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Abstract. In this paper we investigate convergence structures on a generalized Boolean
algebra and their relations to convergence structures on abelian lattice ordered groups.
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The system Conv B of all sequential convergences on a Boolean algebra B which
are compatible with the structure of B was investigated in [5], [7], [9].

Some concrete types of sequential convergences on a Boolean algebra were dealt

with by Lowig [10], Novak and Novotny [10] and Papangelou [12].

Let A be a generalized Boolean algebra. We define the system Conv A of sequential
convergences on A in such a way that in the case when A is a Boolean algebra the
new definition coincides with that given in [5].

For a lattice ordered group G the system Conv G of sequential convergences on G
was studied in several papers; cf., e.g., [2], [3], [7].

Both Conv A and Conv G are partially ordered by the set-theoretical inclusion.

In this paper we prove that for each generalized Boolean algebra A there exists

an abelian lattice ordered group G such that the partially ordered set Conv A is
isomorphic to a convex subset of the partially ordered set Conv G.
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From this we conclude that each interval of the partially ordered set Conv A is a
complete lattice satisfying the infinite distributive law

% (Vi) rs=Viins).

el i€l

This generalizes a result from [9].

For an analogous relation between sequential convergences on MV -algebras and
sequential convergences on lattice ordered groups cf. [8].

We apply the results and methods of [5], [6], [7].

1. PRELIMINARIES

Through the paper A denotes a generalized Boolean algebra with the least ele-
ment 0. Let N be the set of all positive integers. Then the direct power A" is also a
generalized Boolean algebra; its elements will be denoted by (x,,)nen or, shortly, by
(25,). They are called sequences in A. If a € A and x,, = a for each n € N, then we
put (x,) = consta.

For x,y € A with x < y we denote by y © x the relative complement of the element
x in the interval [0, y] of A.

If a < AV x A, then the relation ((x,,),r) € a will be expressed by writing

Ty —a L.

1.1. Definition. A subset o of AN x A is said to be a convergence on A if the
following conditions are satisfied:
(i) If 2, —o = and (y,) is a subsequence of (z, ), then y, —, .
(ii) If (z,) € AV, z € A and if for each subsequence (y,) of (z,) there exists a
subsequence (z,,) of (y,) such that z, —, x, then z,, —, .
If a € A and (z,,) = const a, then z,, —, a.

)

iv) If x,, = « and @, — y, then x = y.
) If 2, =4 x and y, —4 y, then @, Vyn, —a TV Y, Tn AYn —a TAY.
)

If 2, < yn < 2, is valid for each n € N and if z,, —, =, 2, —« , then

Yn —a Z.
(vii) For z € A and (z,) € AV the relation x,, —, z holds if and only if the
relations
2O (@ Axy) =0, (xVz,)Ox—40
are valid.



We denote by Conv A the system of all convergences on A; this system is partially
ordered by the set-theoretical inclusion.
By an elementary calculation we can verify
1.2. Lemma. Let A be a Boolean algebra and let u,v € A, u < v. Then
vou=vAU,

where u' is the complement of u in A.

1.3. Lemma. Let A be a Boolean algebra and oo C AN x A. Suppose that the
conditions (iii), (v), (vi) from 1.1 are satisfied and that, moreover, the implication

(c) tn —at =t —at

holds. Then the condition (vii) from 1.1 is also valid.

Proof. Assume that x,, —, . Then in view of (iii) and (v) we obtain
Up —q T,
where u, = 2 A ,. Thus according to (c),
up —o @
Applying (iii) and (v) we get
Tn AUl —o Tz AT
Since x A u], = x © uy, (cf. 1.2), we have
xS (x Axp) —4 0.
By a similar argument we obtain
(uVa,) Sz —40.
Conversely, suppose that the conditions

zO(xANxp) =200, (xVE,) Ox—40



are satisfied. Thus under the notation as above we have x © u,, — 0. In view of 1.2,
z A, —q 0.

Hence by (c) we get &’ V u, —, 1, where 1 is the greatest element of A. According
to (iii) and (v),
A (@' Vup) =0 A1,

thus u, — x. Similarly we can verify that v, —, x, where v,, = x V x,,. Then we
conclude from (vi) that =, —, . O

1.4. Lemma. Let A be a Boolean algebra, a € Conv A, z, —, x. Then

) —a T
Proof. Let u, and v, be as in the proof of 1.3. Thus
Un —a Ty Up —a

and u, < z, < v, for each n € N. Hence u), > 2/, > v), for each n € N. In view of

/
n

(vi) it suffices to verify that the relations

hold. Let us prove the first of these relations.
In view of (vii) we have to show that

e (@ Au)) —40 and (2'Vu,)ez —,0.

Since u], > 2’, we have

¥oe@ Au)=2 o2 =0,
whence 2/ © (2' Au),) —4 0. Further,

(@' Vu,) oz =u, oz

Thus according to 1.2,

(@ Vu)exr =u, ANz =126 u,.
Since u, —4 x, we conclude from (vii) that z © u, —4 0, thus

(@' Vu,) o x —40.

Therefore u, —, «’. Similarly we obtain v}, — 2’. Thus z], —, 2’. O
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Let us recall that Definition 1.1 in [5] differs from the above Definition 1.1 only in
the points that

(o) it is assumed that the structure under consideration is a Boolean algebra, and

(8) instead of the condition (vii) it is assumed that the condition (c) is satisfied.

Hence in view of 1.3 and 1.4 we have

1.5. Proposition. If A is a Boolean algebra, then the definition of Conv A
given in 1.1 coincides with that considered in 1.1 of [5].

2. THE sYSTEM Convg A
For each o C AN x A we put
ao = {(xn) € AV: ((z),0) € a}.

Further we denote
Convg A = {ap: o € Conv A}.

The system Convg A is partially ordered by the set-theoretical inclusion.

2.1. Lemma. Leta,( € Conv A, ag = fy. Then o = (3.

Proof. Assume that (z,) € AN, x € A, z,, —, 2. Hence in view of (vii),
O (xAxy) =60, (xVz,) Ox—40.
Thus we have also
zO (xAzy) =30, (zVa,) ox—3s0.

Applying (vii) again we get x,, —3 x. Hence o < 8. In the same way we obtain
B < a. Therefore a = (3. O

The following lemma generalizes Lemma 1.5 of [5] (some steps in the proof are the
same as in the proof of the lemma mentioned).

2.2. Lemma. Let T be a nonempty subset of AN. There exists o € Conv A
with a9 = Ty if and only if the following conditions are satisfied:
(i1) If (zy) € Th, then each subsequence of (z,) belongs to Tj.
(iiy) If (x,) € AN and if each subsequence (y,) of (z,) has a subsequence which
belongs to T, then (z,) € T1,
(iiiy) For a € A we have consta € Ty if and only if a = 0.
(ivy) If (xy) and (yn) belong to Ty, then (x, V y,) € T1.
(v1) If (z,) belongs to T, (y,) € AN and y,, < x,, for each n € N, then (y,) € T}.
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Proof. Assume that thereis o € Conv A such that 77 = ag. Then from 1.1 we
immediately obtain that the conditions (i;)—(v1) hold.

Conversely, assume that 7; is a subset of AN such that the conditions (i;)—(vy)
are satisfied. For (z,,) € AN and € A we put

Ty —a T

if

(%1) (zo(@xAzy)eTh and ((xVz,) oz) el
Consider the conditions (i)—(v) from 1.1.
(i)—(iii): These conditions easily follow from (i; )—(iiiy).

(v): Assume that x, —, = and y,, — y. Denote

T VYn = 2n, TVY=2,

ZN2Zp =Up, 2V Zn =10y,
— 1 _ 1

TNANTy = Uy, TVITy=1,,

YAYp =ud, yVyn =02

Let n be a fixed element of N. Consider the lattice [0,v,] = L; for t € L let ¢’ be
the complement of ¢ in the lattice L. In view of 1.2 we have

20U, =2 Aul,
whence

20U, =2N(zAzp) =2ANE'V2,)=2Az,=(@Vy) A (@, Vy,)
= (@ Vy) A, Ayy) = (@ Aay Ayp) V(Y Ay, Ayy).

Applying 1.2 again we obtain

roul =xAzl, youl=yAy,.
Thus
(1) 20U, < (zoul)V(ysud).
In view of the assumption we have

(zou) €Ty, (youl)eT



and then, according to (ivy), (v1) and (1) we get
(2) (z0uy) € Th.
By an analogous method we prove

(3) (vn, © 2) € T1.

Hence, in view of (2) and (3), the definition of « yields z, —« z. We have verified
that z,, Vy, —o = Vy. Similarly we can verify that the relation x, Ay, —q T Ay is
valid.

(vi): Suppose that =, < y, < z, for each n € N and that z, —4 x, 2, —a 2.
Then

O (T A zp)
x

xS (x Ayn),
(zVaz)ow = (

>
Z(zV yn) Sz
for each n € N, and
(zo(zxAhx,)) €T, (zVz,)Oz) e
Thus in view of (v1),
(xo (xAyn) €Tr, ((xVyn)Oz)eET].
Hence y,, —a .
(iv): Assume that x,, —, = and z, —, y. By way of contradiction, suppose that
x #y. Then in view of (v),

Ty =Ty NTyp —a TNY.

We have either x Ay # = or £ Ay # y. Thus without loss of generality we can suppose
that z < y.
Put t, = (zn, V) Ay. Then x < t, < y. Applying (iii) and (v) we obtain

(4) th 2o T, tn —ay-

Let us consider the lattice [0,y] = L and for p € L let p’ be the complement of p in
L. In view of (4),
(troz) €T, (yot,) e,



hence according to 1.2,
(tn AZ') €T, (yAt))eT.
The second relation yields (¢,,) € T4. Thus from (ivy) we conclude
((tn ANZ")YV E) € Th.

Hence (2’ Vt]) € Ty. Clearly 2’ V¢, = 2/, whence constz’ € T;. Then in view of
(iil1) we get 2’ = 0 and thus = = y; we arrived at a contradiction.
(vii): For proving the validity of this condition it suffices to verify that

Tl = Q-

Let (z,,) € ap, hence x,, —4 0. Then the condition (x;) is satisfied for z = 0. The
second relation in (1) yields (z,,) € T1.
Conversely, suppose that (z,) belongs to T1. We have

06(0AZ,) =0, (0Vz,)E0=ura,,

hence in view of (1), 2, —¢4 0. O
For each o € Conv A we put fi(a) = ayp.
2.3. Proposition. f; is an isomorphism of the partially ordered set Conv A
onto the partially ordered set Convg A.

Proof. According to the definition of Convg 4, fi; is a mapping of Conv A
onto the set Convyg A. Moreover, it is obvious that if o, € A and o < 3, then

fi(a) < f1(B).
Let 71 € Convg A. We apply Lemma 2.2. By means of the condition (x;) we
assign to 77 an element o of Conv A; we denote

fg(Tl) = .

In view of (*1), whenever Ty, Tz € Convg A and T1 < Tb, then fo(Th) < f2(T2). Next,
from that part of the proof of 2.2 which concerns the condition (vii) we conclude that

fo(T)=a= fi(a) =T,

whence fo = fl_l. Thus f; is an isomorphism of Conv A onto Convy A. O



3. AUXILIARY RESULTS

Let A be as above and let A; be a nonempty subset of AV. We denote by

6 A1—the set of all subsequences of sequences belonging to Aq;

Aj—the set of all (z,,) € AV such that for each subsequence (y,,) of (z,) there is
a subsequence (z,,) of (y,) which belongs to Aj;

[A1]—the ideal of the generalized Boolean algebra AN generated by the set A;.

3.1. Definition. Let A; be as above. A; is called regular in AN if there exists
ag € Convg A such that A1 C ap.

By the same method as in Section 2 of [5] we obtain the following results 3.2
and 3.3.

3.2. Proposition. Let ) # A; C AV. Then the following conditions are
equivalent:

(i) Ay is regular in AN.
(i) If (yL), (¥2),..., (y™) are elements of A, and b is an element of A such that
b<wylvy2v...Vvy™ isvalid for eachn € N, then b = 0.

3.3. Lemma. Let A, be a regular subset of AN. Then

(i) [0A:1]* € Convg A.
(if) If ap € Convg A and A1 C a, then [§A1]* C ayp.

If A; is regular in A, then in view of 3.3 we say that [0A;]* is the element of
Convg A which is generated by the set A;.

Now let G be an abelian lattice ordered group. For the definition of Conv G,
cf., e.g., [6]. Thus Conv G is a nonempty subset o of GV x G satisfying conditions
analogous to (i)—(vi) in 1.1 with the distinction that in (v) also the validity of the
relation x, + yn —o * + y is assumed. Similarly as in the case of a generalized
Boolean algebra we define ConvyG. Both the systems Conv G and Convg G are
partially ordered by the set-theoretical inclusion and, under this partial order, they
are isomorphic.

A nonempty subset M of (GT)V is called regular in (G*)V if there exists o €
Convg G with M C ay.

Let ) # M C (G*)N. The sets §M, M* and [M] are defined analogously as above
(instead of the lattice A; we consider now the lattice GT). Further, let (M) be the
subsemigroup of the semigroup (G*)V generated by the set M.



3.4. Proposition. (Cf.[3]). Let ® # M C (G*)N. Then the following conditions

are equivalent:
(a) M is regular in (GT)N.
(b) If g € G, const g € [(6M)], then g = 0.

3.5. Lemma. Let () # M C (G*)N. Then the following conditions are equiva-

lent:
(i) M is regular in (GT)N.
(i) If (hL), (h2),...,(hE) are subsequences of some sequences belonging to M
and if h, = ht Vh2Vv...VhE (n=1,2,...), then A h, =0.
neN

Proof. The method is the same as in the proof of Lemma 2.5 in [6] with the
distinction that the set {(g,)} considered in the lemma mentioned is replaced by the
set M (we have to apply Proposition 3.4 above and Lemma 2.4 from [6]). O

An element € G is called singular if the interval [0, ] of G is a Boolean algebra.
Let S(G) be the set of all singular elements of G. The following assertion is easy to

verify.
3.6. Lemma. S(G) is a convex sublattice of the lattice (G, <).

3.7. Corollary. S(G) is a generalized Boolean algebra.
Let us denote S(G) = A.

3.8. Lemma. Let()# A; C AN. Then the following conditions are equivalent:
(i) A; is regular in AN.

(i) Ay is regular in (G*)VN.

Proof. This is implied by 3.2 and 3.5. O

Let a; € Convy A. Then «; is regular in AN, Hence in view of 3.8, ay is regular
in (G*)N. Then according to [2] there exists T'(a;) € Convg G such that
(i) [0%] Q T(al),
(ii) if 8 € Convg A and a; C 3, then T'(a1) C S.
(Namely, T'(ay) = [(6ou)]*).

3.9. Lemma. (Cf.[7], Lemma 3.3). Let (v,) € (G')V. Under the above
assumptions and notation, the following conditions are equivalent:

(1) (zp) € T'(o1).
(ii) There are m € N and (z,) € (1) such that x,, < mz, for each n € N.
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3.10. Lemma. Letx,y€ A, meN, x < my. Then z < y.

Proof. Denote v =x Vy. Then in view of 3.6, v € A, hence the interval [0, v]
of G is a Boolean algebra. By way of contradiction, assume that x j__ y. Then there
is 21 € [0,v] such that 0 < z7 <  and 21 Ay = 0. Hence 21 A my = 0, which is a
contradiction. O

For a related result (under a stronger assumption) cf. [7], Lemma 3.5.
Applying 3.9 and 3.10 and using the same method as in the proof of 3.6 in [7] we
get

3.11. Lemma. The mapping T is an isomorphism of the partially ordered set
Convg A into the partially ordered set Convg G.

0. A sequence

The system Convg A has the least element, let us denote it by «
() in A belongs to a if and only if there is m € N such that x,,., = 0 for each

n € N. Tt is obvious that T'(a?) is the least element of Convg G.

3.12. Lemma. Letz € Gt,ac A, m €N and x < ma. Put a; = x Aa. Then
xr < maj.

Proof. Since the interval [0,a] of G is a Boolean algebra, there exists ay € [0, a
such that a; Aas = 0 and a1 Vas = a. Denote x Aas = as. If ag > 0, then a1 Vas < x.
Moreover, a; Aaz = 0, whence a; Vaz = ay +as > a1, which is a contradiction. Thus
a3z = 0 and hence = A ag = 0. This yields that z A mas = 0. Therefore

x=xzAma=zAm(arVa) =2xA (may Vmaz) =z Amay.

O

Now let a1 € Convg A and 8 € Convy G. Assume that § < T(aq). Let (z,) € 8.
Thus (z,,) € T(o1). Hence the condition (ii) from 3.9 is valid. For each n € N we
put

(1) 2t =2, A zp.

Then we have (z}) € 3. Let us denote by Z; the system of all sequences (z}) which
can be constructed in this way. Hence Z; C 3 and thus Z; is regular in (GT)N.
Moreover, Z; C AN and consequently, in view of 3.8, Z; is regular in AV. Thus there
exists as € Convgy A such that as is generated by Z;. The relation Z; C 3 implies
T(Ozg) < ﬁ

11



If (zy,) is as above, then in view of (1) and 3.12 we get
r, <mz. for eachn € N,

From this and from 3.9 we infer that 8 < T'(az). Summarizing, 8 = T'(a2). Hence
we have

3.13. Lemma. T(ConvgA) is a convex subset of the partially ordered set
Convg G.

4. ELEMENTARY CARATHEODORY FUNCTIONS

The system FE(B) of elementary Carathéodory functions corresponding to a
Boolean algebra B was used by Gofman [1] and the author [4], [8].

The definition of F(B) can be applied without any modification for the case when
instead of a Boolean algebra B we have a generalized Boolean algebra A. For the
sake of completeness, we recall the definition. For any u,v € A we put

ve1u=0v6 (vAu).

Let A be a generalized Boolean algebra. If x,y € A and x < y, then the symbol
y © x has the same meaning as above.
We denote by E(A) the set consisting of all forms

(1) f=aiby +asbs + ...+ anby,

where a; # 0 are reals and b; € A, b; > 0, by(1) Ab;(2) = 0 for any distinct i(1),4(2) €
{1,2,...,n}, and of the “empty form”. If g is another such form,

g =adb9 4+ a0 + ... +al b0

m-m?
then f and g are considered as equal if

(i) \ bi=\/ 1.

i=1 j=1

(it) a; =a) whenever b; AbY #0.

The operation + in F(A) is defined by

f+gZZ(aiJrag)(bi/\bg)JrZai(bi@l \/b?) +Za§-’<bg®1 \/bi),
i=1 j=1

i=1 j=1 i= j j=1 i=1

12



where in the summation only those terms are taken into account in which a; +a§-) #0
and the elements

m n
binb), bien \/ S, B)er\/ b
j=1 i=1
are non-zero. The multiplication by a real a # 0 is defined by
af = (aa1)by + ...+ (aa,)by;

0f is the empty form. The form f is positive if a; > 0 for i =1,2,...,n. Then E(A)
is a vector lattice; the empty form is the zero element of E(A).

If we disregard the multiplication by reals, then F(A) is an abelian lattice ordered
group.

Let G(A) be the subset of E(A) consisting of the empty form fy and of all forms
(1) such that all a; are integers, a; # 0. Then G(A) is an ¢-subgroup of the lattice
ordered group E(A).

If we identify the element fy with the zero element of A and if, moreover, for each
0 # b € A we identify the form f = 1b with the element b, then A turns out to be a
subset of G(A).

The following assertion is easy to verify.

4.1. Lemma. A is the set of all singular elements of G(A).

4.2. Theorem. Let A be a generalized Boolean algebra and let G = G(A).
Then the mapping T defined in Section 3 is an isomorphism of the partially ordered
set Convg A into the partially ordered set Convg G such that T'(Convg A) is a convex
subset of Convy G containing the least element of Convy G.

Proof. This is a consequence of 4.1 and of the results of Section 3 (cf.3.12
and 3.13). O

In view of 2.3 and of the fact that Conv G is isomorphic to Convg GG for each lattice

ordered group we also have

4.3. Corollary. Let A be a generalized Boolean algebra. There exists an abelian
lattice ordered group G such that the partially ordered set Conv A is isomorphic to
a convex subset of the partially ordered set Conv G.

Further, from 2.2 and 3.3 we immediately obtain

4.4. Corollary. Let A be a generalized Boolean algebra. Then each interval
of the partially ordered set Conv A is a complete lattice satisfying identically the
relation ().
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