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ABSTRACT. We obtain a necessary and sufficient condition for every positive
solution of the nonlinear delay difference equation

zTL
P _ .4
a+br, , —cz, _,

Tpyy = R n=0,1,... (%)

to oscillate about its positive equilibrium. We also obtain conditions under which
the positive equilibrium of (x) is globally attractive.

1. Introduction

There have been many papers considering the oscillation and the nonoscil-
lation of nonlinear delay difference equations, see, for example, [1]-[6] and the
references cited in [1].

Our aim in this paper is to investigate the oscillation and global attractivity
of the nonlinear delay difference equation

T

11 = L 5 =0,1,... y 1
T a+bab_, —cxl_, n=w (1)
where
06(0,1), b7p7q€(0300)a CE(—'O0,00), kEN,
cq\7a cq\ 7% (2)
P>, a+b(bp) C(bp) >0.

By a solution of (1) we mean a sequence {z,} of real numbers which is
defined for n > —k and satisfies (1) for n =0,1,.... It is easy to see under the
initial conditions:

z,=A4A,>0, n=-k,—k+1,...,0, (3)
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equation (1) has a unique positive solution satisfying (3).
Equation (1) has a unique positive equilibrium z*. In Section 2, we establish
a necessary and sufficient condition for every positive solution of (1) to oscillate

about z* and in Section 3, we establish a sufficient condition for the global
attractivity of x*.

When p =2 and ¢ =1 V. L. Kocic and G. Ladas [1; pp. 166, 167]
investigated a similar equation. Our results in this paper extend and improve
their results.

2. Oscillation of equation (1)

In this section, we study the oscillatory behavior of the solution of (1). As
usual, a solution {z,},~_, of (1) is said to be oscillatory about z* if the terms
z,, of the sequence are neither eventually greater than z* nor eventually less
than z*. Otherwise, the solution is called nonoscillatory about z*.

Before we present the main result we state two lemmas which will be useful
in the sequel. The first one is extracted from [1; pp. 6, 7].

LEMMA 1. ([1]) Consider the delay equation

yn+1_yn+rf(yn—k)=01 7L=0,1,..., (4)
where r € (0,00), kK € N and f € C[R,R]. Assume that

uf(u) >0 for u#0

and that
lim __f(u) =1.
u—=0 U
Suppose also there exists a positive number § such that
either
fu) <u for O0<u<ié,
or

flu)>u for —d<u<0.
Then every solution of (4) oscillates if and only if
{ >1 if k=0,
r

k .
>(—k:—% if k>1.

The proof of the next lemma is straightforward and will be omitted.
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LEMMA 2. Assume that (2) holds and set
F(z) =a+ bz? — cx9.

Then there is a unique positive number z* such that F(z*) = 1. Furthermore,

FO{ 51 Jora-co<on 2
In addition, if ¢ <0, then
F(z) is increasing for = >0, (6)
and if ¢ > 0, then
Flg) is decreasing for 0 <z < (g2) =3 @

1
is increasing  for (§2)777 <z < 0.
The main result in this section is the following:

THEOREM 1. Assume that (2) holds. Then every positive solution of (1) os-
cillates about =* if and only if

pb(a")? - qc(x*>q{ 2l Ut ®)
> eFnEET if k>1.
Proof. The change of variable
z, =x" e’
transforms (1) to the difference equation
Ypni1 — Yo +1n [a 4 b(z*)P eP¥n=r —c(z*)TeT¥n-*] =0. 9)

Clearly every solution of (1) oscillates about z* if and only if every solution of
(9) oscillates about zero. Set

f(u) =In[a+b(z* )? — c(z* e*)7],
g(w) = f(u) — [pb(z*)P — ge(z*)]u.

If ¢ <0, then clearly
uf(u) >0  for uw#0. (10)

Next, assume that ¢ > 0. As

p>qg>0 and b(z*)P —c(z")=1-a>0,
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it follows that

f(u) > In[a+ (b(z*)” —c(z*)9) e?™] >0  for u>0,
f(u) <Infa+ (b(z*)? — c(z*)?) e?] <0  for u<0.

Hence, (10) holds for ¢ € (—00,00).
Observe that
dg _ pb(z*)PeP* —qc(z*)? e?"
du ~ a+ b(z*)? er —c(z*)q etv
< a+b(z*)P ep}t —c(z*)9 eav [pb(z™)P €7 —qc(z*)? e
— (pb(z*)? — ge(z*)?) (a + b(z*)? P —c(z*)? e™)]
Tat b(z*)P ep}t —c(z*)9 eqv [pb(z™)P €7 —gc(z™)? e ~a(pb(z*)? — ge(z*)9)
— (pb(z")P — ge(z™)?)b(z" )P e +(pb(z*)P — ge(z*)?) c(x*)Te™™
Ta+ b(z*)P epi —c(z*)9 eqv [(pb(z*)? — b(z*)P (pb(z")P — ge(z*)T)) €7
= (ge(=")? = c(z")? (pb(z")? — qe(z™)7)) €7 —a(pb(z*)? — ge(z™)7)]
= a+ b(z*)P epi —c(z*)7 eqv [(pb(z*)? — (pb(z*)P — ge(z*)9)b(z")P — ge(z*)
+ (pb(z")P — ge(z*)?)c(z™)?) e —a(pb(z*)? ~ ge(z*)7)]
S b(z*)P ep}b —c(z*)d eav [pb(z")P = ge(a7q) (1 = b(z™)P + c(a*)?) e
— a(pb(z*)? — ge(z*)7)]

— [pb(z")? — ge(z*)7]

and

pb(z*)? — ge(z*)? > p[b(z*)? — ¢(z*)?] = p(1—a) > 0.
Hence
dg 1

Y . “\p _ ) (1 — g — b(z*)P *\a
du = a+ b(z*)P et —c(z*)7 ed¥ [(pb(a")? = ge(@™)7) (1 = a = b(z*)P + e(2")7)]
=0 for u<0.
This together with g(0) = 0 implies that g(u) > 0 for u < 0, that is
flu) > [pb(z*)” —gqe(z*)u for u<0.

We also have

df (0)

= pb(x™)? — qc(z*)?
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and so
/(u) _
w0 [pb(z*)P — ge(z*)9]u
Hence, by Lemma 1, every solution of (9) oscillates if and only if (8) holds. The
proof is complete. a

3. Global Attractivity of (1)

In this section, we investigate the global attractivity of the positive equilib-
rium z* of (1).
THEOREM 2. Assume that (2) holds. Then every positive solution of (1)
nonoscillatory about x* tends to x™ as n — oco.
Proof. Assume that =, > z* for n sufficiently large. The proof when
z, < x* for n sufficiently large is similar and will be omitted. Set
z, =z"e¥ .
Then y, > 0 for n sufficiently large and
Yni1 — Y, +1n [a + b(x*)P eP¥n-* —c(z*)? eqy""“] =0. (11)
Thus for n sufficiently large
Yns1 — Up < —Infa + (b(z*)P — c(z*)?) e®¥-*] <0,
and so nll’ngo Y, = i € [0,00), say, exists.
We claim that g = 0. Otherwise, 4 > 0. Take

P—q
0<e<—>pu. 12
Py (12)
Then there exists IV, > 0 such that for n > IV,
p—e<yY,_p<p+e. (13)

First, assume that ¢ < 0. From (11) and (13), it follows that
Yns1 — Yn +1n[a+ (b(z*)P — c(z*)9) eq(“‘s)] <0 for n > N,
and by summing this inequality from IV, to co we get a contradiction.
Next, assume that ¢ > 0. Then (11) and (13) yield
Yns1 = Yn +In[a +b(z*)P ePH=8) —c(z%)7 €7 +9)] < 0. (14)
In view of (12), we have
In[a + b(z*)P P~ —c(z*)7e?¥+9)] > In[a + (b(z*)? — c(z*)?) e?HFe)]
and so (14) yields
Ypi1 — Yp + ln[a + (b(z*)" — c(z*)?) eq(”“)} <0 for n>N,.
By summuing this inequality from IV, to co we get a contradiction. The proof is
complete. O
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THEOREM 3. Assume that (2) holds. Set

(1) if c<0,
M, = \ .
: 1fc¢c>0.
(a+b(g2)"—c(g2)*)"" J
Suppose that
k+1 -
(ln_;-\/.f ) Infa + b(z* M,)? — c(z*My)?] < 1. (15)
0

Then every positive solution of (1) oscillatory about =* tends to * as n — 00.

Proof. Assume that {,},_j is an solution of (1) oscillatory about z*.
We will prove that lim z, = z*.
n—,oo

Let {n;} be an increasing sequence of positive integers such that n, — co as
i — oo satisfying

z, <z" and z,.,>z" for i=12...,
and for each i = 1,2,..., some of the terms z, with n, < j <n,,, are greater
than z* and some are less than z*. For each i = 1,2,..., let m; and M, be

the integers in the interval [n;,n,,,] such that

Tppr =min{z; : n; <j<ng,},
Tprp =max{z;: n; <j<n,}.

Then for each i =1,2,...,

T4 <zt and Az, <0

while
Tpp > and Az, >0.
By (1), we have
T, [1—(a+bzh, _, —czl )]
024z, = a+be? . —cx? ’
m; —k m;—k

which indicates that a + bxfni_k - c:r‘,’ni_k >1,thatis z, _, >z". Therefore,
there exists an integer T, satisfying max{n;,m; — k} <m; <m,; + 1 and

T 2 T7, and z; <z’ for j=m;+1....m+1. (i6)

Similarly, there exists an integer M, satisfying max{n;, M, —k} < M, < M;+1
and

T3 <7, and wj>m* for j=M,+1,....M,+1. (17)
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Now we show that {z,} is bounded from above and bounded from below
away from zero. In fact, since z, > 0 for n > 0, it follows by (1) that

Z

n+1 — 1 . (18)

P _ .4
z, a+bx, ., —cx,_,

First, assume ¢ < 0. Then for n > 0, we have

T 1
Dntl < 2 for n>0.
T, a

Hence, by multiplying this ineqality from _M_: to M, we have

IMitr (l

)M,-—MTH
.’L‘M- - \a

)

and so
Tpr1 ST (%)Hl =2"M,,
which clearly implies that
z, <z*M, for n>0.
By using this fact in (18), we find that for n > 0

xn+1 1
z, — a+blx*M,)P — c(z*M,)?

n

and so - ]
mi+1 —
2 k+1 T My,
Tar  (a+b(z*My)P — c(z*M,)9)

which implies that

z, > "M, for n>0.

Next, assume that ¢ > 0. Then, in view of Lemma 2, we see from (18) that
for n >0,

xn+1 < 1
z, a+b(%§)p—-c(§%)q ’
Hence, we have
T M +1 1
i+l o =M,
T (a4 b(0)" - e())

and so
*
Tppq ST M,
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which implies that
z, < "M, for n>0.

n

Similarly, we have
z, > "M, for n>0.

Therefore, we have
M z* <z, <z*M, for n>0.

Now set

@ { Lin[a + b(z*)P eP* —c(z*)7e?] for u #0,

u) =

I pb(z”)? — qc(z*)? for u=0.
Observe that the transformation
z, =z e’
transforms (1) into
Ynt1 —Un = _g(yn_k)yn_k .

Clearly, to show that lim z, = z*, it suffices to show that
n—o00

Jim, v, = 0.

To this end, observe that
InM, <y, <InM, for n>0.
First we show that there is a § > 0 such that
6<9(y,) <g(lnd,) for n>0.

Observe that .
e =1l for u#0,

u) = v
f(u) { 1 for u=0
is increasing, f > 0, p > ¢, and pb(z*)? > gc(z*)?. Thus for u < 0,

9(w) = % In[1+b(z*)?(e”" —1) - c(z*)(e?™ ~1)]

epu—l__. *qequ—‘l
ge(a”) =

< pb(z*)?
< (pb(z*)P — ge(z*)?) f(qu)
< pb(z™)P — ge(z*)?

= g(0)

and ]
g(u) = - Infa+ b(z* e*)? — c(z*e*)] > 0.
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Also, as g is increasing for u > 0, it follows that
9(0) < g(u) < g(In(M,))  for 0<u<InhM,. (25)

Therefore, by using (21), (23), (24) and (25) and because g is continuous, we
see that (22) holds.

Next, define the nonnegative function

n

Vi) = [yn— > g(yi)yi]2+

i=n—k

n

> [g(yi+k+1) Xn:g(yj)yf}

i=n—k j=i

for n > N, . Calculating the difference of V' along the solutions of (19) and using
the fact that 2y,y,,; <y? +y2,;, we see that

n+1 n

- [yn+1 - 3 g(yi)y,-r— [@/n -2 g(y")yir

i=n—k+1 i=n—k

.S (g(yi+k+l)§9<yj)y?) P> (g(y”’““)ig(yj)y? )

i=n—k+1 j=t i=n—k Jj=i

n+1
= - g(yn+1)yn+1 [Qyn_H + g(yn+1)yn+1 -2 Z g(yi)yi]
t=n—k+1
n+1 n
2
W)V D IWikid) = 9Wns1) D 9
i=n—k+1 i=n—k
n+1
= - 29(yn+1)y,21+1 + 2g(yn+1)yn+1 Z g(yi)yi
i=n—k+1
n+1
= 9Wn1) D 9wV~ W)Y
i=n—k+1
n+1
2
+ g(yn+1)yr21+1 Z g(yi+k+1) + gz(yn+1)yn+1 - g(yn-i-l)g(yn—k)yfl—-k
i=n—k+1
n+1 n+l

< —g(yn+1)y121+1 [2 - Z 9(y;) — Z g(yi+k+1)jl .

i=n—k+1 i=n—k+1
This, in view of (22), yields

V(yn-H) - V(yn) S ‘—2[1 - g(ln Mo)(k + 1)]g(yn+1)y721+1 .
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By summing both side of this inequality we see that for n > NN,

n+1

V(Ynpy) +2[1—gn M)k + D] D g(y)y; < Vyy,)-
1=Np+1

Hence,

o0
> 9y,)vl < oo,
n=1

which, in view of (22), implies that

o0
D Yk < oo (26)
n=1
Clearly, this fact implies that (20) holds. The proof is complete. O
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