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(Commaunicated by Miloslav Duchon)

ABSTRACT. A theorem about the existence of the tensor product of bornologi-
cal measures is proved and two Fubini theorems are stated for a bilinear integral
in convex bornological spaces.

It is well known that the tensor product of two vector measures need not
always exist, even in the case of measures valued in the same Hilbert space
and being the bilinear mapping (used in its definition) the corresponding inner
product (see for instance [4] and [11]). Huneycutt has proved in [13] the
existence of the tensor product of two Banach valued measures of bounded vari-
ation, offering an integral representation of this product measure, proving also a
Fubini theorem in that context. Several authors have given sufficient conditions
for the existence of the tensor product measure, including the case of measures
valued in locally convex spaces ([8], [9], [10], [12], [13], [21], [22] and others).
In [20] a bilinear integral is defined in the context of the locally convex spaces
which contains the countable case of the Bartle integral [3] and which allows
to state the existence of the tensor product of two measures valued in locally
convex spaces under certain conditions, extending the results mentioned before
about this question. Later some Fubini theorems have been established in [12]
for this integral.

As it is pointed out in [5], vector measures and integrable functions (with
respect to scalar measures) with values in a large class of locally convex spaces are
actually measures or functions valued in a normed space Epg. This bornological
character is even more remarkable in the Radon-Nikodym type theorems for
locally convex spaces, where the proofs usually involve an embedding in an
appropriate Banach space Eg and an application of the result for Banach spaces.

AMS Subject Classification (1991): Primary 28B05. Secondary 46G10.

Key words: Bornological measurz, Convex bornological space, Control measure, Inte-
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Also, the results stated in [2] about the dual of the L? spaces for functions
valued in locally convex spaces (and scalar measures) make clear the usefulness
of the study made in [1] about the L? spaces for functions valued in convex
bornological spaces (and scalar measures).

Similar facts and the pronounced bornological character of the bilinear in-
tegration theory developed in [20] show the fitness of making a development of
a similar bilinear integration theory in the context of the convex bornological
spaces, which presents between other applications the possibility of obtaining
results about the representation of bounded linear operators and the derivation
of bornological measures not only with respect to scalar measures (as it is made
in [6]) but also with respect to bornological measures.

Clearly the integration defined in [20] can be obtained from the integral in-
troduced here considering in the locally convex topological vector spaces the cor-
responding von Neumann bornologies. Also in the particular case of scalar mea-
sures, the integrable functions used here coincide with the bornological Bochner
integrable functions defined in [5]. In this paper a theorem about the existence
and the integral representation of the tensor product of two bornological mea-
sures is proved, and two Fubini theorems are stated for functions valued in
convex bornological spaces and bornological measures. These results contain in
several cases (for instance if the considered locally convex topological vector
spaces satisfy the strict Mackey condition (in the sense of Definition 3 of [14]))
the corresponding results of {12], [19] and [20].

For questions about bornological spaces we remit ourselves to [15], [16], [17]
and [18], and for the properties of bornological measures to [5] and [6].

Preliminaries

Let 3 be a o-algebra of subsets of a set Q and E a separated convex
bornological space that we will ever suppose to be regular (i.e. its bornological
dual separates the points of E| see for instance [18]). A mapping m: & — E is
said to be a bornological measure (see [5]) if

m( U An> = Z m(A,)
n=1

n=1

holds for all sequences (A, )nen of pairwise disjoint members of .

It is clear that if F is a locally convex topological vector space which satisfy
the strict Mackey condition (see [14]), then every E -valued topological (count-
able additive) measure is also a bornological measure when we consider the space
E endowed with its von Neumann bornology.
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FUBINI THEOREMS FOR BORNOLOGICAL MEASURES

The bornological measures present some special peculiarities in comparison
with topological measures, thus the property about the boundedness of the range
of a measure with values in a locally convex topological vector space and the
Orlicz-Pettis theorem for these kind of measures do not admit a direct translation
for bornological measures. For instance, if the space L'([0,1], p) is endowed
with the compact bornology, where g denotes the Lebesgue measure, and ¥ is
the o-algebra of Lebesgue measurable subsets of [0,1], then the set mapping
m: S — L'([0,1], p) with m(4) = X 4 » is a bornological measure but m(X)
is not relatively compact (see [5]). More questions about bornological measures,
relations with the topological measures and examples can be found in [5] and

[6].

Tensor product of bornological measures

Let (X,B1), (Y,B;) and (Z,B3) be three separated convex bornological
spaces, Z being complete, and consider a bounded bilinear mapping b from
X xY into Z (we will write zy for b(z,y)) and an Y-valued bornolog-
ical measure [ defined on a o-algebra ¥ of subsets of a set 2. Following
Grothendieck’s notation, for every B € B; Xp denotes (and similarly
in the other spaces) the subspace of X generated by B endowed with the topol-
ogy defined by the Minkowski functional ¢g of B (in Xp).

The measure [ is said to be of bounded b-semivariation if

Ib(SBl):{/Sd,BZ 36531}6%3

Q

for every absolutely convex bounded set By € B, , where Sp, denotes the family
of all Bj;-valued simple functions defined on  (the simple functions and their
integrals are defined as usual). From now on the measure  will be assumed to
be of bounded semivariation.

Aset N € X isa (3,b)-null set if ||8]|B,,B;, =0 for every pair of absolutely
convex sets By € B, and B3z € ‘B3 such that I (53,) C B3, and

18| B,,Bs(A) = sup{qa3 ( /s dﬂ) : s€ S, SXq\a = 0}

Q

for every A € . We say that the measure 3 satisfies the (¥, b) -condition if for
every pair of absolutely convex sets B; € B; and Bs € B3 with Ib(SB,) C B3,
there exists a measure vp,,B;: & — R% such that ||8||B,,Bs < VB:1,Bs (ie.
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linh) 0||[5'|[B,,1_L;3(z‘1) = 0). If there exists a measure v: & — R% such
vB,,B3 -

that ||3llB.,Bs < v for every pair of absolutely convex sets B, € B; and
B3 € B3 verifying Ib(SBl) C Bjs, then it is said that the measure [ satisfies
the (**,b)-condition and v is called a control measure of 3 (then we write

Bl < v).

DEFINITION 1. A function f: Q — X is said to be (,b)-measurable if there
ezists a sequence (fn) of X -valued simple functions which is a.e. Mackey con-
vergent to f (i.e. there exists a (B,b)-null set N € ¥ and an absolutely convex
bounded set By € By such that (fn(t)) converges to f(t) in Xp, for all
teQ\N).

A (B,b)-measurable function f: Q@ — X is (3,b)-integrable if there exists
a sequence (f,) of X-valued simple functions, a (3,b)-null set N € ¥ and an
absolutely convex bounded set B; € B such that (f,(t)) convergesto f(t) in
Xp, forall t€ Q\ N and

I8, ,B5(A)—0

lim  qs /nw 0,
A

this limit being uniform in n € N, for every completing absolutely convex
bounded set B3 € B3 (note that (Zg,,¢s,) is a Banach space since Bj is com-
pleting) such that Ib(SBI) C Bj. Such a sequence is called a B;-approzimating
sequence of the function f.If the measure 3 satisfies the (*,b)-condition, then

1@!n%=!fw

for every A € £. When N = { the function f is said to be strong (3,b)-integr-
able.

It can be proved in standard way that every essentially bounded (3, b) -measur-
able function is (3, b)-integrable, from which there follows easily the following:

BOUNDED CONVERGENCE THEOREM. If (f,) 18 a sequence of
(B,b)-integrable functions which 15 a.e. Mackey convergent to a function

f:2 = X, U fa(2) € B, and there ezists a By-approzimating sequence
neN
of fu, for every n € N, B; being an absolutely conver bounded subset of X
which contains |J fn(Q2), then the function f 1is also (/3,b)-integrable. there
neN
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ex13ts a By-approzimating sequence of f and

lim/fndﬁz/fdﬂ
A A
holds for every A € %.

If A is a o-algebra of subsets of a set ' and a: A — X is a bornological
measure, then in standard way, if there exists one and only one bornological
measure « @ f: A® L — Z (as usual A ® £ denotes the o-algebra generated
by A x ¥) such that the equality

a ® A(A x C) = b(a(4), B(C))

holds for every pair (A,C) € A x 3, then the measure a® 3 is called the tensor
product (bornological) measure of o and (3.

THEOREM 2. Let A be a o-algebra of subsets of a set Q' and a: A - X a
bornological measure. If the measure B satisfies the (**,b)-condition and there
exists an absolutely conver set By € By such that a: A — Xp, is a countably

additive wvector measure!, then there exists the tensor product measure

a®pP: AR — Z, the mapping a(U"): Q@ — X | defined by a(U")(t) = o(U")
for every t € Q, s (3, b)-integrable and

a®3(0) = [avt) s (21)

Q

holds for every U € A® L (U' being as usual the t-section of U, for every
te).

Proof. Let B € B; be an absolutely convex set such that a«(A)UB, C B
(remark that a(A) is a bounded set of (XBl,qu)) and let us denote by €

the family of all measurable sets 7 € A ® ¥ such that the function «(U") is
(3,b)-integrable and it has a B-approximating sequence. Then clearly
AXEZ CC€and O xQ\U € € for every U € €. Moreover, if (U,) C €
is an increasing sequence the same happens with (U!) for every t € Q. and

therefore the equality
¢
: [( U Un)
neN

"It follows from [5, Corollary 8] that this condition holds in particular if the space X is

= lirrln a(UY)

infra-Schwartz (see [15]) or if it has a basis formed by completing absolutely convex boynded
sets B; such that Xpg; does not contain any copy of (> .

141



M3 E. BALLVE — P. JIMENEZ GUERRA

holds for every t € 2, and it follows from the bounded convergence theorem that

the function a[( Uvu )] is (f,b)-integrable and it has a B-approximating
n€eN
sequence, so |J Up € € and AQECC.If A\: AQY — Z is defined by
neEN

AU) = [ o(U") dB,
/

then A is a bornological measure, since for every sequence (U,) of pairwise
disjoint sets of A® ¥ 1t is deduced from the bounded convergence theorem that

(UU>_hm/ {(UUk>}dﬂ_hmZ/ (U}) dB = Z/\(U)

n€N k=1 g

from where the result follows easily.

Fubini theorems

Let (X;,™:) be a separated convex bornological space for ¢ = 1,...6, which
will be supposed complete if ¢ = 4,5,6, and consider four bounded bilinear
mappings bll X] X X2 g X4, bg: X3 X X] g X5, b32 X5 X X2 g X6 and
by: X3 x X4 — X6 such that

bs [b2(z3,21), T2] = ba[xs, bi(21,22))

for every z; € X; (¢ =1,2,3).
a: A — X; and B: ¥ — X, will denote two bornological measures (A and
Y are as before two o-algebras of subset of ' and Q respectively) verifying
the following conditions:
i) There exists an absolutely convex set B; € B; such that
a: A — (X1)B, is a countably additive vector measure. Let us de-
note by Bj € B; an absolutely convex set such that «(A)UB; C Bj .
i1) The measure B is of bounded b3-semivariation and it satisfies the
(**, b;)-condition for : = 1,3.
Under the last two conditions, Theorem 2 states the existence of the product
measure « ® 3 whose integral representation is given by (2.1).

PROPOSITION 3. Let z3 € X3 and U € A x L, then the function
b, [x;;,a(U')] 18 (B, b3)-integrable and

/bz [zg,a(ut)] dg = b, [x;;,a@,@(U)] . (3.1)
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Proof. Let Bs = by(z3,B]) and € the family of all sets U € A ® £ such
that by [zg,a(U' )] is a (3, bs)-integrable function having a Bs-approximating
sequence and (3.1) holds. If U = 4; x A2 € A x T, then o(U") = a(A1)x,, ,
b, [xg,a(U)] = by [233,(1(A])] and

b4 [Ig,a ® lB(A] X Az)] = b4 [.’II3,b1 (a(Al )7 ,H(Az))] = b3 [b2 (13,(1(141 )),ﬂ(Az)]
:/bz[zg,a(U')] dg.
Q

Moreover, if U € €, then it is easily proved that Q' x Q\ U € € and for
every increasing sequence (U,) C € we have that (b;[z3,a(U})]) converges to

bs [xg,a((nLejN Un)t)] (in (X5)B, ) for every t € Q and

U by [l‘g,a(U,,tl)] € by |$3,Q(A)] C Bs ,
teQ

from where it is deduced by the bounded convergence theorem that the function

a[( U U,,) } is (B, bs)-integrable, it has a Bs-approximating sequence and
neN

by lxg,a@ﬂ( U Un)] =lirrlnb4 [wg,a®ﬂ(Un)] =li'rln/bg[z3,a(U,t,)] dg
Q

foll()

Now the result follows immediately.

n
PROPOSITION 4. If f= ) TkXy, : Q' x Q— X3 is a simple function, then
k=1
n
the function fi = ), TkXy, t: Q' — X3 18 (a,by)-integrable for every t € Q,
k=1
the function

F(t) = /f, da =) zra(U})
Q' k=1
18 (f, bs3) -integrable and

| s a0ms- /( /s da) 4. @
Q'xQ Q Q
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Proof. It is an immediate consequence of Proposition. 3.

PROPOSITION 5. Let (Un)nen € A QX be a pairwise disjoint sequence and
B3 € B3, Bs € B¢ two absolutely convez bounded sets such that Iy,(Sp,) C Bs .
If the measure a satisfies the (*,by)-condition, then

n1LH;o||a®ﬂ||Ba,Bs< U Uk) =0. (5.1)

k>n

Proof. If (5.1) does not hold there exists ¢ > 0 and a sequence (f,) C Sg,

such that f"Xn’xn\ U U =0 and
k>n

qBs /fnda@)ﬂ > €.
Q'xQ

If Bs = by(B3,B)), fan= ZI:I:E?XV'_" being {V*}2, C A®Z a pairwise disjoint

family such that Lj vrC U Uj and {z]'}», C B;, and

1=1 j>n

galt) = 3 ba [, a (V)]
1=1 .

for every t € Q and n € N, then I;,(B;) C Bs and the inequality

lirrlnqgs [gn(t)] < 1ir?1||a||83.35( U U;) =0

i2n

holds for every t € Q and (since the measure 3 satisfies the (**,b3)-condition)
there follows from Egoroff’s theorem (for the Banach valued case, [T, p. 41])

the existence of a measurable set A € ¥ such that ||3| s, Bs(A) < —5— and the

sequence (g,) converges to zero in (Xs)p, uniformly on Q\ 4. and therefore.
there exists ng € N such that

a8 [9n(1)] < /211815, 5:(2) °
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and

9B / fn da®/3) = ¢B, !(;bz (I?,a((Vin)t))) dg

Q' xQ

e
= mmllﬁllss,m(ﬂ) + 118l 5o (A) <€,

which is a contradiction.

PROPOSITION 6. If the measure o wverifies the (*,by)-condition, then the
product measure a ®  verifies the (*,by)-condition. Moreover if o wverifies
the (**,by)-condition, then the measure a® 3 verifies the (**,bs)-condition and
if A, p are two control measures of o and [ respectively, then A @ p 13 a
control measure of a @ .

Proof. Let B; € B3 and B; € Bg be two absolutely convex sets such that
I,,(S3) C Bg and Bs = by(Bs, B}). If the measure « verifies the (*,b3)-con-
dition, then there exist two measures Ag, ,: A = R and pu: & — R* such
that “a”Ba,Bs < AB,,Bs and ”:Bl‘Bs,Bs L p (clearly I, (Sp,) C Bg).

If U e A®Y verifies that Ap, g, ® p(U) = 0, then there follows from the

Fubini theorem for scalar measures the existence of a measurable set A € ¥
such that u(Q\ A) =0 and Ag, B,(U') =0 for every t € A, and therefore,

by [zg,a®ﬂ(V)] = /bg[:cg,a(V')] dg

Q
_ /b2 (25, a(V*Y)] dB + / by 25, a(V")] 4B =0
A Q\A

for every z3 € B3 and V € A® ¥ with V C U. From which it follows that
”a ® ﬁ”Ba,Bs(U) =0.

Moreover, if there exists € > 0 such that for every n € N we can found
Un € A® T with Ag,.p, ® p(Un) < —%—n and [|B||5s.8,(Un) > €, then if
Vo= U Ui, W=V, \ Vo4 and V = (] V, we have that

i>n n€eN
1811 B5,86(Un) < lla ® 8By, Bs(Wn) + [la @ Bll By, Bs(V),

from which a contradiction follows since || ® B||B,,B,(V) = 0 and it results
from Proposition 5 that

1111111 ”a & ﬂ”Ba,Bs(Wn) =0.

The remainder of the proof follows now easily from the preceding.

2If ||,H“B5,BG(Q) =0, then the result is trivial.
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THEOREM 7. If A is a o-algebra of subsets of a set Q", v: A — X; s
a bornological measure such that v: A — Xp, 15 a countably additive vector
measure for some absolutely conver set By € B3 and the measure a verifies
the (**,by)-condition, then the product measures (y @ a)®@ B and v 2 (a O 3)
exist, they coincide and the equality

'r®(a®ﬂ)(U)=/[ /W(U(””) da] s

Q Q’

holds for every U € AQ AR Y (UM™Y being as usual the (s,t)-section of U for
every pair (s,t) € ' x Q).

Proof. It follows immediately from Theorem 2 and Proposition 6.

THEOREM 8. Let us suppose the ezistence of two measures A: A — RT
and p: L — Rt such that ||alls, < X, ||Blls; < 1 and the (a @ B,by)-null
sets and the A ® p-null sets coincide. If f: ' @ Q — X3 is an essentially
bounded (a @ f3,by)-integrable function, then the function fi: Q' — X;, defined
by fi(t) = f(s,t) for every s € Q', 1s (a,by)-integrable for almost all t € Q
and the function F: Q — X5 such that

F(t) :Q/If, da

is (B, b3)-integrable when f; is (a,by)-integrable, and

/ fda®[i:ﬂ/<n/lft da) dB. (8.1)

Q'xQ

Proof. In fact, there exists an absolutely convex set B3 € ‘Bj. a
(a ® B,bs)-null set N and a sequence of simple functions f("): Q' x Q — X3

such that f(Q' x Q\ N) J f™(Q x Q\ N) C By, (f™(s,t)) converges to
neN

f(s,t) in (X3)p, for every pair (s,t) € ' x Q\ N and

lim / O da@p = / f dawp.

Q' xQ Q'xQ
Since

A@ u(N) = //\(N)' dpe,
Q
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there exists a p-null set Ny € & such that A(N*') =0 for every t € 2\ N, and
the sequence (ft(")(s)) converges to fi(s) (in (X3)g, ) for every t € 2\ N2 and

s € Q' \ N'. Thus, since the function f is a ® f-essentially bounded, it results
that the function f; is (a,by)-integrable for every t € Q\ N,, and

1im/f,‘"’ da:/f, da, (8.2)
QI QI

in (Xs5)p, Bs being an absolutely convex bounded subset of X5 such that
b2(Bs, By) C Bs.

It results from Proposition 4, the bounded convergence theorem and (8.2)
that the function F is (8, b3)-integrable and

S[F(t) dg = 1i111nQ/<Q/,f, da) dg,

from where by Proposition 4 we obtain (8.1).

THEOREM 9. With the notations of the last theorem, if the measure a verifies
the (*,by)-condition and f: Q' x Q — X3 is a strong (a ® 3,bs)-integrable
function such that f(Y x Q) € B;, then the function f; is («,bz)-integrable
for almost every t € Q, the function F 13 (f3,bs)-integrable and (8.1) holds.

Proof. It is enough to proceed like in the proof of Theorem 8.
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