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ABSTRACT. The idea of difference sequence spaces was introduced in [KIZ-
MAZ, H.: On certain sequence spaces, Canad. Math. Bull. 24 (1981), 169-176]
and this concept was generalized in [ET, M.—COLAK, R.: On some gener-
alized difference sequence spaces, Soochow J. Math. 21 (1995), 377-386]. In
this paper we introduce concepts of A™-statistical convergence and strongly
(V, A)(A™)-summable sequence with respect to an Orlicz function and give some
relations related to these sequence spaces.

1. Introduction

Let £, ¢ and ¢, be the linear spaces of bounded, convergent and null
sequences = = (z,) with complex terms, respectively, normed by
2l = sup ||
keN

where N = {1,2,...}, the set of positive integers.
Throughout the paper w denotes the set of all sequences of complex numbers
and m an arbitrary positive integer.

Kizmaz [9] defined the sequence spaces
X(A)={zew: Aze X}

for X =£_, cor ¢y, where Az = (Az)) = (z, — T ).
The operators A™, ¥™: w — w are defined by

k—1
(Alz), =Alz, =z, — =z, (le)k=sz (k=1,2,...),
j=1
AmzAloAm_l, Emzzlozm—l (m22),
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MIKAIL ET — CIGDEM A. BEKTAS

where m € N, A%z = (z,), A™z = (A™z,) = (A™" 1z, — A™~1g, ;) and so

that ™
ATz =3 (-1)" (T)xk+v'
v=0
Then Et and Colak [3] generalized the above sequence spaces
X(AM ={recw: A™z € X}

for X ={_, cand c;.
The generalized de la Vallee-Pousin mean is defined by

1
tn(w) = )\— Z mka
n keln

where A = (),) is a non-decreasing sequence of positive numbers such that
Mg S+, A =1,

A, =00 asn— oo and I, = [n—X,+1,n].
A sequence z = (z,) is said to be (V, X)-summable to a number L ([11]) if

t,(z) = L as n— 00.

(V, A)-summability reduces to (C,1)-summability when X\, = n for all n.
We write

I C i 1% =
[C,l]—{x—(atn)ew. nan;onkzz:l'xk L| =0 for some L}

and
[V, = {:v =(z,) €w: lim ﬁk; |z, — L| = 0 for some L}

for the sets of the sequences = = (z,) which are strongly Cesaro summable and
strongly (V, A)-summableto L,i.e., z, — L[C,1] and z,, — L[V, A] respectively.
The idea of statistical convergence was introduced by Fast [5] and studied
by various authors ([2], [4], [7], [8], [10], [13], [15]).
Recently, A-statistical convergence were introduced by Mursaleen [13] as
below:

A sequence z = (z,,) is said to be A-statistical convergent or S, -convergent
to L if for every € > 0

. 1
nan;o—n|{keIn: |z, — L| > e}| =0.

In this case we write S,-limz = L or z,, = L(S,), and

S,={rew: S,-limz =L for some L} .
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STRONGLY (V,)-SUMMABLE SEQUENCES DEFINED BY ORLICZ FUNCTIONS

An Orlicz function is a function M: [0,00) — [0,00) which is continuous,
non-decreasing and convex with M (0) =0, M(z) > 0 for z > 0 and M(z) — oo
as T — 00.

Lindenstrauss and Tzafriri [12] used the idea of Orlicz function and
they defined the sequence space I;, as follows:

o0
lM={a:€w: ZM(J%"l) < oo for some p>0}.
k=1
The space [,, is a Banach space with the norm
(o)
iy : lza
Izl mf{p>o. k;M( 1) < 1}

and this space is called an Orlicz sequence space. They proved that every Orlicz
sequence space [,, contains a subspace isomorphic to I, for some p > 1. For
M(z) = zP, 1 < p < oo, the space l;, coincides with the classical sequence
space lp.

An Orlicz function M is said to satisfy A,-condition for all values of u,
if there exists a constant K > 0 such that M(2u) < KM(u), u > 0. The
A,-condition is equivalent to the inequality M (lu) < KIM(u) for all values of
u and for | > 1 being satisfied.

It is well known that if M is a convex function and M (0) = 0, then M (Az) <
AM (z) for all A with 0 < A < 1.

Let £ € w and X,Y C w. Then we shall write

M(X)Y)= ﬂw‘l*Yz{aEw: az € Y forall z € X}.
zeX

The set X = M(X,1,) is called Kéthe-Toeplitz dual space or c-dual of X .
Let X be a sequence space. Then X is called:

i) Solid (or normal) if (oy.z,) € X whenever (z,) € X, for all sequences
(o), scalars with |a,| < 1.
ii) Monotone provided X contains the canonical preimages of all its
stepspaces.
iii) Perfect if X = X**.

It is well known that X is perfect = X is normal = X is monotone.

In the present paper we introduce the concepts of A™-statistical convergence
and strongly (V,\)(A™)-summability with respect to an Orlicz function and
examine some properties of these sequence spaces.
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2. \™-statistical convergence

Before giving some inclusion relations we will give a new definition.
DEFINITION 2.1. A sequence z = (z,,) is said to be A™-statistically conver-
gent or S,,.-convergent to L if for every € > 0

lim —~|{k€I |A™g, —L| >¢€}|=0.

n—oo
In this case we write S,.-limz =L or z, — L(S,(A™)), and
S (A™)={z€w: S n-limz =L for some L}.
Now we will find the relationship of S, (A™) with [V, A\l(A™) and (C,1)(A™),
which are the generalizations of well-known sequence spaces of [V, A]-summable

and (C,1)-summable sequences, respectively. We define the sequence spaces
(C,1)(A™), [C,1](A™), (V,A)(A™) and [V, A](A™) as below:

c,nHaA™) = {a: Ew: nlggo L% (Amz, — L) =0 for some L} ,
k=1

[C,1](A™) = {a: Ew: nll»nolo L3 |A™z, — L| = 0 for some L} ,
k=1

v, )A™) = {:c €w: lim /\n > (A™z, — L) =0 for some L}

n—oo kel,

[V, A)(A™) = {:c Ew: nlglolo Kkg; |A™z, — L| =0 for some L}

It is trivial that [C,1](A™) C (C,1)(A™), [V,A](A™) C (V,A)(A™) and
X(A™ Y c X(A™) for X = (C,1),[C,1],(V, ) or [V, A].

THEOREM 2.2. The space (C,1)(A™) is a BK-space with the norm

m n
|zl o = Z |z,| + sup ’n‘l Z Ammk‘ ,
i=1 n€N k=1

and the space [C,1](A™) is a BK-space with the norm
m n
lzlla = |z;] + sup <n—1 > lAmxkl) .
i=1 neN k=1
Proof. Proof follows from [4; Theorem 2.2]. O
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THEOREM 2.3. Let A = (A,) be the same as above, then
(i) z, = LV,M\](A™) = =z, — LS,(A™) and
the inclusion [V, \](A™) C S,(A™) is proper.
(i) If z € £ (A™) and z,, — LS,(A™), then z, — L[V, X](A™) and hence
z, — L(C,1)(A™) provided x = (x,,) is not eventually constant.
(iii) Sx(A™)NE,(A™) = [V, A[(A™) N € (A™).

Proof.
(i) Let € > 0 and z, — L[V, AJ(A™). We have

S lAmz, L > > |ATz, — Ll >el{kel,: |ATz, — L] > ¢}|.

keI, kel,
|A™ 2 —L|>e

Therefore z, — L[V, \(A™) = z, = LS,(A™).
To show that the inclusion is strict, define = (z,) such that
Ay, = { k for k=.n2, n=12,...,
0 otherwise.
Then z ¢ £ (A™), z,, = 05,(A™) and z ¢ [V, A](A™).
(ii) Suppose that z, — LS,(A™) and = € £ (A™) and set |[A™z, —L| < K
for all k. Given € > 0, we have

1 1 - 1
T > |amg, - L =1 A 2 = LI+ 1= > |Amg, — I
n kel " kel, " kel,
|A™z),—L|>e |A™z—~L|<e
M m
< j\—|{k€In: |A™z, —L| > e}| +¢.
n
Hence z, — L[V, A\](A™).
Since
1 n 1 n—>A, 1
— m — = = m — — m _
nZ(A z, L)_nZ(A x, L)+nZ(A z, — L)
k=1 k=1 kel,
1" 1
<3 |A™z, — L]+ . > AT, — L
k:1 kEIn
2
<+ Y lAms, L]
" kel,
we obtain z, — L(C,1)(A™). O
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DEFINITION 2.4. ([4]) The sequence z is said to be A™ -statistically conver-
gent if there is a complex number L such that

lim n7!'[{k<n: |[A™z, —L| >€}| =0

n—00
for every € > 0. In this case we write z,, = LS(A™). The set of A™-statistically
convergent sequences will be denoted by S(A™).

It is easy to see that S\(A™) C §(A™) for all A, since 2= is bounded.
THEOREM 2.5. S(A™) C S,(A™) if and only if

liminfﬁ >0. (1)
n—oo N

Proof. For given € > 0 we have
{k<n: |A™z, —L|>e}D{kel,: |A™z, —L| >¢€}.

Therefore
“{bsn: Ams — LIz e} 2 T|{ke T, : |ATe, ~ L] > €}
’\n 1 m
z—n—x—l{keln IA .’Ek—LIZ{i}'

Taking the limit as n — oo and using (1), we get
r, - LS(A™) = =z, — LS,(A™).
Conversely suppose that 1}111_1’ g}f &nn = 0. As in [6; p. 510] we can choose a
subsequence (n(j)) such that ':L" < % Define z = (z;) such that
Amx:{l if i€, i=12...,
¢ 0 otherwise.

Then z € [C,1](A™), and by [4; Theorem 4.2], z € S(A™). But on the other
hand, z ¢ [V, A\](A™) and Theorem 2.3(ii) implies that = ¢ S, (A™). Hence (1)
is necessary. O

3. Some sequence spaces defined by Orlicz functions
In this section we introduce and examine some topological properties of three
sequence spaces defined by using an Orlicz function M. It is also shown that if
a sequence is strongly (V, A\)(A™)-summable with respect to an Orlicz function,

then it is S,..-statistically convergent.
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DEFINITION 3.1. Let M be an Orlicz function, m be a positive integer and

p = (p,) be any sequence of strictly positive real numbers. We define the follow-
ing sequence sets.

VoA M,p)A™) = {o = (z,): lim & 3 [M(u)]” _

n—=00 " pel, ’

for some L, and p>0},
VoA M,plo(A™) = {z = (z,) : lim &= 5 [a(te22))]™ =0

n—=00 N pel, :

for some p > 0} ,

[V, A, M,p] (A™) = {x = (z)): sup 3= Y [M(JA";—”&[)]N < o0

neN " kel,
for some p > 0}.

We denote [V, \, M,p](A™), [V,\, M,pl,(A™) and [V,\, M,p](A™) as
[V, A, M](A™), [V, A\, M],(A™) and [V,A, M]_(A™) when p, = 1 for all k,
respectively.

If z € [V,\, M](A™), we say that z is strongly (V,A)(A™)-summable with
respect to the Orlicz function M.

THEOREM 3.2. Let m be a positive integer. For any Orlicz function M and
a bounded sequence p = (p,) of strictly positive real numbers, [V, A\, M, p](A™),
V, A, M, p]o(A™) and [V,\, M,p], (A™) are linear spaces over the field C of
complex numbers.

Proof. Let z,y € [V,\,M,p],(A™) and «,f € C. Then there exist posi-
tive numbers p, and p, such that

) 1 |Amz, | Pk B
i - 3 ()] =0

n kEIn
and
Am Pk
lim — 3 [M <|——ykl)} =0.
n—o0 )\n oy P

Define p, = max{2|alp;,2|B|p,}. Since A™ is linear and M is non-decreasing
and convex,
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1 > o (lamtems b )

<|aAmzk + ﬂAmyk|>] Pr

I
yl*“
M

|aAm$k| |BA™ ykl)]

&
N
S/\i 2%[ (lA:_lﬂrkl) (IA—::&l)rk
<y [or (10d) 4 ar (1271
5

()] =en 2 e (5] 0

where C' = max{1,2771}, H = supp,; so that az + By € [V, X, M, plo(Am)
keN

This proves that [V, A, M, p],(A™) is a linear space. The rest can be proved py
the same way as above. O

m

C

IN

1
/\" k€el,

THEOREM 3.3. Let m be a positive integer. For any Orlicz function M qnd
a bounded sequence p = (p,) of strictly positive real numbers, [V, \, M, p]o(Am)
is a paranormed space (not necessarily totally paranormed) with

g(z) = inf{ppn/H : (ﬁ > [M(M)]pk)l/}{ <1, n= 1,2,3,...}

kel, ’
where H = max{l,suppk}.
keN

Proof. Clearly g(z) = g(—z). The subadditivity of g follows from the
proof of Theorem 3.2, taking o = 1, f = 1, It is trivial that A™z = 0 for
z = 0. Since M(0) =0, we get inf{p?P~/H} =0 for z = 0.

Finally, we prove that scalar multiplication is continuous. Let 7 be any com-
plex number. From the linearity of A™

g(rz) = inf{p”"/H: (ﬁ ) [M(&p”k”)]”)lm <1, n= 1,2,3,...}

kel,
:inf{pp"/H: (;—nszj [M(J%l)]pk)lm <1, n= 1,2,3,...}.
€l,

418



STRONGLY (V,\)-SUMMABLE SEQUENCES DEFINED BY ORLICZ FUNCTIONS

Then

g(rz) = inf{ (|r|s)p"/H : (ikgn [M('A'%"‘)]pk)lm <1, n= 1,2,3,...}

where s = p/|r|. Since |r|P» < max{1,|r[*"PP~}  we have
m pr\ 1/H
o(re) < (max{1, e ) one s/ (300 5 [ar (1852 7) s,
kel
n= 1,2,3,...},
which converges to zero as g(z) converges to zero in [V, \, M, p],(A™).

Now suppose that 7, — 0 as i — oo. Let = be a fixed sequence in
[V, \, M, p],(A™). For arbitrary € > 0, let N be a positive integer such that

a3 [ (22D < e

kEIn p
for some p > 0 and all n > N. This implies that

r |Am 1Pk 1/H
(A;lz M(—px—’“l) ) <e/2

kel, *-

for some p >0 and all n > N.
Let 0 < |r| < 1, using convexity of M, for n > N, we get

B ()" e g o (20) <

k€I, k€T,
Since M is continuous everywhere in [0, 00), then for n < N,
A™ Pk
sy =31 Y o (0]
keln p

H
is continuous at 0. So there is 1 > § > 0 such that |f(t)| < (§)  for 0 <t < 4.
Let K be such that |r;| < 6 for i > K, then for i > K and n < N,

(o o (2)) <o

1/H

(oo g b =) <

for i« > K and all n, so that g(rz) -0 (r — 0). a

Thus
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THEOREM 3.4. Let X stand for [V,\,M], [V,A\,M], or [V,A\,M], and
m > 1. Then the inclusion X(A™ ') C X(A™) is strict. In general
X(AY) C X(A™) forall i =1,2,...,m — 1, and the inclusion is strict.

Proof. We give the proof for X = [V, A, M]_ only. It can be proved in a
similar way for X = [V, X, M] or [V,\,M],. Let = € [V,\,M]_(A™"'). Then

we have . Am-1
sup—z [M(l—x—kl)] < 00, (2)
neEN >‘n kel, P

for some p > 0. Since M is non-decreasing and convex function, we have

L2 (5]

il Z M=kl

)‘n kel, 2p

1 lAm—lxk _ Am_1$k+1|
=% 2 [M( 2p )]

n kel,
m—1 Am—l
sAi [%M(——lA ‘”k')] + Ai 3 [%M(——l ””k“')] <oo by (2).
n kel p n kel, p

Thus [V, A\, M]_(A™ 1) C [V,\, M]_(A™). Proceeding in this way one will
have [V, \, M]_(A?) C [V, A\, M]_(A™) for i =1,2,...,m—1. The inclusion is
strict; the sequence z = (k™), for example, belongs to [V, A, M]_(A™), but
does not belong to [V, A, M]_(A™?!) for M(z) =z, p, =1 for all k € N and
A, =n forall n € N. (If z = (k™), then A™z, = (—=1)™m! and A™ !z, =
(=)™ m!(k + (m —1)/2) for all k € N.) a

THEOREM 3.5. The sequence spaces [V, \, M,p|, and [V,\,M,p]_ are solid.

Proof. We give the proof for [V, A, M, p|,. Let (z,) € [V, A, M, p], and o
be any sequence of scalars such that || <1 for all £ € N. Then we have

S 1) RS ) R

kel, kel
Hence (a,z,) € [V, A\, M, p], for all sequences of scalars (a,) with |a,| <1 for
all k € N, whenever (z,) € [V,\, M,p],. a

Remark. In general it is difficult to predict about the solidity of
[V, A\, M, plo,(A™) and [V, A, M, p], (A™) when m > 0. For this, consider the
following example.

EXAMPLE. Let m =1, p, = 1 for all k¥ and M(z) = z. Then (z,) = (k) €
[V, A\, M, plo(A?%) but (a,z,) ¢ [V, A\, M, p],(A?) when o, = (—1)* forall k € N.
Hence [V, A, M, p],(A?) is not solid.

From Theorem 3.5 we may give the following results:
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COROLLARY 3.6.

(i) The sequence spaces [V, A\, M,pl, and [V,\, M,p),, are monotone.
(i) The sequence spaces [V, A, M,plo(A™) and [V, ), M,p] (A™) are not
perfect.

LEMMA 3.7. ([1]) Let M be an Orlicz function which satisfies A,-condition
and let 0 < § < 1. Then for each = > § we have M(z) < Kzd~1M(2) for some
constant K > 0.

THEOREM 3.8. For any Orlicz function M which satisfies A,-condition, we
have [V, A](A™) C [V, A\, M](A™).

Proof. Let z € [V,\](A™) so that
1
AnE—Z|Amxk—L|——)0, n— oo, for some L.
/\“ kel,

Let € > 0 and choose § with 0 < § < 1 such that M(t) <e for 0 <t < J. We
can write

A— Yo M(Amz, L) =M > M(|A™z, - L) + Y M(|A™z, - L)

n kel, kel kel,
]A"‘a:k—L|<6 lAmxk—L|26
<MNOe) + KTt M(2)4,
by Lemma 3.7, letting n — oo, it follows that z € [V, A\, M](A™). a

THEOREM 3.9. Let m be a positive integer. For any Orlicz function M,
[V, A, M](A™) C §,(A™).

Proof. Let z € [V,\, M](A™) and € > 0 be given. Then

g (e 2 (25

kel, kel,
|A™z,—L|>e

> )\;IM(s/p)‘{k €l : |A"z, —L| > s}l .
Hence z € S, (A™). a
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