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Abstract. We consider almost-complex structures on CP? whose total Chern classes differ
from that of the standard (integrable) almost-complex structure. E.Thomas established
the existence of many such structures. We show that if there exists an “exotic” integrable
almost-complex structures, then the resulting complex manifold would have specific Hodge
numbers which do not vanish. We also give a necessary condition for the nondegeneration
of the Frolicher spectral sequence at the second level.
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1. INTRODUCTION

It is well-known that the six sphere S® admits almost-complex structures, for ex-
ample [6, Chapter IX Ex 2.6]. Blowing up an almost-complex S® at a point produces
an almost-complex manifold diffeomorphic to CP3. We will call the resulting almost-
complex structure on this manifold “exotic” because its Chern classes are topolog-
ically different from the Chern classes of the standard (integrable) almost-complex
structure on CP3. A long standing question in differential geometry is whether or
not S® admits a complex structure, that is, an integrable almost-complex structure.
If it does, then blowing it up at a point will give an exotic complex structure on
CP3. This is interesting because Hirzebruch and Kodaira have shown in [3] that any
Kaihler manifold of odd complex dimension diffeomorphic to CP"™ is biholomorphic
to CP™. Yau [12], Peternell [7], and Siu [8] have subsequently proved related results
for CP2, CP3, and CP", respectively.
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It is perhaps less well-known that CP? admits other almost-complex structures. In
fact Thomas gives a formula in [10] for the total Chern classes of the exotic almost-
complex structures on CP3. Let x denote the standard generator of H?(CP3;Z).

Theorem 1.1 (Thomas). Consider the complex projective space CP3. The fol-
lowing cohomology classes, and only these, occur as the total Chern class of an
almost-complex structure on CP3.

c(CP?) =1+ 2jx +2(5% — 1)z? + 423, jeZ.

We denote by X, j € Z, an almost-complex manifold diffeomorphic to CP? whose
total Chern class is given as in the theorem. In particular, the standard almost-
complex structure has j = 2, and the blowup of an almost-complex S° has j = —1.
It is not known whether there exist integrable almost-complex structures for j # 2. In
this paper we investigate some properties of a hypothetical exotic complex structure
on CP3. We give lower bounds on the Hodge numbers of such a hypothetical complex
structure which depend on j in Theorems 3.2 and 4.5. We also present a necessary
condition for the degeneration of the Frolicher spectral sequence in Corollary 4.4.

2. DOLBEAULT COHOMOLOGY AND THE FROLICHER SPECTRAL SEQUENCE

In this section we recall Dolbeault cohomology groups and some general facts
about the Frolicher spectral sequence of a complex manifold.

Suppose X is a complex manifold of complex dimension n. A differential form
of type (p,q) on X is a complex differential form ¢ which can be written in local

complex coordinates (z1,...,2,) as
Y= Z Qiy .. ipgy.. g dZi1 VANAAN dZip A dfjl A A deq.
Let QP»? denote the space of smooth (p,q) forms on X, and Q™ = & OQP°

pt+g=m
Let d: Q™ — Q™! denote the exterior derivative. On a complex manifold

d(Qp,q) c Qptla @ Qp,qﬂ7
d=0+0,

where

3(Qp,q) C Qp+1,q

and
o(OP1) C Qpatl,
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Since 0% = 0, define the Dolbeault cohomology groups to be

Let h?7 = dime HP9(X).

Lemma 2.1 (Serre Duality). Let X be a compact complex manifold of complex

dimension n. Then
HPI(X) = H" P 4(X).

Lemma 2.2. Let X be a compact complex manifold of complex dimension n.

There exists a natural injective map

i: H™O(X) — Hip(X).

Proof. Since (imd)N Q™0 =0, we have H™%(X) = (ker 9) N Q™. In addition
we have (kerd) N Q™% = (kerd) N Q™Y which gives a natural map i: H™%(X) —
H'»(X). We only need to show that this map is injective.

Suppose that 3 € Q* is such that d3 € Q™% Then

[ asadi= [ aenam o
X X
by Stokes’ theorem. Write df locally as dg = fdz; A ... Adz,. Then

dAdB = |f?dzr A Adzp AdZTA ... ANdZ,
= (=)W= 1124z AdZT A ... Adz, AdZ,
= (=)A= 1124z Adyy AL A dg, A dy,

where z; = z; + /—1y;, j = 1,...,n. The vanishing of the integral shows that
dfB = 0 which gives the injectivity of <. O

Corollary 2.3. Let X be a compact complex manifold of complex dimension n
such that b,(X) = 0. Any complex structure on X has the property

hn,O _ hO,n = 0.

Proof. The previouslemma gives that H™(X) < H/(X), and since b, (X) =
0 we have that h™? = 0. Then h%" = 0 follows by Serre duality. O
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We now turn to the Frolicher spectral sequence. For a complete discussion see [5].
We form from the double complex (Q**,0,0) the associated de Rham complex
(Q*,d) where

an = @ o,

p+g=m
d=0+0.

There are two filtrations on (Q*, d) given by
IpPQm — EB Qp’,q7

p/+q=m
p'>p

FIom = P oard

p+q'/=m

q'' 2q
Associated with each filtration is a spectral sequence {’E,.} and {"E,.} both of which
abut to H},(X). The first filtration 'FPQ™ gives the Frolicher spectral sequence, for
in this case 'EY"? is given by

BV = HY(X, ) = HP9(X),

the Dolbeault cohomology groups of X. Henceforth we will drop this prime notation,
denoting ‘EP-1 by EP:1.

Here we note that if X is a K#hler manifold, then the Frolicher spectral sequence
degenerates at the F; level and we have the Hodge decomposition

H™X)= @ H"(X)
ptg=m
as well as
HP9(X) = Her(X).
As above we let h?? = dim H?¢(X) = dim E}"?, and we also define h?9 = dim EP-¢
where

. P4 p+r,q—r+1
dy: EPY — EY

and
P _ (kerd,) N EP4
r+l T (imd,) N ERT”

For each p, let

n

X (X) = Y (~1)hre.

q=0
Observe that h?2!, < h2:9, and that if p = 0, then following Hirzebruch [2], xo(X) is
the familiar arithmetic genus. In [11] Ugarte gives the following useful proposition.
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Proposition 2.4 (Ugarte). Let X be a compact complex manifold of complex
dimension n. If there are no holomorphic n-forms on X, then E, = E.,

This proposition follows from noting that the holomorphic n-forms are by defini-
tion Q™9 N (ker &) which by the proof of lemma (2.2) is H™?(X). If there are no
holomorphic n-forms, then d,.: EP*? — EPt™4="+1 jg jidentically zero for any r > n.

3. COHOMOLOGY RELATIONS FOR EXOTIC COMPLEX STRUCTURES AND THE
ATIYAH-SINGER INDEX THEOREM

In this section we consider the relations among the Hodge numbers for an exotic
complex structure on CP3. We employ the Hirzebruch-Riemann-Roch theorem as
it appears in [1] and [2]. Suppose X is a compact complex manifold of complex
dimension n.

Consider the Dolbeault complex
Q0% 0 Q00 e Do gratt L, q0n q,
We apply the Atiyah-Singer Index theorem
(1) indexd = {cho(9) Td(X)} [TX],

where cho(0) is the Chern character of the symbol of the operator 9, Td(X) is the
Todd class of X and [T'X] is the fundamental class of the tangent bundle. The left
hand side of equation (1) is the arithmetic genus given by

3 3
index Z 1)YHY(X,0) Z )20 = xo(X).

q=0 q=0

The expression on the right hand side of equation (1) can be rewritten in terms of
a universal expression in Chern classes ¢, € H?*(X) evaluated on the fundamental
class [X] € Ha,(X). In particular, for a complex manifold of complex dimension
three, the formula simplifies to
_ 1
{cho(d) Td(X)} [TX] = Td(X)[X] = ﬂclcg[x]
In the special case of X = S® we have a theorem of Gray [4] for a hypothetical

complex structure on X.

63



Theorem 3.1 (Gray). Any complex structure on S® has the property that

hO1(S%) > 1.

Proof. Any complex structure on S satisfies

1
X0(S°) = gyere2[X].

Since the cohomology H¥(X) vanishes for all k # 0,6 we have h%3 = 0 and
1/24¢1¢2[X] = 0 so that

1—n%" +n%? =0,

which gives
ROt =1+ K% > 1.

We can extend this result to the exotic manifolds X; from the introduction.

Theorem 3.2. Let X; be a complex manifold diffeomorphic to CP3 whose total
Chern class is given by ¢(X;) = 1+ 2jx + 2(j% — 1)a® + 423, where = generates
H?*(X;,7).

(a) If j < 2, then
R“Y(X;)>1, and h''+R*0 > 2.

(b) If j > 2, then
R%%(X;) >3, and h'°+nM? > 2.

Remark 1. If j # 2, then X; is not Kahler because this is inconsistent with
Hodge decomposition. The results of [3] imply this as well. We can also see that if
J # 2, then X is not Kéhler since the Frolicher spectral sequence lives to E>. We
will explore this further in section 4.

Proof. From Thomas’ theorem (1.1) for each j € Z, the total Chern class of
X is given by
c(X;) = 1+ 2jz +2(j% — 1)a? + 42°.
As above

Xo(X;) =1 —h"N(X;) + h"?(X;)

64



since h3%(X;) = 0. Combining this with the index theorem gives

. 2 71
1R 4 h02 () = D,
. 2 71
h0>1(Xj)>17](J - ) o1 forj<o
iG> = 1)

>
(=}
S
s
~—

V

—12>3, forj>2.

Additionally, the topological Euler characteristic may be expressed

3 3
XTOp(Xj) = Z Z(,l)lﬁth,q
p=0g¢=0
3 3
= 2<Z(l)qh0’q — Z(1>qh1,q)
q=0 q=0
=2(x0 — x1)-

In particular, x1 = xo — 2. This expression for y; along with Serre duality give

Y1 — pL0 _pll L pl2 _p20 = %_2,
so that
- 271
h1’1+h2’022*m7>>2 for j < 2,
. .271
h1»0+h1>2;j(]7)72>2 for j > 2.

6
o

In section 4 we prove a sharper inequality for h'? using the Frolicher spectral
sequence.

4. FROLICHER SPECTRAL SEQUENCE COMPUTATIONS

Since b1(X;) = 0 and b2(X;) = 1, it is clear from the preceding proposition that
if j # 2, the Frolicher spectral sequence lives at least to E2(X;). We also have that
F3(X;) = Ex(Xj), so we would like to know under what conditions does the spectral
sequence live to E3(X;). For a compact complex manifold X of complex dimension
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three, consider the dimension grids below.

0 [n'3[p23] 1
h0,2 h1,2 h2"2 h3,2
hO,l hl,l h2"1 h3,1

1 |pt0|r20] o

0 [hy® 3?1
hS? |hy? (hy? [hy?
ho hyt hyt !

TS

Ey

Es

0 |hy®|n3?| 1
D e
hot gyt (hyt et

1 |ny?(h3°] 0

Es

Remark 2. We recall two facts about the dimension grids above: First, each

entry hP? is a non-negative integer, and second, dim H}p(X) = >  hBI =
ptg=n
Y>> h%7. The computations in the subsections that follow use the basic homolog-
pt+g=n
ical algebra fact that the Euler characteristic of a complex of vector spaces equals

the Euler characteristic of the cohomology of the complex.

4.1. The Frolicher spectral sequence for S®. We recall some of L. Ugarte’s
main results in [11], since we know that dim H7,(S®) = 0 for all n # 0,6 we have
h%% =0 for all pairs (p, q) except (0,0) and (3,3), so that the E'3 term becomes:

Es

oo | o

ol|lo|lo|o
olo|lo|-

(el Nenll Nl Naw)

Since the E3 term comes from the following sequences
(2) 0— BP9 B pri2a-l_
and E5? =0 for all p,q <0, p,q > 3, and (p,q) = (0,3), (3,0) we know that
hy' = ha® = hy' = h3? = h3* = hy® = 0.
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We also know that for the cohomology of the complex (2) to vanish we need
EP? >~ EPT2971 hence we have

hot = h3",
ho? = h3't,
hy* = h3't,
hy?® = h3?>.

On the other hand the entries of the Fy term arise from the following sequences

d 1, d d
(3) 0— Ere S gt &y pria 4 petsa

)

so that
hgq _ h;q + hg,q _ hgq =poe _ pba 4 p2a _ p3a,

By Serre duality we know that hAP9 = h3~P3~4 Then we have
1+ 03 =1—h"0+ 1?0 =1—n%%+ '3 =1+ hy?,
which gives
hyt =y = hy® = h3>.
We also have
hg,1 i h§,1 B h§,1 Z RO pllgop21 g3
_ h3,2 _ h2,2 + h1,2 _ h0,2

132 1,2 0,2
=hy" 4+ hy” — hy

_ 30,1 3,1 2,1
=hy” +hy" —hy,
which gives
02 _ ;1,2 _ ;21 _ ;3,1
hy® =hy" =h5" =hy".

Let a = hy' = dim((kerd;) N H®(S%)) and b = hy® = dim((ker d;) N H%2(S%)).
Then the E5 term is

E,

= |T|O
| Oo|T S
Q| |O|O
oIS e | =
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Proposition 4.1 (Ugarte). If X =SS, then either
(a) HY1(X) #0, or
(b) HY°(X)#0 and Ey % Ey % B3 = E,

4.2. The Frélicher spectral sequence for X ;. Consider now the case X = X.
Since bg = by = by = bg = 1 and by = b3 = b; = 0 we have
hy? = h3? =1,
Ryt =hy? = hy? = hi? =h3t = hy’ = h2? =h3% =0,
hy? + hy' +h30 =1,
hy® +h3? + Ryt =1,

so the F3 term becomes

0 [hy?] 0 | 1
h% 0 [h3?] 0
0 |hyt| 0 |h3!
10 [h° 0

Es

Unlike the case of S® we cannot determine all of the entries of the E3 term exactly,
but we do know that either hy> hy", or h3° is 1, and hy® h3?, or hy' is 1. This
observation allows us to regard the nine cases of E3 individually. Before we do this
we can make some general observations.

Since

hot = hy? = hy? = hy? =3t =030 = b3 = hy? =0,

we can conclude that
hy® = hy® = h3® = h3° =0.

By Serre Duality at the E; level we have

1,3 _ ;20

hy” =hy".
We can also conclude

1,1 51,1

hy™ =hg,

2,2 ;22

hy™ = h3",

hg,z _ hg,2 . h§,1,
WO =130 a2,
hy® = hy® — b3,
e A

0,1 1,1 2,1 3,1 _ 13,2 2,2 1,2 0,2
hy™ —hy™ +hy —hy =hy" —hy"+hy” —hy”.
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In all of the cases that follow let a = h9' = dim((kerd;) N H%'(X;)) and b =
hY? = dim((ker dy) N HO2(X)).
Case 1: hy® =1and hy® = 1.

0 1 0 1
1 0 0 0
Es
0 0 0 0
1 0 0 0
Then the E5 term becomes for all j € Z:
0 a 0 1
b b 0 -1
By a
a 0 |b—1| b
1 0 a 0
from which we conclude that a,b > 0 so that
() HO(X;) # 0, HO2(X;) £ 0 and
(ii) this spectral sequence lives to Ej3.
Case 2: hy® =1land h3° =1
0 0 0 1
1 0 1 0
Es
0 0 0 0
1 0 0 0
Then the F5 term becomes for all j € Z:
0 a 0 1
B, b b 1 a
a 0 |b—1| b
1 0 a 0
from which we conclude that b > 0 so that
(i) H%%*(X;) # 0 and
(ii) this spectral sequence lives to Ej3.
Case 3: hy®=land hy' =1
0 0 0 1
1
o 0 0 0
0 0 0 1
1 0 0 0
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Then the F5 term becomes for all j € Z:

0 a 0 1
b |b—1
B, 0 a
a 0 |b—1| b
1 0 a 0
from which we conclude that b > 0 so that
(i) H%*(X;) # 0 and
(ii) B & E if and only if a = 0 and b = 1.
Case 4: hy' =1and hy® =1
0 1 0 1
o 0 0 0 0
0 1 0 0
1 0 0 0
Then the E5 term becomes for all j € Z:
0 a 0 1
By b b 0 |a—1
a 1 b b
1 0 a 0
from which we conclude that a > 0 so that
(i) H*'(X;) # 0 and
(ii) this spectral sequence lives to Ej3.
Case 5: hy' =land h3° =1
0 0 0 1
1
o 0 0 0
0 1 0 0
1 0 0 0
Then the F5 term becomes for all j € Z:
0 a 0 1
1
B, b b a
a 1 b b
1 0 a 0

from which we conclude

70




(i) B2 2 Ey if and only if a = b = 0.
Case 6: hy' =1and h3' =1

0 0 0 1
0 0 0 0
Es
0 1 0 1
1 0 0 0
Then the E5 term becomes for all j € Z:
0 a 0 1
b |b—1
B, 0 a
a 1 b b
1 0 a 0
from which we conclude that b > 0 so that
(i) H**(X,) # 0 and
(ii) this spectral sequence lives to Es.
Case 7: h3'=1and h3® =1
0 1 0 1
o 0 0 0 0
0 0 0 0
1 0 1 0
Then the F5 term becomes for all j € Z:
0 |la+1| O 1
B, b b 0 a
a 0 b b
1 0 |a+1]| O
from which we conclude:
(i) F3 2 Ex if and only if a =b = 0.
Case 8 h3’=1land h3° =1
0 0 0 1
1
o 0 0 0
0 0 0 0
1 0 1 0
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Then the F5 term becomes for all j € Z:

0 |at+1]| O 1
b b 1 1

E, at
a 0 b b
1 0 |a+1| O

from which we conclude:
(i) this spectral sequence lives to Ej.
Case 9: h;° =1and )" =1

0 0 0 1

s 0 0 0 0
0 0 0 1
1 0 1 0

Then the E5 term becomes for all j € Z:

0 |la+1] O 1
b |b—1| O 1
By a+
a 0 b b
1 0 (a+1] O

from which we conclude that b > 0 so that
(i) H%*(X,) # 0 and
(ii) this spectral sequence lives to Es.

4.3. General descriptions of the terms of the Frélicher spectral sequence.
We combine the preceding nine cases to make some general case-independent obser-
vations about when the spectral sequence lives to E3, and when it degenerates at the
E5 level. For the remaining statements we make no assumptions on the vanishing of
specific terms at the various levels of the spectral sequence.

Proposition 4.2. If E; = E,, then hg’q = hg_p’3_q.

Proposition 4.3. h5? = by ?*79 if and only if h5? = hy 7?74,

Combining these together gives a necessary condition for the degeneration of the
Frolicher spectral sequence at the second level.
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Corollary 4.4. If h%? # hy P?79 then Ey % Ey % Es.

We complement Theorem 3.2 with the following.

Theorem 4.5. Let X; be a complex manifold diffeomorphic to CP?3 whose total
Chern class is given by ¢(X;) = 1+ 2jx + 2(j% — 1)a® + 423, where = generates

H?(X;,7). If j > 2, then h™? = h*' > 2. Moreover, if hy® # 1 or hy" # 1, then
h1,2 > h0’2 > 3.

Proof. Observe that in all nine cases above either hy® = h9? or hy? = hy® —1.

Let us suppose hé’2 = hg’2. To simplify the notation we consider the complex

0 BV ph2l

where o and 3 are the maps d;. We know hy* = dim(ker ) and hy® = dim(ker 3) —
rank(«), thus giving

h%? = dim(ker ) + rank(c)
= hy® + rank(a)
= dim(ker 8) — rank(«) + rank(«)
< h1’2.

We assumed that hé’2 = hg’2, but suppose instead that hé’2 = hg’2 — 1. If this
occurs, then unless hy? = hy' = 1, we have h*! = h*!'. We can repeat the above
argument for A3 and h*!. Serre duality again gives

h0,2 _ h3,1 g h2,1 _ h1’2.

In case h§’2 = h§’1 = 1 we have h?! = h1? = h%2 — 1. The same arguments go

through except that now we have
hO? < AN+ 1.

O
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