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ABSTRACT. Let f(z) be a function of a class that contains the functions
B(logz)® (B > 0, s > 1) and Bn° (B >0, 0 < ¢ < 1). We obtain lower
bounds for the discrepancy of the sequence (an + f (n)), where « is the irra-
tional number with bounded partial quotients. In order to show this result, we
estimate exponential sums by the saddle-point method.

1. Introduction

Let {z} = = — [z] denote the fractional part of the real number 2. We write
e(x) = e?™i® for the real number z. We use f(z) < g(r) to mean that both
relations f(z) < g(z) and g(z) < f(z) hold.

Let (z,)) (n=1,2,...) be a sequence of real numbers. The discrepancy of
(x,) is defined by

Dy(z,)= sup
0<a<b<1

1 N
N Z X[a, b)(xn) - (b - a) )
n=1

where N is a positive integer and X[a, b) (z) is the characteristic function mod 1
of [a,b), that is, X, ,)(z) = 1 for {z} € [a,b) and X[ap)(®) = O otherwise
(see [6]).

Ohkubo [7] obtained an upper estimate of Dy (an + Blogn) as follows:

2000 Mathematics Subject Classification: Primary 11K38; Secondary 11L07.
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If « is of constant type and ( is non-zero real, then, for all positive integer N,
Dy(an + Blogn) < C(B)N_% log N .

See [2] for a multi-dimensional case and also see [3] for an extended result.

Let r(z) be a positive measurable function on [X,00) for some X > 0. If
there exists a real number p such that

. r(Ax)
a:l—l—glc r(x)

=\ foreach A >0,

then r is said to be regularly varying function of indezr p and we write r € R,

(see [1]).

The purpose of this paper is to obtain the lower bounds for the discrepancy
of the sequences (an + f(n)), where f(z) is some regularly varying function.

We shall need several assumptions on f and «. For convenience, we list the
eight assumptions:

(F1) f(z) isreal for x > 1.

(F2) f'(z) >0 (z — o).

(F3) f"(z) =0 (z — o0).

(F4) f" € R, for some p < —2.

(F5) f"(z) is ultimately non-increasing.

(F6) zf'(x) is ultimately non-decreasing.

(Al) « is the irrational number with continued fraction expansion a =
lag,a,,0a,,...]. Let p,/q, = lag,ay,...,a,] (n > 0) be the sequence
of principal convergents to «, and let h,, =p,, .., and k,, =q,,, ., for
m > 0.

(A2) a=[ay,a,a,,...] has bounded partial quotients, say a; < c¢ for i > 1.

From (F2), (F3), (F4), and L'Hospital’s rule, it follows that —f"” € R ,, and
f"€R,,,. Since f'(z) | 0 (z100)and 0<h,/k, —a< k2 — 0 (m— o0),

there exists ¢,, such that f'(c,,) = Z—:’!ﬂu — o for sufficiently large m (m > 3M).
Since h,,/k,, —a>h_ [k, ., —«a a;nd f' is decreasing, we have ¢, < Cri
for m > M,. Since f'(c,) <k 2 —0asm— oo and f'(z) [0 as z 1 co, we

have ¢, T 0o as m 1 0.

First, we show the detailed estimate of the exponential sum.
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LOWER BOUNDS FOR THE DISCREPANCY OF SOME SEQUENCES

THEOREM 1.1. Suppose that (F1), (F2), (F3), (F4), (F5), and (Al) are sat-
isfied. Then

cm + f(n)))

||[\/]2

1
TR (e, )

1
+0
(2/3 e )21 ey, >|1/3>

0 (i) oL 7))

for sufficiently large positive integer N , where m is defined by 2c,, < N <2c, ,

e((akm —h,, ), +k,.flc,)— 1/8)

Applying Theorem 1.1, we can prove the main theorem.

THEOREM 1.2. Suppose that (F1), (F2), (F3), (F4), (F5), (F6), (Al), and
(A2) are satisfied. Then there exists a constant C such that

f/(N)1/4

Dy(an+ f(n)) >C Nz

for all positive integer N .
The following two corollaries are immediate from Theorem 1.2.

COROLLARY 1.1. Let o be an irrational number with bounded partial quo-
tients, let 3> 0 and s > 1. Then, there exists a constant C' > 0 such that

(log N)(s—l)/4

Dy (an + B(logn)®) > C' N7

for all positive integer N .

COROLLARY 1.2. Let a be an irrational number with bounded partial quotients
and let 3 >0, 0 <o < 1. Then there exists a constant C" > 0 such that

Dy(an 4 fn°) > C"N=3)/4

for all positive integers N .
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2. Preliminary lemmas

LEMMA 2.1. ([4; p. 56]) Let F(z) be a real differentiable function such that
F'(z) is monotonic and F'(z) >m >0 or F'(z) <—-m <0 fora<z <b. Let
G(z) be a positive, monotonic function for a < x < b such that |G(z)| < G.
Then

<4Gm™t.

b
I/G(x) e F@) dg

LEMMA 2.2. ([9; Lemma 10.5]) Let ¢(z) be a positive decreasing and differ-
entiable function defined on the interval [a,b]. If g"(z) is of constant sign and
' (z)/g" (x) is monotone on [a,b], then

LEMMA 2.3. ([8; Lemma 4.6 and Notes]) Let g(x) be a real-valued function on
the interval [a,b] and suppose that g(x) satisfies the following conditions:
(i) ¢"'(x) is continuous on [a,b];
(ii) either g"(z) > 0 on [a,b] or ¢"(z) <0 on [a,b],
(iii) there exists positive number A, such that
g"(z) < A, on [a,b];
(iv) there exists positive number A, such that
9" (xz) < Ay on [a,b];
(v) ¢'(¢) =0 for some c € [a,b].
Then
b

[ ela@) dz =lg" @[ e(gte) + §sgnls"(©)) + O(45*43")

+0 (min{wla)',A;l/Q}> +0 (min{‘g,(%)l,Agl/z}) .

LEMMA 2.4. ([9; Lemma 4.4]) Let f(z) be a real-valued function and f'(r)
be monotone on the interval [a,b] such that |f'(z)] < A on [a,b] for some
0<A<1. Then

’/be(f(x)) dz - Y e(f(n))':O(ﬁ).

a<n<b

¢' ()
g"(x)

¢(z)
< -~ 7
=525 <|g~<:c>11/2) e (

| /b o()e(g(z)) dz

The following lemma is a modified saddle-point theorem.
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LEMMA 2.5. Suppose that g(z) and ¢(x) are real-valued functions on the
interval [a,b] which satisfy the following conditions:
(i) ¢"'(z) s continuous and ¢"(z) ezists on [a,b];
(ii) either ¢"(z) > 0 on [a,b] or ¢"(z) <0 on [a,b];
(iii) there exists a number A, > 0 such that
g'(z) <4,  on [a,b];
(iv) there exists a number A, such that ¢"'(r) < A, ;
(v) there exist numbers Hy, H,, and H, such that

p(z) < Hy, ¢'(a)<H, ¢"(z)<Hy;
(vi) g'(¢) =0 for some c € [a,b].
Then
b
[e@elsta) @z

© =p(0lg" (@) e(g(c) + 3 sen(s"(0)))
+O(Hyd7 43/%) + O(H, A7") + O(H, 45" (b - 0))
+ O(H,A;?A4(b—a)) + O(H,A;?A,(b— a)?)
+O(Hymin{A;""?,|¢'(a)| ™" }) + O(Hy min{4; "/, g/ ()| *}) . (2.1)

Proof. The cases ¢” > 0 and ¢g” < 0 are analogous, so only the former is

considered. We have
b

/<p(w)e(g(:r)) dx=<p(0)/ (9(2)) dw+/b —p(c))e(g()) dz

(2.2)
a a
=1 +1,, say.
We split the integral I, into two parts:
c b
I, = /(so(w) —p(c))e(g(x)) dz + /(w(:v) — p(c))e(g(x)) dz
= Iél) + Iéz) ) say.

By change of variable and integration by parts, we obtain

1) = | 5=y a1 )|

a—cC

1 /0 ¢'(z+c)g (x+c)—g" (z+c) (p(z+e)—
2mi (9'(z + C))z

a—cC

() e(g(z+c)) dz.
(2.3)
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From the conditions concerning 9(z) and ¢(z), it follows that for z < 0

Y'(z+c¢) = ¢'(c) + O(Hy) (2.4)
oz + ) — p(c) = ¢'(c)z + O(Hp?), (2.5)
gz +¢) = ¢"(c)x + O(A3z7), (2.6)
gd+e)=g'(c)+9g"(ct+b,x)x=g"(c+0,z)z < A,z (2.7)

for some 0 < 6, <1, and
g'(z+c)=9g"(c)+ 9" (c+b,z)z = g"(c) + O(A;2) (2.8)

for some 0 < 6, < 1. By (2.5), (2.7), and ¢'(z) < H,, we obtain
p(a) — o(c) _ ¢'()(a—c)+ O(Hy(a - ¢)*)
g g'(a)
=O(H,A;") + O(HyA7 (b —a)). (2.9)
By (2.5) and (2.6), we obtain
oo +0) = plc) ¢+ O,z _ ¢(c) + O(Hy)
gd@+e)  g'(c)z+O(A32)  ¢g'(c) + O(Azz)
From this and ¢"(z) < A, and ¢'(z) < H,, it follows that
lzi%l %L\c;ﬂ(c—)e(g(x +¢) = ;,EZ))e(g(c)) < H AG'. (2.10)
Using (2.4), (2.5), (2.6), (2.8), and ¢'(z) <« H,, ¢"(z) < A,, we have for
a—c<Lz<0,
@' (z+c)g' (z+e)—g" (z+c) (p(z+e)—p(c)) < HyAyz°+H,Ayz*+H, Ay (b—a)z?,

and so
/° #(@+0)g' (@ + ) — g"(z + 0) (p(z + ) — 9(c))

oo (9@ +0)
< H A2 A (b — a) + HyA; (b —a) + HyA72 A, (b — a)?,

where in the second step, we also use (2.7).
From (2.3), (2.9), (2.10), and (2.11), it follows that

IV « H A7' + HyA;' (b—a) + HyA72 A, (b — a) + HyA72A,(b— a)?.
Similarly, we can obtain the same estimate for Iéz) . Hence, we have
I, < HHA7' + HyA7' (b—a) + H  A72 Ay (b — a) + HyA; %A, (b—a)?. (2.12)
Applying Lemma 2.3 to the integral I, , by the assumption p(z) < H,, we have
I, =p(0)lg" () /e (g(c) + g sgn(9"(0)) ) + O(Ho A7 43°)

+ O(H, min{A4;""?,|¢'(a)|*}) + O(H, min{A;"*,|g'(b)|1}) .
Combining (2.2), (2.12), and (2.13) completes the proof. a

e(g(z+c¢)) dz

(2.11)

(2.13)
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LEMMA 2.6. ([8; Lemma 4.7]) Let f(z) be a real function with continuous and
steadily decreasing derivative f'(x) in (a,b), and let f'(b) = A, f'(a) = B.
Then

doe(f) = > /e(f(m)—l/x) dz + O(log(B — A+2)),

a<n<b A—n<v<B+n 3,

where 1 is any positive constant less than 1.

z

LEMMA 2.7. ([1; Monotone Density Theorem]) Let U(z) = [u(y) dy.

0
If U(z) ~ caPl(z) (x — o), where c € R, p € R, £ € Ry, and if u is
ultimately monotone, then

u(z) ~ cpz’ H(z) (z— 0).

LEMMA 2.8. Let f € R, with p € R. Suppose that f'(z) is ultimately mono-
tone. Then ()
zf'(x
lim
z—o0  f(x)
Proof. Let f(z) is defined on the interval [X, c0) for some X > 0. Since
f€R,, wehave f(z)=zPl(z) for some £ € R,,. We set

M)_{QQ fo<y<X,
P i x <y

We have
x

[ ) dy = f@)
0
for £ > X . Lemma 2.7 yields that

u(@) ~ pzfH(z) (2 00),

and so
fl(@) ~pa™t f(z) (22— o0),
which completes the proof. O

LEMMA 2.9. ([1; Uniform Convergence Theorem]) If f € R, then

fx)/f(z) = N (z = o0) uniformly in X on each [a,b]
(0<a<b< o).
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LEMMA 2.10. ([1; Theorem 1.2.12]) If f € R, with p > 0, there exists
g€ Ry, with
flg(@)) ~g(f(z)) ~z (2 —00).

Applying Koksma’s inequality (see [6; p. 143, Theorem 5.1]), we obtain the
following lemma by the same reasoning as in the proof of [6; p. 143, Corollary 5.1].

LEMMA 2.11. ([6]) Let (z,) be a sequence of real numbers. Then for any

positive integer h,
N

1(1

n=1

3. Proof of Theorem 1.1

Let m > M,, and let a,, = ¢, /2, b, = 2c,, and x, = an + f(n). We have
Yo elkgz) = Y elknz,—hyn) = Y e(gm),  (3.1)
am <n<bm, am <n<bm, am <n<lbm
where g(z) = (ak,, — h,,)x + k,, f(x). Since f'(z) is decreasing, we have

/
g'(z) < (h,, —ak,,) (M - 1) for a,<z<b,. (3.2)
f'(en,)
Since h,, — ak,, — 0, we have h, — ak, < 2°t! for sufficiently large m
(m >3M; > M,). Since f' € R,,, and ¢, — 00 (m — o), we have

!
m— oo f’(cm) 2p+2
Therefore, we obtain
! 2 1
flen/2) +1 (3.3)

frle,) 202
for sufficiently large m (m > 3IM, > M;). By (3.2) and (3.3), we have
g'(z) < 1/2 for a,, <z < b, (m > M,). Since f' > 0, k,, > 0, and
p < —2, we have

g'(xz) > —(h,, —ak,) > —2°tl > _1/2 for a, <ax<b, (m>AM).

Thus |¢'(z)| < 1/2 for a,, < z <b,, (m > M,). Therefore, from (3.1) and
Lemma 2.4 with A =1/2, it follows that

b
Z e(k,z,) = /e(g(:r)) dz + 0(1) for m > M,. (3.4)
am<n<b,, am
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Let m > M,. Using integration by parts, we have

7(3(9(@) dz = %Cm) 790(:z)e(g(:r)) dz + O (W) , (3.5)

where ¢(z) = f'(z). In order to apply Lemma 2.5 to the integral in the right-
hand side of (3.5), we consider the conditions that the functions ¢ and g satisfy.
We observe that ¢'(z) is decreasing and

g(c,)=0 and a,, <c,<b, .

Since ¢" =k, f" <0, f" is increasing, and —f" € R we find

p+17
—9"(z) < =k, f"(c,,) for a, <z<b_.

Since f"(z) is ultimately non-increasing and f" € R, we have

9" (z)| = k. [ (2) < ko f" (€, /2) < K f (1)

for a,, <z <b,, and for sufficiently large m (m > 3IM,; > M, ). We note that
f'€R, ,, ['is positive and decreasing. It follows that

lo(z)| = f'(z) < fl(c,,/2) < f'(c,,) for a <z<b .

We also note that —f” € R, and —f" is positive and decreasing. It follows
that

o' (@) = = f"(z) < —f"(c,/2) < =f"(c,,) for a,<z<b,.
Since f"'(x) is ultimately non-increasing and f" € R,, we have
" (@) = " (=) < f"(c,)  (a, <z<by,)
for sufficiently large m (m > M,;). Hence, we can apply Lemma 2.5 with
Ay = —k,f"(c,), Ay = k f"(c,), Hy, = f'(c,,), H = —f"(c,,), and
H, = f"(c,,) to the integral ?@(x)e(g(m)) dz. We compute each term on
the right-hand side of (2.1) in Laerrnnma 2.5. We have

/ ’ /3 " 1/3
H A_1A1/3 - f (Cm)2/3 f (Cm) ! Cmf (Cm) ) )
TR, ) (—cmf”(cm)) ( -f"(e,,) ) (36)

We note that ¢, — oo (m — o0), —f" € R and f"'(x) is ultimately
non-increasing. Applying Lemma 2.8, we have

lim ELRM:_(p+1)’

m—oo —f”(cm)

p+1>
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and so

(0,
me M =0(1). 3.7
ey = O (37)
Similarly, we have
I R (o
lim —ml °m/ (54 9),
m—00 f’(cm) (p )
and so Fle)
c
— m/ __— O(1). 3.8
i = 0) (39)
From (3.6), (3.7), and (3.8), it follows that
! 2/3
H A7 ALY « — () (3.9)

B ()
We also obtain
-1

H A = —f"(c,) (=kpf'(c)) =k, (3.10)
From (3.7), it follows that
n
H, A7 (b, - a,) < k;ﬁff%((cc—m)) <k, (3.11)
HIA‘Z_2A3(bm - am) < k;l, (312)
and
" 2
H,A;?Ay(b,, —a,)? < k! (%}%%) <kt (3.13)
Since f' € R,,,, we have
_ ! 2 —1
Hymin{A;'/? |¢'(a,))|"'} < Hylg'(a,)| " =k} ——ff(,?;/)) -1 <k
" (3.14)
Similarly, we obtain
H,min{A; % g/ )1} = O(k1). 3.15
0 2 m

From Lemma 2.5, (3.9), (3.10), (3.11), (3.12), (3.13), (3.14), and (3.15), it follows
that for m > M,

bm
f'(em) 1
p(@)e(g(2)) dz = ——1-m —e(g(c,) — 3
a{ k?n/ (_f//(cm)) / < 8) (316)

f/(cm)Q/S .
(0] ( 1243(—f”(cm))1/3) +O(k,").

496



LOWER BOUNDS FOR THE DISCREPANCY OF SOME SEQUENCES

By (3.5) and (3.16), we have

/e(g(x)) dz = 1/2( f:ll(c ))1/2e(g(cm) B %)

1 1
? (kfn/sfwcm)1/3(—f~(cm>>1/3) "o (kmf ’<0m>)

(3.17)
for m > M,. From (3.4) and (3.17), it follows that
z e(k,,x,)
am <n<bm,
_ 1 6( (c. )— l)
;{2(—~f”(c ))1/2 9\m 8 (3.18)
+0 ! +0 (——1——> +0(1)
Bl (e )3 (= " (e )1V o f'(Cm)
for m > M,
Next, we estimate the sum Y e(k,,z,). We put ¢(z) = k,, (az + f(z)).

1<n<am
Setting n = ak,, —h,, +k,_, f'(c,,/2), we obtain 0 <7 < 1 for sufficiently large
m (m > 3M, > M ) Applymg Lemma 2.6, we have for m > M,

am

S elhpe)= Y /e(gb(x)—ux) dz +0(log(B—A+2)), (3.19)

1<n<am A—n<v<B+n 3

where A = ¢'(a,,), B = ¢'(1). By integration by parts, we have

am

/e(¢(x) —vz) dz =

1

Je(é(z) — vz) dz + O ([ak—l—V|> .

Applying Lemma 2.2, we obtain

am

f
[ r@etoe -ee) as < mx () + s

1

f"(=)
" (x)

We have

_S@) a2 (@)
e e ()

497



KAZUO GOTO — YUKIO OHKUBO

Therefore, since lim —£(2_ =

Am —ery = p+2 by Lemma, 2.8, we have

/ 1/2
C) < k;llm( sup xf’(m)) for 1<z<a

|¢//( |1/2 1<z<an - = Ym

Hence

Am

1/2
/f’(x)e(¢(x) —vz) de < k;l/Q( sup xf’(:c)) +kL (3.20)

1<z<am
1

We remark that h,, is not contained in the interval A —n < v < B + 1. By
(3.19) and (3.20), we obtain

1/2
Z e(k,,z,) < (k},{z( sup acf’(m)) + 1) log(f'()k,, +2). (3.21)

1<n<am 1sz<am
Let b, <N <b,, . We have
Z e(k,,z,) = Z e(k,z, —h, n)= z e(g(n)).
b <n<N by <n<N by <n<N

Since 0 < —g¢'(z) <1/2 for b,, <z < N, Lemma 2.4 yields

N

Z e(g(n)) = /e(g(m)) dz + O(1). (3.22)

Applying integration by parts, we have

N

/e(g(:r)) dz = ak /f )dz+ O <Em—_lcm> . (3.23)

bm

Since f'(x) is decreasing, we obtain 0 < f'(z) < f(b,,) for b, <z < N. Let
F(z) = 2mg(x). We have, by the definition f'(c,,) = Z—: - a,

F'(z) < 2k, f'(c,,) (;:Eimg - 1) .

Since lim % 202 < 1,

m—ro0 f’

Fb,) 20t 41
fle) = 2

for sufficiently large m (m > 3IM, > M, ).
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Hence
F'(z) < —m(1=2°"%)k,_f'(c,) <0  for m>M,.
Using Lemma 2.1 and f' € R,,,, we have

N

: 4f'(byn) 1

o &)< g <

Hence, by (3.23)
N
1 1

b/ o) a2 =0 (7—=5-) =0 (7)

and so, by (3.22)
Z e(g(n)) =0 (k—?}(c—)> +O0(1) for m > M. (3.24)

by <n<N

Combining (3.18), (3.21), and (3.24) completes the proof of Theorem 1.1.

4. Proof of Theorem 1.2

We note that f’' € R, , and f" is increasing. Applying Lemma 2.8, we
obtain (@)
zf"(z

i
)

of"(@) f'@) _ f'@)

fil@) = = @

=p+2.

Hence, we have
— (@) = —

Applying Theorem 1.1, we have for sufficiently large NV,

Z an+f n)))

1 1 1
=—7——"——e¢lg(c,)—3)+0
Kl ?| £ (e, |12 <g( 2 8> (k?n/?’lf’(cm)l”‘”’lf”(cm)l”?’)

+0 (m) + O(kin/"’ ( 15gcsginﬁlf'(:r:)I> 1/2 log(f'(1)k,, + 2)) :
(4.2)
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where 2¢,, < N <2¢c,, ., and g(z) = (ak,, —h_ )z +k, f(T).
We compare the order of magnitude of the main term with that of each error
term in (4.2). Because of (4.1), for the main term, we have
1 1/2
Spu— = om S (43)
B (=17 (e)) S R e ) I (e )

Because of (4.1), for the first error term, we have

1 c

k?n/gf/(cm)l/3(—f”(cm))l/s = 3,{3(cmf’(cm))2/3 ’

Since the function zf'(z) is ultimately non-decreasing, we have 0 <
lim ¢, f'(c,,) < co. By comparing the right-hand sides of the above two
m—>o0

formulas, it follows that the order of magnitude of the main term is properly
bigger than that of the first error term. Similarly, it follows that the order of
magnitude of the main term is properly bigger than that of the second error
term. For the third error term, we have for sufficiently large m

1/2

1/2
lc}nm( sup ;vf’(:r)) log(f'(1)k,,+2) < kX/?(c,.f'(c,)) " log(f (1)k,,+2),

1<z<em /2

because zf'(x) is ultimately non-decreasing. Since k, f'(c,.) < 1/k, , we have

1/2

Hence, by comparing the second term of (4.3) with the right-hand side of the
above formula, it follows that the order of magnitude of the main term is properly
bigger than that of the third error term. After all, the order of magnitude of the
main term (4.3) is properly bigger than that of each error term. Therefore we

obtain
N

1/2
;e(km(om-i-f(n)))‘ > clm (1.4)

for some C; > 0 and for sufficiently large IV.

Let fi(z)=1/f'(z).Since f'€ R, ,, wehave f, € R_( ., . By Lemma 2.10.
there exists I € R‘l/(p+2) such that F(fl(x)) ~ x as * — oo. Hence, ¢, ~
F(f(c,,)) = F(k,,/(h,, —ak,,)) as m — oo. Therefore

mtl F(km+1/(hm+1 - akm+1))
Cm F(k,,/(h,, —ak,,))

C

as m — 00. (4.5)
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Setting A, = k’"‘;cl"{(/’(t;‘":l__o;:”)‘+‘), we obtain 1/2 < A < 2(c+ 1)* = b

for m > 0, because 1/(2q,,,) < p, —ag, < 1/q,,, and q, ,/q, = a, , +
4,_1/a, < c+1 for n > 1 by the assumptions (Al) and (A2). By Lemma 2.9,

F(\z)/F(z) = A\"Y(+2) (2 5 00) uniformly in A € [1/2,]. Hence, there
exists X such that if z > X, then

F(\z)

F(z)
for all A € [1/2,b]. We note that
F(km+1/(hm+1 - ahm-f-l)) — F(/\mxm)

F(ky,/(hy, = ahy,)) F(z,,) ’

where z, =k, /(h,, —ah,,). Since x,, = 00 as m = co and A, € [1/2,b], if
m is sufficiently large, then

N Up+2)| 1

(4.6)

F(\,z,,) 1 _
—\Vmm/ o \=1/(p+2) 4 | < p=1/(e+2) 4 1. 4.
Fo,) <t LS * )
From (4.5), (4.6), and (4.7), there exists K > 0 such that
‘ni1 (48)
Cm

for sufficiently large m (m > 3M > 0). For 2¢,, <N <2, , (m > M), we
have 1/(2K) < ¢,,/N < 1/2. By Lemma 2.9, f'(Az)/f'(z) = A% (z = o)
uniformly in A € [1/(2K),1/2). Therefore, there exists X; > 0 such that if

z > X, , then

fl(’\x) _ Ap+2
f'(=)
for all X € [1/(2K),1/2). Hence, we have

F(u/NIN)  (ep )P+
P

<1

<1

for all N > X, and so

el < ()" 41% ()" 1.

Hence, we have
fl(en) < f(N). (4.9)
Hence, from (4.4), (4.8), and (4.9), it follows that
1 ¢,
k., k;o’n/2f’(N)1/2N1/2

2|~
M

. (an + f( )))i >
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for some C, > 0 and for sufficiently large m. Since f’ is decreasing, f' € R, 5,
and f'(c,,) < k2, we have
J'(N) < f'(2¢,,) < f'le,,) < ky2,

so that
k, < f'(N)~Y2.

Therefore N
1 "N 1/4
L ]% 3 ek, (an+ f))| = LN (4.10)
m n=1

for some C > 0. By (4.10) and Lemma 2.11, we obtain the desired inequality.
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