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ABSTRACT. The aim of this paper is to deduce oscillatory and asymptotic be-
haviour of the solutions of the linear differential equations

1 , (m)
(mu (t)) +p(t)u(t) =0.

We consider the nth (n =m + 1) order differential equation

(m)
(%)u’(t)) T p(tyu(t) =0,

(1)

where m > 2, and the functions p(t) and 7(t) are continuous and positive on

some ray (t,,00). We always assume that

We consider only nontrivial solutions of (1). Such a solution is called oscil-
latory if it has an infinite sequence of zeros tending to infinity. Otherwise, it is
called nonoscillatory. An equation is itself said to be oscillatory if all its solutions

are oscillatory.
Let us write
Lyu(t) = u(t),

Lyu(t) = ;(lt—)(Lou<t>)’,

Lau(t) = (Li_lu(t)),, 1=2,3,...,n.

AMS Subject Classification (1991): Primary 34C10.

Key words: differential equation, oscillatory solution, asymptotic property, degree of function,

property (A).
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Equation (1) can be rewritten as
L u(t)+p(t)u(t) =0 with n=m +1.

The purpose of this paper is to study asymptotic properties of the solutions
of (1). The following generalization of a classical lemma of Kiguradze can be
found in [4].

LEMMA 1. Let u(t) be a nonoscillatory solution of (1), then there exist an
integer £, £ € {0,1,...,n—1}, and a t, > t, with n+ £ odd such that

w(t)Lau(t) >0, 0<i<¥, )

(1) fu(t)Lau(t) >0, £<i<n

forallt>1t,.

A function u(t) satisfying (2) is said to be a function of degree ¢ (see Foster
and Grimmer [5]). The set of all nonoscillatory solutions of degree £ of (1) is
denoted by N,. If we denote by N the set of all nonoscillatory solutions of (1),
then, by Lemma 1,

N=NUN,U---UN, _, for n odd,
N=NMUNU---UN,_, for n even.
One should remark that (1) with n odd always has an decreasing solution, i.e.,

N, # 0 (see, e.g., [6]). Therefore we are interested in the particular situation
described in the following definition.

DEFINITION 1. Equation (1) is said to have property (A) if for n even (1) is
oscillatory (i.e., N'=0), and for n odd N = N.

oo
It is known that (1) has property (A) provided that [ p(s) ds is divergent,
see, e.g., [8], and so, in what follows, we may assume that this integral is con-
vergent.
In [8], Tanaka has discussed property (A) of a special case of (1), namely
the odd order differential equation

(2m)
(spv®)  +pou =0, m>1, 3)
by comparing (3) with the second order differential equation

2"(t) +q(t)2(t) = 0 (4)
with

(o]

o) = G} [ ( Je=0pm i) do>p(s) dsp. )

Tanaka has shown that if (4) is oscillatory, then (3) has property (A) (i.e.,
N = N, for (3)). Using, e.g., Hille’s oscillation criterion for (4), we have:

284



ASYMPTOTIC ANALYSIS OF nTH ORDER DIFFERENTIAL EQUATIONS

THEOREM A. Let q(t) be defined by (5). If

o0

1
lifm inft/q(s) ds > 1 (6)

t
then (3) has property (A).

Our aim in this paper is to improve Tanaka’s result and extend it to (1).
We shall show that it is more conveniently to compare (1) with an mth order
differential equation.

LEMMA 2. If the differential inequality
{y(m) +a(t)y}sgny <0 with continuous and positive a(t)

has an increasing nonoscillatory solution y(t) (i.e., y ¢ N,), then so does the
corresponding differential equation

y'™ +a(t)y = 0.
For the proof, see Canturija [1] or Kusano and Naito [7].

THEOREM 1. Let m be even. If the mth order differential equation

v+ (70 7p<s> ds )y =0 )

has property (A), then so does (1).

Proof. Assume that (1) possesses a nonoscillatory solution u(t), which
is eventually positive. Then u(t) satisfies (2) for all t > t; with even integer
£€{0,2,...,m}. Assume that £ > 2.

From (2), we observe that
Liu(t) >0 and L, u(t)>0 for all t>t,.

Integrating (1) from ¢ to co we get

[e o]

L u(t) > /p(s)u(s) ds, t>t. (8)

t
Integrating the identity L u(t) = L,u(t) from ¢, to ¢ leads to

t

u(t) = u(t,) + /r(m)Llu(m) dz, t>t. (9)

ty
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oo
In what follows and for convenience, let us denote ¢(t) = r(t) [ p(s) ds. Com-
t

bining (8) and (9) one gets
L u(t) > /p(s)/r(z)Llu(a:) dzds

t t1
o0 S

>/p(s)/r(x)L1u(LL‘) deds.

t t

Changing the order of integration leads to
oo

L, u(t) > /q(a:)Llu(m) dz. (10)
t
Let ¢ = m. Then integrating (m—1)-times the relation (10) from ¢, to ¢ we see
that w(t) = L,u(t) > 0 satisfies

t s1 Sm—-2 00

w( // // ()L,u(c) deds,,_,...dsyds, (1)

t1 1 t1 Sm-1
for t > t,. Denoting the right hand side of (11) by y(1), it is easy to see that
y(t) > 0 is of degree m — 1 and

y™ (1) +q(t)w(t) = 0.
Hence y(t) is a nonoscillatory solution of the differential inequality
v () +q(t)y(t) <O, >ty (12)
Lemma 2 implies that (7) has an increasing solution. But this contradicts prop-
erty (A) of (7).
Now let 2 < £ < m. By successive integration of (10) from ¢ to co and then
from ¢, to t, we get

L u(t) > Lyu(t,) // / / z)Lyu(z) dzds,,_;...ds,...ds,ds, .

th t

(13)
Let us denote the right hand side of (13) by y(¢). Then y(t) > 0 is of degree
¢ —1 (i.e., y(t) is increasing), and y(t) is a nonoscillatory solution of (12), and
Lemma 2 now implies that (7) has an increasing solution, which again contradicts
property (A) of (7). The proof is complete. a

In the previous theorem, we have compared (1) with the simpler equation (7).
Using Canturija’s sufficient condition for property (A) of (7) (see [2] or [3])
we obtain:
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COROLLARY 1. Let m be even. Assume that

o0 o0 M*

s m—1

htrglorgft /T(:l:) /p(s) dsdz > m—1)’ (14)
t x

where M* s the mazimum of all local mazima of the polynomial
Q, (k)=—-k(k—-1)(k—-2)...(k—m+1).
Then (1) has property (A).

Proof. As condition (14) ensures property (A) of (7) (see, e.g., [2] or [3]),
this corollary follows from Theorem 1. O

In the following illustrative example, we show that we have indeed improved
Tanaka’s result.

ExaMpPLE 1. Consider the fifth order differential equation

1 )y
(zu’(t)> +%Eu(t):0, a>0, t>1. (15)
By Corollary 2 in [8], (15) has property (A) provided a > 7.5. On the other
hand, by Corollary 1, it is sufﬁc1ent to require a > 4.
Now we turn to equation (1) with m odd.

THEOREM 2. Let m be odd. Let (7) has property (A). Further assume that the
second order differential equation

(r(t) /(x_t)m (@) da | 2 =0 (16)

is oscillatory. Then (1) has property (A) provided that so does (7).

Proof. Assume that (1) possesses a nonoscillatory solution wu(t), which
is eventually positive. Then u(t) satisfies (2) for all ¢ > t; with odd integer
2e{1,3,...,m}.

If £ > 1, then, exactly as in the proof of Theorem 1, it can be shown that
(7) has an increasing solution, which contradicts property (A) of (7).

Let ¢ ==1. Then successive integration of (8) from ¢ to oo provides

—Lu(t) > 770 7 7p(a:)u(z:) dds,,_;...ds;ds,.
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Using the fact that u(t) is increasing and changing the order of integration leads
to

—Lyu(t) > / ((m t);)' p(z) dz.

Therefore u(t) is an increasing solution of

and, by Corollary 1 in [7], (16) has also an increasing solution, which contradicts
the hypothesis. The proof is now complete. O

COROLLARY 2. Let m be odd. Assume that (14) is satisfied. Further assume

that
t

lim inf /r(x)dx 77%;@)@@ >%. (17)

to

Then (1) has property (A)

Proof. Noting that (17) is sufficient for (16) to be oscillatory (see [3]), this
corollary can be proved exactly as Corollary 1. O

Remark 1. It remains an open problem how to relax condition (17) (if possible)
in Theorem 2 and Corollary 2.

Remark 2. The method we have used in this paper can be applied to more
general differential equations with deviating arguments of the form

) (m)
() +pulr) =

where 7 € C((t,,00)) and tlim 7(t) = 00
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