*, n=1,2,..., and J*(f, — f,,) — 0 as n,m — 0.
Take a subsequence {f, } of {f,} such that J* (anl - fnk) < 641, Where
6, k=1,2,..., is from (1).

Then Y- |f,. . = fal=hy \ h,and J*(h) = 0 since J*(h) < J*(h;) < §,

i=k

for each k = 1,2,... by ().
Define f(t) = klirn fn @) if h(t) =0, and f(¢) =0 if h(t) > 0. Obviously,
—00

P
fn, = [ ae N as k — oo. Since |f — f, | < lim Y |f,.. — [, for each
P00 —f

k=1,2,..., J*(f-f,,) — 0as k— oo, hence also J*(f—f,) = 0 asn — co.
(4) From the proof of (3) it is evident that a subsequence {f,,, } of {f,} such
that J*(f — f,,) <&, for k=1,2,... has the required property. m]

DEFINITION 2. We denote by L the closure of F in (F*,J*), and for
f € L we put J(f) = lim J(f,), where f, € F, n = 1,2,..., is such
that J*(f — f,) = 0 as n — oo.

The existence, finiteness and uniqueness of the above limit follow from the
extendable subadditive continuity of J: F — [0,00) and the pseudometric gen-

erating property of J*: F* — [0,00]. L is clearly an R*-function lattice.
Using (4) of Theorem 3 we have the following equivalent:

DEFINITION 2. We say that f € £ if f € F*, and there are f, € F,
n=1,2,...,such that f — f ae. N and J(f,, — f,,) 2 0 as n,m — oco. In
that case, we put J(f) = lim J(f,).

Using Definition 2 one easily checks the assertions of Theorem 4.
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THEOREM 4. J: L — [0,00) extends J: F — R*, it shares the properties
(1), (2), (3), and (5) of J: F — Rt from Definition 1, and, except for the
Daniell property, it also shares any of the additional properties of J on F listed
in Section 1.

We note that the Fatou and Daniell properties of J on £ will be investigated
in the Section 3 below.

LEMMA 3.
(1) N={f, feL and J(f)=0}.

(2) Let f € L. Then {t, teT, |f(t) = oo} € N, and the factor space
L =L/N is a linear lattice.

Proof.

(1) Clearly, N Cc L,and J(f) =0 for f € N'. Suppose f € L and J(f) =0.
Take f, € F, n=1,2,...,sothat J*(f — f,) — 0. Thus J*(f) = J*(f - f,
+ f,) — 0 by the pseudometric generating property of J*. Hence f € N.

(2) Take f, € F, n=1,2,..., so that J*(f — f,) — 0. Since each f,,
n=1,2,..., is finite valued, we have J* (+oo-x{t’ teT, |f(t)|=+oo}) =J*(|lf -/,
F (=N == Ta=T+F) =T+ 1) <I*(6-1f ~ f,]) — 0.
(We are using the convention (+00) + (—00) = (—o00) + (+00) = 0.)

The last assertion is evident. O

Using Definition 2 one also easily checks the assertions of (1) of the next
theorem. Assertion (2) of Theorem 5 follows in the same way as (2) in Theorem 1,
and Theorem 2.

THEOREM 5.
(1) The analogs of assertions (1), (3), and (4) of Theorem 3 hold for (L,J)
and p, p(f,9)=JI(f—9), [,9€ L.

(2) There is an invariant metric p, on L x L equivalent with p. (L,p,) is
a complete metric space for any such control metric p,.

It is a linear topological space if J is scalarly continuous. The analog of
Theorem 2 holds.

3. Fatou and Daniell properties of the extension

Theorem 6 below is of fundamental importance for showing that our extension
J: L — Rt shares various convergence properties of the elementary L,-gauge
J: F — R', particularly those mentioned above. In Theorem 11, we prove
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that by applying the extension procedure to J: £ — R*, we obtain no further
enlargement of L.
We will need the following notions.

ﬁ={f, there are f, € F, n=1,2,..., such that
fo /' f and J°(f = f,) = O},
f—';z{f, there are f, € F, n=1,2,..., such that

[\ f and J°(f, = f) = 0},

F= {f, there exists b € F°' such that If] gh},
(j—'\")uZ{f, there are fnej:\o, n=1,2,..., such that fn\f},
(7/:;)0={f, there are fneﬁ, n=1,2,..., such that fn/f}

For féj' put
J(f) =inf{J°(h), heF", |fl<h},

and let £ denote the closure of F in (£,J),ie., felif feF,and there
are f, € F, n=1,2,..., such that J(f — f.) — 0.
Clearly, J*(f) < J(f) for each f € F, hence

N={f, feF, J(f)=0}CN and N={E, ECT, xyeN}CN.
Further, J: 7 — Rt = [0,00), and J behaves similarly as J*: F* — R*.

THEOREM 6. Suppose f, € F, n = 1,2,..., and J(f, — ) — 0/\(15
n,m — oo. Then there is a subsequence {f, } C {f,}, a sequence ¥ € Fe,
k=1,2,..., and a sequence ¥, € F,, k=1,2,..., such that:
(1) ¢, oo € (FO),, ¥y /W€ (F) b S fop S gy, Jor coch k=
1,2,..., and J°(p, — %) = 0 as k — oo,
(2) fo, (1) = o(t) ae. N, and (1) = $(t) ae. N,

(3) J(f,—w)=J(f, —%)— 0 as n— oo.

Proof. Let &, k = 1,2,..., be the sequence of Theorem 1, and take a
subsequence {fnk} C {f,} so that J(fmchl — fn,) <6, for each k = L2,....

Then
JO(Z |fries = fn,-l) SOy <8y

i=k
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by the Fatou property of J°: Fo© — [0,00]. For k=1,2,... put
(e} oo

Pr = (f"k + Z |fm+1 - fn1|> + Z |f"z‘+1 - f":I ‘
1=k i=k

Clearly, ¢, € Fo for each k = 1,2,.... If |p,(t)] < oo, then |fm(t)| < oo and
lp;(t)] < oo for i > k, hence

00) = Ppr () = o (1) = Foo,(O) F 2 () = T | SO-
If ¢, (t) = —oo, then f, (t) = —oo for i > k, hence Pryq(t) = —00. Thus

o \p € (Fo),.
For £k =1,2,... put

wk = (f"k - Z |fni+1 - f”i I) B Z lf"i+1 - fnil ’
i=k i=k

Then 7, € j—'; for each k= 1,2,..., and similarly as above, ¥, /e (}_u) ©
Obviously, ¥, < f,, < ¢, foreach k=1,2,.... Since

Op =Yk <4 N fu —Fuls  T(0r = %i) < i
i=k

for k=17,8,.... Hence o(t) = y(t) a.e. N.

Since ¢ = limkinfz/)k < limkinffnk < limsupfmc < limksupgo,c = o,
k
[n, () = (1) ae. N.
Clearly,

|fry, = @l < 1 fp, — il + o0 — @l

lfnk -onl < 2Z|fn.‘+1 - f'ﬂi

i=k

)

and 00 s
$r—P= Z(‘Pz —Pir1) < BZ nr = il
i=k i=k
Hence j(fnk — ) <6, _, for k=8,9,....

Thus j(fn —¢) — 0 as n — oo by the pseudometric generating property of
J on F, see (5) in Definition 1. 0

COROLLARY 1. £ is complete in p, p(f,9) = J(f—g), and [ € L if and only
if f€F, and there are f, € F, n=1,2,..., such that f.(t) — f(t) a.e. N,
and J(f, — f,,) =0 as n,m — oo
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COROLLARY 2. f € L(L ) if and only if f € F(F*), and for cach € > 0
there are g € .7-'1 and h € F° such that g(t) < f(t) < h(t) a.e. N (N) and
J(h—g)<e.
COROLLARY 3. F C Fo®F, ®N C £ C ((F), ®N)n (F,)° &N ),
ﬁ@.ﬁ@/\f CLC ((]/:\")u ®N)N ((E)OEBN), and L =L ® N, where @
means addition of elements.
THEOREM 7. J(f) =J(f) for fe L.
Proof. Let [ € L, [, € F,n=12,..., and j(f—fn) — 0. Then
T*(f - f,) — 0, hence J(f,) — J(f). Thus, by Theorem 6, J(f) = inf{.J°(h)
=T . ° T IRT _ .
heFoo, |l <h} <infJ°(p,) = lim J(p) = lim J(f,,) = J(f).
Conversely, for € > 0 take h, € 7° C L so that ¢ < h_ and J(h) = J°(h) <
J:(‘P) + ¢, where ¢ is from Theorem 6. Then J(f) = J(¢) < J(h) = J°(h) <
J(p)+e=J(f)+e. O
THEOREM 8. Suppose f,f, € LT, n=1,2,..., and f (t) / f(t) a.e. N.
Then J(f,) /" J(f). In particular, J: L — R* has the Fatou property.
Proof. First we show that J: £ — Rt has the Fatou property. Let

A —~+
fif, e LY. n=12...,and f, / f. Take h € F° so that h > f, and
let € > 0. Let finally 6, , k =1,2,..., be a sequence according to assertions (1)
of Theorems 1 and 5.

Owing to autocontinuity of J: £ — R* | see assertion (1) of Theorem 5, for
each n=1,2,... thereisa k, >k, _,, k, -_1 such that g € £ and J( )<5
implies J(f, +¢g) < J(f,) + €. Accordmg to Theorem 6, for each n = 1,2,.

there is an h, € 72 such that h_ > f, and J(h, — f,) <, .
Obviously, ( V hi) Ah k"> f, hence
=1

J <<\n/h1> /\h) = J° ((\n/hl) /\h) /\Jo(hl) > j(f):«](f)

by the Fatou property of J°: F° — [0, 00| and by Theorem 7. Clearly,

hi> Nh—f < i(hi—ﬁ),

i=1

+1°

e

Il
/N
<

hence, J(g,) < 6, . Thus
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hence,

J(f) = J(f) < J°(K) = lim J((\n/h,) /\h) < lim J(f,) +e.

n—0o0 n—0o0

Since ¢ > 0 was arbitrary, J(f) < lim J(f,). The converse inequality
n—oo

follows from monotonicity of J on L.

Suppose now f,f € LY, n=1,2,...,and f, / f ae. N.Take N € N
sothat f, /' fonT—N,andput f, =f -xp_ny+f-xy forn=12,....

Then f, € L* and J(f)) = J(f,) for n=1,2,...,and f / f on T. Now
it is easy to verify that £ = ﬁN, where ﬁN corresponds to Jy: F @N — R,
Jn(f+u)=J(f) for fEF and ue N.

Hence J(f,) = J(f),) /" J(f) by the first part of the proof. O

THEOREM 9. Suppose J: F — R is a Daniell elementary L,-gauge. Then
J(f,) \. 0 whenever f, € LT, n=1,2,..., and [, (t) \, 0 a.e. N. Hence

J: L — R* has the Daniell property, F° = F°N L and .7-'; =F,NL.

Proof. Without loss of generality, suppose f, € LT, n=1,2,..., f, \, 0,
and let ¢ > 0. By the pseudometric generating property of J: £ — R* | see
Definition 1 and Theorem 4, take 6 > 0 so that J(f+ g) < e whenever f,g € L
and both J(f),J(g) < é. Take a sequence 6, , k=1,2,..., as in assertions (1)
of Theorems 1 and 5, and let k, be such that 6, < 6. By Corollary 2 of

Theorem 6, there are h,, € ]/-:"+, n=1,2,..., such that h_(t) > f,(t) a.e. N,
and J(h, — f,) < 8poyn foreach n=1,2,...,and h, \ h.

Since h = lim (h, — f,) < ¥ (h, = f,)), J(h) < &, < 6. Take h' € F,
n—oo n=1

n=1,2,..., such that A’ > h and j(h') <6,andlet u, € Ft , n=1.2,...,
be such that u, / h’. Then h, < (h, —u,)+h' for each n =1,2,..., and
hy —u, \,0.
Since h, —u, € .7:\0, n=1,2,..., there are v, € F*, n = 1,2,..., such
that v <h_ —wu, and J(h, —u, —v,) <8, ,, foreach n=1,2,....
n
Put w, = ANv;,, n=12,.... Then w, € F*t for each n = 1,2,..., and
i=1
w, \, 0. Hence, by the Daniel property of J: F — R* | there is an n, such that
J(wn) < 6k0+1 for n >n,.
. n n n
Slnce h’n—-un_wn = '/\l(hi_ui)_ /\1 Ui S Z(hi_ui_vi)’ J(h’n—_un_wn) <
i= 1= i=1
5k0+1 for each n =1,2,.... Hence

J(hn_“n):J(hn—Un—wn+wn)<6k0<5 for n>mn,.
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Thus J(f,) < J(h,) < e for n > n,. Since € > 0 was arbitrary, the theorem is
proved. O

We now show that by applying our extension procedure to J: £ — Rt we
obtain no further enlargement of £. This is of basic importance in connection
with the Stone type representation of J: £ — R*.

Denote by Jy the extension of J to £° D F°. Clearly, Jy(f) < J*(f) for
each f € F* = L*, where

Ji(f) =inf{JP(h), he LT, |fl<h} for feF*.

THEOREM 10. Suppose J: F — Rt is uniformly autocontinuous. Then
JI(f) = J*(f) for each f € F* = L*. Hence J(f) = J*(f) for f € F in
this case.

Proof. Let f€ F*, €>0, and u € L° be such that u > f and J{(u) <
Ji(f)+3 e Takeu, € LT, n=1,2,...,s0that u, /' u and J(u,) / J2(u).
Let 6., k=1,2,..., be a sequence as in assertion (1) of Theorems 1 and 5, and
take k, so that §, < §(371-¢), where §(37!-€) is such that |J*(v) — J*(w)| <
37! . ¢ whenever v,w € F* and J*(v — w) < §(37! - €). By Corollary 2 of
Theorem 6, for each n =1,2,... there exists h, € Fo such that h_(t) > u,(t)
a.e. N and J*(h, —u,) < 6 ., . For n = 1,2,... put b/ = \7} h,. Then

i=1

h,(t) /7 h'(t) > f(t) a.e. N,and h], —u, < Y (h, —u,).
=1
Hence J°(R') = lim J°(hy,) and J°(h;, —u,) < 6, < §(37!-¢) for each

n=1,2,....Since h'(t) > f(t) a.e. N, thereisa v € F°" such that k' +v > f
and Jo(v) < 837! -¢).
Thus

J(f) < IR +v) <JO(R)+371 e
=3"1l.e+ nlLrgo Jo(h:l) =3"1l.e4 nler;o J"(h:1 —u, +u,)
<2:37"et lim J(u,)=2-37" €+ J(u)
< Ji(f) +e.
Since € > 0 was arbitrary, Jf(f) = J*(f). a

THEOREM 11. Suppose f, € F* =L*, k=1,2,.... Then J{(f,) — 0 if and
only if J*(f,,) — 0. Hence, by applying the extension procedure to J: L — R,
we obtain no further enlargement of L.

Proof. Since J; < J* on F* = L*, consider f, € F*, k=1,2,..., such
that JI(f,) < 6, where §,, k = 1,2,..., is a sequence as in assertion (1) of
Theorems 1 and 5.
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By Theorem 8, for each k =1,2,... there exists f € £°" and a sequence
fim t, n=1,2,...,such that f; > f, and fin /" fi for each k, and
J(, n) y VTAREN

By virtue of to Corollary 2 of Theorem 6, for each k,n =1,2,... there exists

1 €F°" suchthat k() > f}.(t) ae. N and J(h,, - fin) < By
For k,n=1,2,... put hy = \/h . Then h, ——f,’cn_z:(h = frea)s
hence J(hy ,, — fi ) < 6 and J(fkn)<6 foreachkn—12
Thus hk’n / h € For, h(t) > fi(t) a.e. N, and J°(h,) = nlg%o J(hy, ) <
81 <6,_, foreach k=3,4,....

Take u, € F°" so that hy+u, > f; and J°(u,) < 6,_,, k=3,4,.... Then
J*(f) < J*(fr) £ J(hy +uy) < 6,_4 for each k =4,5,..., hence J*(f,) — 0
as k — oo.

The theorem is proved. O
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