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(Communicated by Tibor Katrifidk )

ABSTRACT. A class of algebras is said to be direct limit closed if it is closed
with respect to direct limits. We describe all two element sets S of monounary
algebras such that S, together with all isomorphic copies of elements of S, is a
direct limit closed class.

Direct limit classes of algebras, i.e. classes of algebras which are closed with
respect to direct limits, were investigated in [3] and [6]). The class of all retracts
of a finite algebra is a direct limit class, cf. [5].

The paper [3] contains a description of all monounary algebras A such that
{A} is a direct limit class.

The aim of the present paper is to describe all pairs A, B of monounary
algebras such that {4, B} is a direct limit class.

1. Preliminaries

For the notion of a direct limit, cf. e.g. Gratzer [1; §21).

Let (P, <) be a directed partially ordered set, P # 0. For each p € P lect
Ap be an algebra of some fixed type. We assume that if p,q € P, p # q, then
Ap N Aq = (). Suppose that for each pair of elements p and ¢ in P with p < ¢,
there is defined a homomorphism ¢, of A, into A, such that p < ¢ <'s implics
that ¢, = ¢, 0@, . Foreach p € P let ¢, be the identity on Ap. Then we
say that {P, A, ¢, } is the direct family.
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EMILIA HALUSKOVA

Assume that p,g € P and z € Ap, y € Aq. Put o = gy if there exists
s € P with p <s, ¢ < s such that ¢ (z) = ¢, (y). For each z € U A, put
— peP
Z= {te UA,: zEz‘}.Denote A= {E: ze Ap}.
peEP pEP
Let f be a m-ary operation from the type of algebras A,, p € P. Let

L€ Apj , 1 <j <n,andlet s be an upper bound of pj- Define f(?i'l,. . .,fn)

f((ppl_s(.rl), . .,(ppns(:vn)). Then A is an algebra which is said to be the direct
limit of the direct family {P, A, ‘qu}-
We express this situation as follows

{P,A }— A (1)

» Pp
The operator L on classes of algebras was introduced in the textbook [1; §23].

3
By this definition, if K is a class of algebras, then L(K) is the class of all direct
—

limits of algebras of K.

Let K be a class of algebras. We denote by [K] the class of all isomorphic
copies of algebras of K. Further, we denote by LK the class of all isomorphic
copies of direct limits of algebras of K, i.e., LK = [E(IC)] .

We put L2K = LLK, L3K = LL2K.

A class K is called a direct limit class, f LIK] = [K].

For algebras A,,..., A, we will use [4,,...,4,] instead of [{A1> ce A”}] .

LEMMA 1. Let A, B be algebras and L[A] = [A, B], L[B] — [B].
Then L[A, B] = [A, B].

Proof. Let (1) be validand A, € [A,B] forevery pe P.Put Q = {q€ P:
Aq =~ B}.If Q is cofinal with P, then A = B.If P —Q is cofinal with P, then
A= Aor A¥B. O

Let B be a subalgebra of A. Assume that there exists a homomorphism ¢
of A onto B such that ¢(b) = b for each b € B. Then B is said to be a retract
of A and ¢ is called a retract mapping corresponding to B.

In view of [6; Lemma 1.1] we have that L[A] contains all retracts of 4. We
will often refer to this fact.

LEMMA 2. Let A be an algebra and E be a retract of A. If F € L[E], then
F € L[4].

Proof. If F= F, then the assertion is true.

Assume that I is not isomorphic to E. Then there exists a direct limit family

{P,A,,p,,} such that A = E for every p € P and the direct limit A of this
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family is isomorphic to F'. Suppose that ¥, is an isomorphism of £ onto A.
According to [3; Lemma 7] the set P is not upperbounded.

Let p € P. Then there exists A;, such that A; =~ A and Ap C A;). Further,
let 9, be an isomorphism A onto A, such that w;(e) =1, (e) for every e € E.

Let ¢ be a retract endomorphism of A corresponding to E. Let p,q € P,
p <gq.Put

-1
Ppg =Up  CPOY, 09y
Then ¢, (z) = ¢,,(z) for every z € A, and ¢, (4)) C 4.

The family {P Ap,cppq} is direct because cppqow’—l ocpozp = Ppq- Assume
that {P Ap,cppq} — A . For z € pLEJP A' we denote by Z' the corresponding

clement of A"

Let us define the mapping 9 from A into A'. Consider pe P and z € A,.
Then z € A'. Put Y(T)=71T'.

Assume that p,g € P, z € A,, y € 4, and ¥(Z) = ¥(y). Then ' =7'.
That means there exists s € P such that p, g < s and ¢ () = ¢, (y). There-
fore ¢, (z) = ¢,,(y) and Z =7.

Now assume that p € P and a € A). Let g€ P be such that p < q. Then

(,O;q((l) €A, (= E). We obtain 1[1(@;)(1(&)) =a'.

Finally let p € P and z € A,. Then Y(f(@)) = P(f(z)) = [f(@)] =
f(7) = f(v(@)).

We have proved that A = A7 and thus F € L[A]. O

For monounary algebras we will use the terminology as in [9].
Denote by U the class of all monounary algebras. We will use the symbol f
for the operation in algebras of U .

Let A,B € U and A; € U for every j € J. Denote by A+ B and 3 A;,
Jj€J
respectively a monounary algebra which is a disjoint union of A, B and of A i
j € J, respectively.

The definition of a retract yields:

LEMMA 3. Let A € U. Let algebras B; be components of A forall jeJ. If
B' 1s a retract of the algebra |J B;, then the algebra (A U B; ) +B' isa

jedJ jeJ
retract of A.

Retracts of monounary algebras was thoroughly studied by D. Stu de-
novska,eg. [7], [8]

179



EMILIA HALUSKOVA

In this paper we will often need to say that a subalgebra of A is a retract
of A.If it follows immediately from [7; Theorem 1.3], then we will not always
refer to this fact.

Denote by N, N, Z the set of all positive integers, nonnegative integers
and all integers, respectively.

Let A€l and R C A. The set R is said to be a chain of the algebra A, if
one of the following conditions is satisfied:

(1) R={ay,...,a,}, n €N, a; #a; for i # j and
fla;)) =a,_, for i=1,2,...,n;

(2) R={a;: i€ Ny}, q, ;éaj for i # j and f(a,) = a,_, for cach i € N

NOTATION. Let us denote by N the monounary algebra defined on the set A
with the successor operation. Further, let Z be the monounary algebra defined
on the set of all integers with the successor operation.

We denote

T ={A€elU: every component of 4 is a cycle and
there are no components B,C of A such that B # C and
the length of B divides the length of C};

T, = {A € U : there exists a chain R of A such that
A—Re T and R fails to be a subalgebra of A} ;

= {AEU: there exist B € T and k,l € N such that A =B+ C,
where C is a cycle of length [, B contains a cycle of length &

and [ is a multiple of k} ;
T, = {A € U : there exists B € T such that A =B + Z} ;

T, = {A €U : A is connected and there exists a chain R of A

such that A —R= Z}.

For monounary algebras we have that L{A] = [4] if and only if 4 € TU[Z].
cf. [3; Theorem 1].

NOTATION. Let A be a monounary algebra and let {B, : j € J} be the set
of all components of A. If j € J and k € N are such that Bj contains a cycle
of the length k, then let C; be a cycle of the length k. If j € J is such that B,
contains no cycle, then put C.j = Z. We denote A° = C
JjedJ
Remark that if every component of A has a cycle, then A is isomorphic to
a subalgebra of A.
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The following result is proved in [2], cf. Lemma 4:
LEMMA 4. Let A€ U. Then A° € L[A].

DEFINITION. Let A € U. An element = € A is called a source of A if f(y) # x
is satisfied for all y € A. We denote by S the set of all sources of A.

2. Algebras with A° € T

In this section assume that A is a monounary algebra such that A ¢ 7 and
A°® € T. We will prove that we can obtain an algebra of the class 7; via direct
limits from A.

Let B be a subalgebra of A. Then each component of B has a cycle in view
of the fact that A° € T. We can suppose that B° C B.

Let {BJ. : j € J} be the set of all components of A. Note that if ¢ is an
endomorphism of A, then <p(BJ-) C B, for all j € J because by any homomor-
phism a cycle of the length & must be mapped into a cycle of the length [ such
that | divides k (cf. [10]). Further, there exists a component of A which is not
a cycle.

LEMMA 5. Let (1) be valid and A, = A for all p € P. Then (Z)<> = A°.

Proof. In view of A° € T it is sufficient to show that (Z)<> is isomorphic
to a subalgebra of A and A° is isomorphic to a subalgebra of A.

Suppose that ¥, is an isomorphism from A onto A, for every p € P. Let
C be a cycle of A. We have gapq(wp(C)) = ¢,(C) for every p,q € P, p < q.

Thus A possesses a cycle which is isomorphic to C. Therefore A possesses a
subalgebra which is isomorphic to A°.

Assume that C is a cycle of A and k is the length of C. Choose p € P,
x € A, such that T € C. Then there exists ¢ € P such that p < ¢ and
cpm(f"‘(:c)) = ,,(z). We obtain that the algebra A, has a cycle of the length
k by A° € T. Thus C is isomorphic to a subalgebra of A and A possesses a
subalgebra which is isomorphic to (4)°. a

NOTATION. Let G be a component of A such that G is not a cycle.
The algebra G° is a cycle. Let k € N be length of the cycle G°.
Choose a € G°. For n =1,2,...,k put

a, = f*(a);
D, ={z € G—G°: there exists m € N such that
@) =a,, f"H(z) ¢ G°};
N, ={m € N : there exists = € D, such that f™(z) =a,, f™ ' (z) ¢ G°}.
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Further let

NM) — {ne{1,...,k}: N, has a maximal element} ;
N®) = {ne{l,...,k}: N, =0}.

We remark that G° = {a,,...,a,} and sets G°,D,,..., D, give a partition
of G. Moreover N(F) £ {1,2,... k} is satisfied.

LEMMA 6. Let NOM) U N(E) = {1,...,k}. Then L[A]NT, #0.

Proof. Put r = max{maan 1 n € N(M)}. Choose R C G — G° such
that R is a chain of length r. Let D be a subalgebra of A such that D—R = A°.
In view of [7; Theorem 1.3], we have that D is a retract of A. Thus D € L[A].

O

LEMMA 7. Let n € {1,...,k} — (NM) UN®) and D, contain a chain of
infinite length. Then L[A]NT; #0.

Proof. Let R C D,, be a chain of infinite length. Let D be a subalgebra
of A such that A° =D — R. Then D € T,. Moreover D is a retract of A and
thus D € L[A4]. a

LEMMA 8. Let n € {1,...,k} — (N(M) U N(E)) and D, contain no chain of
infinite length. Let t € N'. Then there ezists an algebra E, such that

a) E,CG°UD,,

b) E, is a retract of G,

c) fi(z) ¢ G° for every z€ E,NS.

Proof. Recall that S is the set of all sources of A. Consider T = {ac S
D,NS: fiz) ¢ G°}. We have T # 0 by the assumption. Put E, = {f™(z) :
meN, € T}. O

COROLLARY 1. Letn € {1,...,k}—(NMUNB) and let the set D,, contain
no infinite chain of A. Further, let t € N and let E,,, be the algebra from
Lemma 8. Then
(i) (A-G)+ E,,, is a retract of A.
(ii) There exists a mapping €, such that €, is a retract mapping of A cor-
responding to (A— G)+ E,,, and (D,)C D, .

Proof. The claim (i) follows from Lemmas 8 and 3. The claim (ii) follows

from the construction of all homomorphisms between two monounary algebras,
cf. [10]. a
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LEMMA 9. Let n € {1,...,k} — (N®) UNB)) and D, contain no chain of
infinite length. Then there ezists an algebra D € L[A] such that

1. D°eT;

2. D contains a chain of infinite length.

Proof. Let p € M. Suppose that E,,, is an algebra from the previous
lemma and that €, is an endomorphism of A from the previous corollary (ii).

Assume that algebras A, are pairwise disjoint and isomorphic to A for all
pEN.Let peN. Suppose that %, is an isomorphism from A onto A,. We
put @, = ldAp If p < ¢, then we put

-1
= N o] o .
<qu d}p © Ep ° Ep+1 ° Eq—l wq

The family {N, Ap, cppq} is direct. Denote by D its direct limit.

If € G°, then u € (A—G)+E,,, forall p€ N according to Lemma 8a).
Thus €,(u) = u by Corollary 1(ii). We obtain ¢, (¥,(u)) = (¢, 09  oe, o
Epp1 0 0E 1 0 )(u) = 9, (u).

We have D € L[A]. Assumptions of Lemma 5 are satisfied and thus D°® &
A eT.

Suppose that p € M and = € ¥,(D,,). We will show that there exist ¢ € N
and y € ¥, (D,,) such that f() =Z. Then the proof will be ready.

Let z ¢ 9,(S5). Then there exists y € A such that f(y) = z. Thus f(¥) =%
Let z € 1,(S). Consider ¢ € N such that f7(z) = ¢,(a,) and f97'(z) ¢
$,(G°). Since a, € G°, we have

FU(pg(2)) = 0, (J1(@) = 0,0 (¥,(0,)) = ¥, (a,,)-

Thus f"(zpq‘1 tppq(a:))) € G°. Further, 1/1;1(g0pq($)) € E,. That means
d)q‘l(gopq(z ¢ S according to Lemma 8c). Let z € A be such that f(z)
1/ or

71 (¢,(x)) . Corollary 1(ii) and the definition of ¢, yield that P71 (p,, (7)) €
D - Thus z € D,. Put y = ¢ ,(z). We have y € Y, (D,) and f@) =

(7)) = 106 = @ =7.

PROPOSITION 1. If AcU —T and A° € T, then L*[A]NT, #0.

1

O

Proof. If cither N(M) y N = {1,...,k} or there exists n € {1,...,k}
such that D, contains an infinite chain, then L{A] N7, # @ according to Lem-
mas 6 and 7. In the remaining casc we take an algebra D from Lemma 9. This
D satisfics all assumptions of Lemma 7 and thus L2[A] N T, #0. O
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3. Connected algebras without cycles

In this section suppose that A is a connected monounary algebra without a
cycle and A is not isomorphic to Z.

We will prove that we can obtain from A an algebra of 7, or the algebra N
via direct limits.

We will analyse three cases:

(1) the algebra A contains two distinct subalgebras isomorphic to Z;
(2) the algebra A contains exactly one subalgebra isomorphic to Z;
(3) the algebra A contains no subalgebra isomorphic to Z.

3.1. Case 1.

LEMMA 10. Let A contain two distinct subalgebras isomorphic to Z. Then
LIAINT, #0.

Proof. Let B, D be subalgebrasof A, B# D, B= Z and D = Z. Let
E be the subalgebra of A which has underlying set DU B. Then E € 7,. The
algebra E is a retract of A and thus E € L[A4]. a

3.2. Case 2.

We suppose that A contains exactly one subalgebra isomorphic to Z. Let
B=Z7Z,B={a,: neZ, f(a,)=0a,,,}-
For every z € Z we put

D.={x € A—B: there exists m € N/ such that

fm(.’E) — (I,:, fm«l(.ll,) ¢ B},
N_ = {m € N : there exists z € D, such that f"(z) =a_}.

Further, let
ZM) — {z € Z: N, has a maximal element} ;
Z® ={nezZ: N =0}.
We remark that sets B and D, for all z € 2 give a partition of the set A.
LEMMA 11. Let ZM) £ Q. Then LIA]NT, #0.

Proof. Let n € ZM)  Suppose that R is a chain of A such that R contains
max N, elements of D, . Then E = RU B is a retract of A. Thus E € L[].
Moreover E € T,. O
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LEMMA 12. Let Z"™) = 0. Then L2[A]NT, # 0.

Proof. Consider n ¢ Z(E), Such n exists because A is not isomorphic
to Z.

We will prove tree claims. The assertion follows from the third claim and
Lemma 10.

CLAIM 1. Let t € N'. Then there exists an algebra E, such that
a) E,CD,UB,
b) E, is a retract of A,
¢) fi(z) ¢ B for every x € E,NS.

Proof. Consider T = {z € D,NS: f'(z) ¢ B} . Wehave T # 0 according
ton¢ ZEYzZM Put E, = {f™(z): meN, z€T}. 0

CLAIM 2. Let t € N and E, be an algebra from the previous claim. Then
there erists a mapping €, such that ¢, is a retract mapping of A corresponding
to E,,,, €(B) =B and &D,)CD,.

Proof. It follows from the construction of all homomorphisms between two
monounary algebras, cf. [10]. a

CLAIM 3. There crists an algebra D € L[A] such that

1. D is a connected algebra;
2. D contains two distinct subalgebras isomorphic to Z .

Proof. Let p € M. Suppose that E, ., is an algebra from the first claim
and that €, is a retract endomorphism of A corresponding to E,., from the
second claim.

Assume that algebras A, are pairwise disjoint and isomorphic to A for all
p € N. Let p € M. Suppose that ¥, is an isomorphism of A onto Ap. We put
Ppp = idy If p < ¢, then we put

— o1
Ppq _wp ©€pOEpt1© ©&g—1 qu'

The family {N, A, ¢,,} is direct. Denote by D its direct limit.

We have D € L[A]. In view of [3; Proposition 1] the algebra D is connected.
In view of [3; Lemma 10] the algebra D has no cycle.

Let p€ N and E = {9, (a,): ke Z}.

For every k € Z we have f(v,(a;_;)) = ¥,(f(a,_,)) =¥,(ay). Thus E is
a subalgebra of D isomorphic to Z.
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Suppose that = € 'l,bp(Dn). Then T ¢ E according to Claim 2 and the defi-
nition of ¢, . We will show that there cxist ¢ € N and y € ¥,(D,,) such that

f(@) =7T. Then the proof of this claim will finished.
Let z ¢ ,(5). Then there exists y € A, such that f(y) = 2. Thus f(7) = 7.
Let z € ¢,(5). Consider ¢ € N such that f9(z) = ¢ (a,), f77" () ¢ ¥ (B).
Since a,, € E, for every p <t < q, we have
F1(0p(@) = 0,0 (£1(2)) = 0, (¥, (a,))
= (¢, 09, oe, 06,006, 09, )(a,) = ,(a,).
Thus f7(¢;" (¢,,(2))) = @, € B. The definition of ¢, yields ¥, (¢, ()
€ E,. That means ;' (¢, (t)) ¢ S according to Claim 1¢). Let z € A be such
that f(2) = ;" (¢,,(z)). The Claim 2 and the definition of ¢ imply that
by (¢,4(%)) € D,,. Thus z € D,. Put y = 9, (z). We have y € ¥,(D,) and
@) = f(9,(2)) = ¥, (f(2) = ¢,,(x) = T. O
LEMMA 13. Let A contain exactly one subalgebra isomorphic to Z . Then
L2[AINT, #0.

Proof. It follows from Lemmas 11 and 12. O

P

3.3. Case 3.

In Lemmas 14 - 17 we will suppose that A contains no subalgebra isomorphic
to Z. Then S #0.

NOTATION. Let a € S. Put B = {f"(a): n€ N,}.
For n € N let us denote
a, = f"(a);
D, = {z € A— B: there exists 1o € N such that
f"(z)=a,, f" ()¢ B};
N, ={m €N : there exists x € D,, such that f™(z)=a,}.
Further, let
N = {n e N: N, has a maximal element} .

For n € N put j = maxN,,.
Denote

N® = {neN: N, =0}
and
ND = & — (NOD g NE)Y

We remark that B is a subalgebra of A. Sets B and D, for all n € N give
a partition of the set A.
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LEMMA 14. Suppose that NM U NE) = N and {j, : n € NM} has a
mazimum. Then the algebra N € L[A].

Proof. Denote j = max{j, : k€ N™}. Supposc that n € N(M) is such
that j, = j. Then there exists « € D, such that f/(z) =a,, f7"!(z) ¢ B.

Let j >n.Put D= {f™(z): m € N,;}. The algebra D is a retract of A
and D is isomorphic to N. Thus N € L[A4].

If j <n,then B is a retract of A. O
The proof of the following lemma will be similar to the proof of Lemma 9.

LEMMA 15. Let N £ Q. Then L3[A]N T, #0.

Proof. Let n be the least number from N().

Since A does not contain a subalgebra isomorphic to Z, the set D_ NS is
infinite.

We will prove tree claims. The assertion follows from the third claim and
Lemmas 10 and 13.

CLAIM 4. Let t € N'. Then there exists an algebra E, such that
a) E,CD, U{a,: k>n},
b) E, is a retract of A,
c) fY(z) ¢ B for every z € E,NS.

Proof. Consider T'= {z € D,NS: f!(z) ¢ B}. Wehave T # 0 according
t()nEN(”.PutEt={fm(x):mGN,:EET}. a

CLAIM 5. Let t € N and E, be an algebra from the previous claim. Let € be
a retract mapping corresponding to E,. Then €(D,) C D,, .

Proof. Suppose that x € D, . Then there exists m € N such that
f™(z) = a,,. We have

f™(e(z)) = e(f™(z)) =e(a,) = a, -
Therefore e(z) € D,, according to a) in the previous claim. o

CLAIM 6. There exists an algebra D € L[A] such that

1. D is a connected algebra without a cycle;
2. D contains a subalgebra isomorphic to Z .

Proof. Let p € N. Suppose that E,,, is an algebra from the first claim
and that ¢, is a retract endomorphism of A corresponding to Ep -
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Assume that algebras Ap are pairwise disjoint and isomorphic to A for all
p € N. Let p € N. Suppose that 9, is an isomorphism from A onto A . We
put @, = idAp. If p < q, then we put

Ppq =¢;1 0€p0E,410 0 1 0%,

The family {V,A,,¢,,} is direct. Denote by D its direct limit.

We have D € L[A]. In view of [3; Proposition 1], the algebra D is connected.
In view of [3; Lemma 10}, the algebra A contains no cycle.

Suppose that p € N and = € ¥,(D,,). The proof that there exists ¢ € A

and y € 9,(D,,) such that f(y) = T is analogous to the end of the proof of
Claim 3. m]

In the next notation and in Lemmas 16 and 17 we suppose that N(M) y
N(E) = N and the set {j,: n € N(*} has no maximum.

NOTATION. We define a mapping u of N into N(M) by the following way:
Let u(1) be the least element of N'™) . By induction for i € N let u(i + 1) be
the least number such that u(i+1) € N(M) | u(i+1) > u(i) and Ju(i+1) > Jugi)-
For n € N let e, be an element of D, such that
f]u(") (en) = au(n) .
Remark that e, € S.
Let i € V. Define the mapping &, of A into A by the following way:
fUirD-wl@)(g) i g ¢ Dy »
if ze Du(i) and
) € N is such that f™(z) = a, ;-

LEMMA 16. Let i € N'. Then the mapping &, is an endomorphism of A such
that

(a) &(Dyiy) € Dyivys

(b) &(B)C B.

Proof. Let z € A.

If either f(z) € D,(; and z € D, ;) or z ¢ D,;) and f(z) ¢ D, then it
is easy to verify that ¢;(f(z)) = f(¢;(z)). The case © ¢ D, and f(x) € D,;
cannot occur. .

Suppose that z € D, ;) and flz) ¢ D, - Then f(%) = ayq) = f7O(e;).
Thus we have §;(z) = fi«t+n~1(e, ;) and

&(f(z)) = frEH O (f(2)) = friiAD—@ (g ) = Fun =@ (puld)(q))
= y(ipr) = F0 (64) = f(fj“"'+‘>’1(6i+1)) = f(&(@) -

51(-77) =

fju(i+x)-m(e

Assertions (a), (b) follow from the definition of &;-
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LEMMA 17. There exists an algebra F € L[A] such that F is connected, F

contains a subalgebra isomorphic to Z and the algebra F is not isomorphic
to Z.

Proof. For i € N let A; be pairwise disjoint algebras, which are isomor-
phic to A. Let ¢, be an isomorphism of the algebra 4 onto A;. Let ¢,; =id,,
and for i < j let

Pij =971 0§08, 000 j—1°%;-
Then {N VAL, j} is a direct family of algebras. Denote by F' its direct limit.
In view of [3; Proposition 1], the algebra F' is connected.

According to [3; Lemma 10], the algebra F' has no cycle.
Let z € F. Choose i € N and y € A, such that y € z. Then

‘Pi,i+1(3/) =9 (51‘. ("pz_l(y))) .
If 97 (y) ¢ D, then for

T=9P;, (fu(iH)_u(i)—l (’/’i—l(y)))

we have z € 4, , and
f@) = (i (fED7 O (7)) )
= ¢ (FeH=4 D (71 (1)) = Piin1(y) =2z,
If %7 (y) € D,y and m € NV is such that f™ (Wi'(y) = @,y then for

T = ¢i+1 (fju(i+1)_m_1(ei+l))

we have T € A, ; and
f@) = f (Wigr (™™ ey44)) )
= P (P00 (eiy)) = 9 (W7 ®)) = 95,51 (W) = 2.

We conclude that the algebra F' contains a subalgebra isomorphic to Z.
Now we will prove that the operation of F' is not injective.
Let w = fi«~1(e,). Since Ju(z) > 1, we have w € D, . Further,

F(Wa(w)) = 9, (f72®(ey)) = Wy (ay2)) = ¥ (f4P(a) = F( 9o (f+D~(a))).
Let k € N, k> 2. In view of Lemma 16(a) we have
P (hy(w)) = (€ 0&5 00§ oPy)(w) € P, (Du(k)) .
In view of Lemma 16 (b) we have
o, (Vo (1PN (@)) = (& 0& 0 08 09 (f“P7(a)) € ¥,,(B).
Since BN D,y =0, we have ¢, (1, (w)) = @g (¥ (f¥®»-1(a))). Thus

hy(w) # 9, (F4271(a)) .
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LEMMA 18. Let A do not contain a subalgebra isomorphic to Z. Then
L34] 0 (T, U[N]) #0.

Proof. If A satisfies assumptions of Lemma 14 or Lemma 15, then L*[A]N
(T, UIN]) #0.

The remaining case is that N(M) U N(E) = A and the set {j, : n € N0}
has no maximum. Then an algebra F' from Lemma 17 satisfies either the as-
sumptions of Lemma 10 or Lemma 13. That yields L2[F] N 7, # 0. Thus
L}3AINT, #0. O

We summarize the results of Lemmas 10, 13 and 18:

PROPOSITION 2. If A is a connected monounary algebra without cycle and
A is not isomorphic to Z, then

L34]n (T, U[N]) #0.

4. The main result

In this section we describe all monounary algebras A, B such that L{A, B] =
(A, B].
Next two theorems show that from every monounary algebra A such that

A ¢ T U[Z] we can obtain an algebra of the class T, UT,UT,UT, U[N, Z + Z]
via direct limits.

PROPOSITION 3. Let A be a monounary algebra such that A ¢ T U [Z]. If
every component of A has a cycle, then

L2[A]n (T, UT,) #0.

Proof. Let B be a subalgebra of A. We will suppose that B° is a sub-
algebra of B.

If A° €T, then L2[A]NT; # 0 according to Proposition 1.

Assume that A° ¢ T. Let {B,: j € J} be the set of all components of 1.
Then {Bj : j € J} is the set of all components of A°. Let k(j) be the length
of the cycle B;? for every j € J. There exists a subset I of the set J such that

(1) if 4,5 € I, then k(i) does not divide k(j);

(2) if j € J — I, then there exists ¢ € I such that k(i) divides k(j).
Consider a set I with these properties.

Let E be an algebra which has the set of all components equal to {B

i€ I}. Then EF € T. Consider m€ J—1I.Put D= E+ B,,. The algebra D
is a retract of A and D € T,. We have L{A]NT, # 0.
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PROPOSITION 4. Let A be a monounary algebra such that A ¢ TU[Z]. If A
contains a component without a cycle, then

L*AN(T,UT,U[N,Z + Z]) #0.

Proof. Let A contain a cycle. Then A° possesses a cycle.

Consider an algebra T such that T is a retract of A® and T'€ T. Such T
exists in view of [3; Lemma 20]. Since A contains a component without a cycle,
the algebra A°® contains a component D isomorphic to Z. Denote E =T + D.
We have £ € 7; and E is a retract of A°. In view of Lemma 4 we obtain
L2[AINT, #0.

Assume that A has no cycle. If A is not connected, then Z + Z is isomnorphic
to a retract of A°. We have Z + Z € L?[A] according to Lemma 4. If A4 is
connected, then the class L3[A] contains an algebra from 7, U[N] according to
Proposition 2. O

For A€ 7, UT,UT,; we denote the algebra A* by the following way:
If A€ 7, and R is a chain of A from the definition of 7, then we put
A*=A-R.

If Ae 7, and B € T satisfies the conditions from the definition of 7,
then we put A* = B.

If Ae T, and B € T satisfies the conditions from the definition of 7y,
then we put A* = B.

Let us remark that A* is a retract of A. Thus A* € L[A]. Further, A* % A.

PROPOSITION 5. If A€ T,UT,UT,, then L[A] = [A, A*].
If A€ T,U[Z + Z,N], then L[A] = [4, Z].

Proof. It is a consequence of Lemma 4 and [3; Theorems 1, 2, 3]. O

COROLLARY 2. If A € TJUT,UT,, then L[A,A*] = [A,A*]. If A€ T, U
[N,Z + Z], then L[A, Z] = [A, Z].

Proof. Let A€ T;UT,UT,. Then L[A] = [A, A*]. Since A* € T, we have
L[A*] = [A*]. Therefore L[A, A*] = [A, A*] by Lemma 1.

Now let A € T,U[N,Z + Z]. Then L[A] = [A4, Z]. In view of Lemma 1 we
have L[4, Z] = [4, Z]. O

In Theorem 6 we will use the following notation. If (p) is a condition for
algebras A, B, then the symbol (p’) denotes the condition, which arise from (p)
in such a way that we change algebras A, B; further, the symbol (p*) denotes
the condition which requires that cither (p) or (p’) is valid.
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Consider conditions
(i) A,BeT;

(il) AeT, B=Z,
(i) AN, B=Z;
(iv) A=2Z,B=7Z+ 7,
(v) A=2Z, BeT,;
(vi) AeT,BeT,UT,UT,, B*=A;
(vii) A2Z,B=Z.
THEOREM 1. Let A,B€lU. Then

L[A, B] = [A, B]
if and only if one of conditions (i), (ii*), (iii*), (iv*), (v*), (vi*), (vii) is valid.

Proof. If one of (i), (ii*), (vii) holds, then [3; Theorem 1] implies that
L[A] = [4], L[B] = [B]. Thus L[A, B] = [A, B] according to [3; Lemma 15].

If one of conditions (iii*) (vi*) holds, then L[A, B] = [A, B] according to
Corollary 2.

Suppose that none of conditions (i), (ii*) (vi*), (vii) holds for A, B.

We have [A, B] C L[4, B] C L?[A, B] C L*[A, B] according [3; Lemma 12].
We will prove that the class L3[A4, B] contains an algebra which does not belong
to [A, B]. Then L[A, B] # [4, B] will be proved.

We will discuss the following cases:

(1) AeT;

(2) A= Z;

(3) A¢ TuUl[Z].

(1) In view of invalidity of (i) and (ii) we have B ¢ T U [Z]. Propositions 3
and 4 imply that the class L3[B] contains an algebra D such that

DeT,UT,UT,UT,U[N,Z + Z].

If D is not isomorphic to B, then D € L3[4, B] — [A4, B]. Thus D has the
required property.

Let B=D.Then Be TUT,UT,UT,U[N,Z + Z].

Assume that there exists 7 € {1,2,3} such that B € T;. Thus B* € T and
B* % B. Since the condition (vi) does not hold, the algebra B* is not isomorphic
to A. We have B* € L[B] C L[A, B]. We conclude that B* has the required
property.

If cither B = N or B = Z+Z or B € T, then Z € L[B] C L[A, B]
according to Lemma 4 and [4; Theorems 2, 3]. We have that Z has the required
property.
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(2) Since (ii’) fails to hold, we have B ¢ T . In view of the fact that (vii) is
not valid, we obtain B ¢ [Z]. Thus the algebra B satisfies assumptions of cither
Proposition 3 or Proposition 4. Therefore the class L3[B] contains an algebra
D such that

DeTTUT,UT,UT,U[N,Z + Z].

If D 2 B, then the proof can be finished analogously as in the case (1).

Let D = B. Since (iii’), (iv), (v) do not hold, we have B ¢ T, U [N, Z + Z].
That means that there exists i € {1,2,3} such that B € T7;. The algebra
B* ¢ [A,B] and B* € L|B] C L[A, B]. Thus B* has the required property.

(3) The algebra A satisfies assumptions either Proposition 3 or Proposition 4.
Therefore L3[A] contains an algebra D such that

DeTTUTL,UT,UT,U[N,Z + Z].

If D% A and D % B, then D has the required property.

Let D2 Aand D= B.If B€ T,UT,UT,, then B* has the required
property. If B € T, U[Z], then Z has the required property.

Let A= D.If A€ 7, for i =1,2,3, then A* is not isomorphic to B,
because (vi) does not hold. Further, A* 2 A and A* € L[A]. Thus A* has the
required property.

If Ae T,U[Z + Z], then Z € L[A], because Z is a retract of A. If A= N,
then Z € L[A] according to Lemma 4. The algebra B is not isomorphic to Z
since no condition (iii), (iv’), or (v’) is satisfied. a
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