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STEADY-STATE BUOYANCY-DRIVEN VISCOUS FLOW WITH
MEASURE DATA

ToMAS ROUBICGEK, Praha

Dedicated to Prof. J. Necas on the occasion of his 70th birthday

Abstract. Steady-state system of equations for incompressible, possibly non-Newtonean
of the p-power type, viscous flow coupled with the heat equation is considered in a smooth
bounded domain Q C R™, n = 2 or 3, with heat sources allowed to have a natural L-
structure and even to be measures. The existence of a distributional solution is shown by
a fixed-point technique for sufficiently small data if p > 3/2 (for n = 2) or if p > 9/5 (for
n=3).
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1. INTRODUCTION, PROBLEM FORMULATION

This paper deals with the steady-state buoyancy-driven flow of heat-conductive,
possibly non-Newtonean, incompressible fluids. There are various models appear-
ing in literature, cf.e.g.[3], [7], [14], [18] for a genesis of various possibilities. The
starting point is always the complete evolutionary compressible fluid system of n 4+ 2
conservation laws for mass, impulse, and energy; n denotes the spatial dimension.
Then, the so-called incompressible limit represents a small perturbation around a
stationary homogeneous state, i.e. around constant mass density, constant tempera-
ture, and zero velocity; note that small perturbations of velocity « do not necessarily
mean small Vu, which makes it sensible to consider nonlinearity in stress 7 below.
This incompressible limit system of n 4+ 1 equations need not be thermodynamically
consistent, however.

We consider © a bounded smooth (namely C?1-) domain in R", n = 2 or 3; for
a C%!-domain see Remark 2 below. To cover various possibilities, we consider the
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following fairly general system of equations:

(1.1a) (v - V)u — divr(e(Vu)) + Vr = g(1 — apf), e(Vu) = %Vu + %(VU)T

(1.1b) divu =0,

(1.1c) u-VO0— kA0 = a17(e(Vu)): e(Vu) + azfg - u+ h,
n n

where [7;;] : [e;;] = > D Tijei;, K is the heat conductivity, o is the linearized rel-
i=1j=1

ative mass density variation with respect to temperature, o reflects the dissipation
effects, ag expresses the adiabatic heat effects, 7(e) is the viscous stress, g an exter-
nal (e.g. gravitational or centrifugal) force, and h = h(z) is the external heat source.
For simplicity of notation, we normalize the mass density and the heat capacity to 1.

For a rigorous derivation of a system like (1.1) in the evolution case, we refer
to Kagei, Ruzicka and Thiter [7, System (16)] who showed how the coefficient ay
depends on Ostrach’s dissipation number, while the coefficient cy depends also on
the Reynolds and the Prandtl numbers.

The system should be completed by boundary conditions. For simplicity, we will
consider a no-slip boundary condition for velocity and the Newton condition with
prescribed heat flux f for temperature, i.e.

(1.2) u =0, /@%—I—lﬁ:f on T,
with v denoting the unit normal to the boundary 92 =: T" of Q and b denoting the
coefficient of the heat transfer through I'.

Often a simpler, so-called Oberbeck-Boussinesq model is used for the buoyancy-
driven flow of heat-conductive incompressible fluids. This model neglects both the
dissipative and the adiabatic heat sources, i.e. 1 = as = 0, and usually considers
7(e) = e which turns (1.1a,b) into the Navier-Stokes system, cf. e.g. Gebhart et al. [5]
or Rajagopal et al.[18], and sometimes it is combined with other phenomena as
solidification, see Rodriguez [19]. For a non-Newtonean model coupled with the
heat equation we refer to Malek at al. [13] and to Rodriguez and Urbano [20] who
allowed the viscosity to depend also on temperature. Temperature dependence of the
viscosity tensor T was investigated also by Baranger and Mikelié [2] for the special
case a1 = 1, ap = 0 (i.e. no buoyancy) and as = 0, which makes the situation quite
different from the buoyancy driven flow. Besides, some buoyancy-driven models
include the dissipative heat but not the adiabatic heat sources (i.e. our model (1.1)
with ag > 0 but ag = 0), cf. Landau and Lifshitz [9, Sect. 50] or also, e.g., Kagei [6]
or Moseenkov [14].
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The measures as heat sources for the buoyancy-driven flow have been investigated
for b =0 and f = 0 in [16] in the evolutionary case, which differs from the steady-
state case both factually (existence of a non-negative solution holds for arbitrarily
large data) and technically (L!-accretivity for the heat equation can be used instead
of mere W?22-regularity and interpolation with transposition).

2. DISTRIBUTIONAL SOLUTION TO (1.1)—(1.2)

We want to treat the system (1.1) in as much general as possible (but still physical)
situations. The heat transfer (1.1c) has a natural L!-structure, which encourages us
to consider the heat sources h € L*(Q) and f € L*(T), or even as measures. Then
the concept of a weak solution is no longer relevant, and one must speak in terms
of distributional solutions, using transposition and W??2-regularity with Hilbertian-
space interpolation of the adjoint to the left-hand-side linear operator in (1.1c).

We use the following standard notation for functions spaces: LP(€; R™) denotes
the Lebesgue space of measurable functions 2 — R™ whose p-power is integrable,
VVO1 P(Q; R™) is the Sobolev space of functions whose gradient is in LP(Q; R"*") and
whose trace on I' vanishes, W&’SIV(Q; RY) = {v e WhP(Q;R"); dive = 0 in the
sense of distributions}, and W~=1#' (Q; R") = W P(Q; R")* with p’ denoting the
conjugate exponent, i.e.p’ = p/(p — 1). Likewise, W*? indicates all kth derivatives
belonging to the LP space; for k noninteger it refers to a fractional derivative and
WP then denotes the Sobolev-Slobodetskii space. Let us agree to use the norm
Hunol,p(Q;Rn) = |IVullLr(srnxny. Also, “rca” will denote the regular countably
additive set functions with respect to a Borel o-algebra in question, also called Radon

measures.

We will assume the following data qualification:

3
(2.1a) 7 has a C%-potential, 7(e):e > (ile?, |7(e)| < c(le[P~! +1), p > %,
n

Ciler — eal? + Caler —ea]? if p = 2
Co(ler| + lea])P~2ler — eaf® if p < 2,

(2.1b) (1(e1) — T(e2)) : (e1 —e2) = {

Oy Ca(L+ leP=2)lE|* if p > 2
(2.1¢) > ae—mfz‘jfkl > { b21p12 ;
igl=1 "kl Gale[P~#|€|* if p < 2,
(2.1d) h € rca(Q), ferca(l), g€ L=(Q;R™), be COHI),
(2.1e) k>0, ag,a1, a2 =0, b(x) = by > 0,

495



with ¢; > 0,4 =0,...,3. An example of T satisfying (2.1a—) is 7(e) = (1 + |e[P"2)e
(if p = 2) or 7(e) = |e[P~2e (if p < 2). Let us also recall that (2.1a—c) ensures

(2.22) /Qr(e(Vu))  Vude > o ul

P
Wy P (4R™)
(2.2b) / (t(e(Vuy)) — 7(e(Vug))) : e(Vuy — Vgz) dx
Q
{ Clcl,Q”UI - UZH:;V&"’(Q;R") + CZCZ,Q”UI - UZH%/Vl,z(Q;Rn) ifp>2
Goco.ol ey + 12l ey 1 = 02120y 1D <2

with some ¢; o > 0 resulting from Korn’s inequality, con(-) decreasing; cf.[12,
Sect 5.1.2]. Let us also introduce an exponent g by

2 <P ifp<n
(2.3) Po<qd
p—1 < 400 otherwise,

which ensures, in particular, the compact embedding W, *(€; R*) C L4(€; R"). By
using Green’s formula once for (1.1a,b) and twice for (1.1c), one gets the following
definition:

Definition. We will call (u,0) € W&’SIV(Q; R™) x W2(Q), with r € [0, 1] satis-
fying

2n — 2p — pn 4—n
PP ;

(2.4) ” .

a distributional solution to (1.1)—(1.2) if

(2.5) /((u -Vu) v+ 71(e(Vu)) : e(Vo) —g-v(l —apf)dz =0
Q

for any v € Wy (€; R*), and

/ ((u- (Vv + azgv) + kAV)0 + aq7(e(Vu)) : e(Vu)vdz
(2.6) @
+/_vh(dx) +/vf(dS) =0

for any v smooth with Ii%’v +bv=0onT.

Note that (2.1) ensures that r € [0, 1] satisfying (2.4) does exist (recall that n < 3);
in other words, (2.4) brings no restriction on p if n < 3, as assumed. Let us remark
that the inequalities in (2.4) imply respectively W"2(€2) ¢ L7 (Q) and W2~"2(Q) C
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C(Q); of course, ¢’ := q/(¢ —1). Also, (2.1) implies that all integrals in (2.2)—(2.6)
have good sense. Also note that (2.1a) indeed enables us to choose ¢ such that
p~1 +2¢7! < 1, see (2.3), which implies that, e.g., the expression like |v|?Vuv is
integrable for any v € W1P(Q).

3. EXISTENCE OF THE DISTRIBUTIONAL SOLUTION

We will prove the existence nonconstructively by using the Schauder fixed point
theorem. First, we define the mapping

(3.1) A: 9 u: L9(Q) — WEP(Q; R™)
by u being the weak solution to
(3.2) (u-V)u—divr(e(Vu)) + Vr = g(1 — p?), divu =0, ulr=0.

For ¢ < pn/(n — p), let us agree to denote by N;? the norm of the embedding
Wy P (4 RY) © LI R™).

Lemma 1. Assume (2.1). Then thereis R = R(p,Q, ¢, (o, ...,(2) > 0 such that A
is single-valued and (weak,norm )-continuous with respect to the topologies indicated
in (3.1) on the set

(3.3) Sr = {0 € LY(Q); [lg(1 — ao?)|| Lo () < R}

Proof. Take 9* — ¢ in L9 (Q), which implies ¥¥ — ¢ in W~1#'(Q) because
L9 (Q) ¢ WP (Q) compactly, cf. (2.3). Then denote by u* the weak solution to
(3.2) corresponding to ¥* in place of ¥J; for the existence of u* we refer to Lions [10,
Ch.II, Remark 5.5] after a modification to 7 depending on e(Vu) instead of Vu or,
even for p > 2n/(n + 1), also Frehse, Mélek and Steinhauer [4] or Ruzicka [22]. By
testing with u*, we get in a standard way the a-priori estimate

NLp NLPR
3.4 kp-t < 42 1— o) e omm < —— =: RE7L,
(3.4) [|u IIWO,p(Q;Rn) o [9(1 — 20" Lo (rm) < a 0

Taking a weakly convergent subsequence in VVO1 P(Q; R™), it is a standard procedure
to show that its limit, denote it by w, is a weak solution to (3.2), cf. again [4], [10],
[22].
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Let us now prove uniqueness of u provided ¥ € Sk from (3.3) with R small
enough. Take two weak solutions u', u? of (3.2), and test the difference of the weak
formulation of (3.2) by u!'? := u! — 2. This gives

(3.5) CHU12||?;Vol=mi"(24’)(ﬂ;R") < /Q(T(G(Vul)) ,T(e(VUZ)) : e(Vulz) de
= /((u2 . V)u2 — (u1 . V)ul) cut?de
Q

= — /Q((u12 SV)u?) - ut? dr — / (u' - V)u'?) - u'?de

Q
g HVU’Z”LP(Q;R"X")||u12||i2p’(Q;Rn) g R0||u12||i2p/(Q;R’n)

with ¢ = (aca0 (if p > 2) or ¢ = (oco,0(2Ro) (if p < 2). Then, if R is small enough
so that, by (3.4), Ry < c(Nzll’:,nin(Z’p))’Z, we get u'? = 0. This, together with (3.4),
gives the bound in (3.3).

Having the uniqueness of u, we can conclude that even the whole sequence {u"*}
converges weakly to u. Let us prove the strong convergence: subtracting (3.2) with
u and u”, testing by u* — u, and using Korn’s inequality (2.2), we get

el|u® — uug?;gggw) < /Q(T(e(wk)) — 7(e(Vu)) : e(Vu* — Vu)dz

. - /Q«uk V)uk = (u- V)u) - (uf —u) +ag(0* —9)g - (uf —u)de

=: g + I

with ¢ = (1c1.0 (if p = 2) or € = (pco.a(2Ro) (if p < 2). By using divu* = 0 =divu
and Green’s formula, we can calculate

i=1 i=1
~ 0k k
= ; Z oz, (uguj — wiug)(uj —uy)de
ij=1
= f/ z”: (uku® — uzu)i(uk —uj)da
Q=1 n YOm0

:—/(uk®uk—u®u):V(uk—u)dx.
Q

Due to the boundedness of V(u* — u) in LP(£; R"*™), the compact embedding
Whr(Q) C L) with p~! +2¢~! < 1, and the continuity of the Nemytskii mapping
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w— u®u: LI RY) — LY/2(Q; R**™), we have u* @ u* — u®w in L9/2(Q; R**"),
and eventually we get Iy — 0.

Also, the term Io; converges to zero because 9% — ¥ in W‘l’p/(ﬂ) and u* — u in
WP (€ R™). O

Furthermore, let us consider the Nemytskii-type mapping N : Wol PO R™) x
L9 (Q) — rca(Q) defined by

(3.8) N: (u,9) = h1 = ar7(e(Vu)): e(Vu) + azg - ud + h,
and, for u € W&’SIV(Q; R™), the linear operator
(3.9) Bu: (hi, f) — 0: rca(Q) x rca(T) — W™%(Q)

with 6 being the distributional solution to

(3.10) u-V8—rxAf=h; on (, R?eré):f on T,
v

i.e.0 € Wn2(Q) satisfies the identity

Q

(3.11) /Q(u~Vv+/£Av)0dx+/vhl(dx)+/vf(d5):0

r

for any v smooth with H%U +bv=0onT.

Lemma 2. Let (2.1) be valid. Then the mappings N and B,, are well defined and
both N+ Wy (Q; R™) x L7 (Q) — rca(Q) and (u, h1) — Bu(ha, f): Wy B (4 R?) x
rca(Q) — LY (Q) are (normx weak*,weak*)-continuous.

Proof. By the classical result about Nemytskil mappings, Ny: (£,9) —
ar7(e(€)): e(&) + agg - ud: LP(Q; R™™) x L1 (Q) — LY(Q) is continuous, so that
N = (Np o V) + h is continuous, as claimed.

Let us consider the weak solution to the auxiliary linear problem

o

(3.12) —u-Vv—kAv=¢ on (), Ko

+bv=0 onT.

The existence of v can be proved by the standard energy method by testing (3.12)
by v; note that

(3.13) /(u~Vv)vdx: l/U'VUZdl':*l/(diVU)Uzdl':O
Q 2 Ja 2 Ja
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so that we have the estimate [|v||y12(q) < K1||§|lw12(q)- independent of u. More-
over, we have also the estimate

A'UHL2(Q

/(u Vu)Avdr < [[ulpoorn) |Vl L20/6-2) (urm
Q

(314) HuHLq(Q R™) VUHLz(Q iR™)
12 1,2
< Ny [Vl oq@mesn K7 (No )M [€]1 220y (KoNg ™) 2| Avl|T{g

VUHLG(Q R™) AUHH(Q

6
and where the constant Ky comes from the standard Laplace-operator regularity

[vllw22) < KolAv|p2q) with the boundary condition nd” +bv =0 with b €
C%L(T") on the C*'-domain ; see Necas [15]. Then, multlplymg (3.12) by Av and
integrating over (2, we get the estimate

for A € (0,1) such that A\ + (1 —\)§ = % which certainly does exist for p > 3/2,

H/Q\AvF dx:—/(f—i—u Vu)Avdz < [[€]| L2 [|Av]| L2

12 1,2
(3.15) + Nq HUHW&"’(Q;R")Kl( »* ||f||L2(Q (KoNg™*)'™ )\HAUHL2(Q)

Thus we can see that, if £ € L%(Q2), Av is bounded in L?(2). Then, using again the
Laplace-operator regularity, we get ||v||w2.2(q) < Ku|l¢[/z2(q) with K, > 0 depending
on ||u||W01 2R continuously and increasingly. It is important that this regularity
estimate holds uniformly for v ranging over bounded sets in W0 Brv (€ R™).

The interpolation between the linear mappings & +— v: WH2(Q)* — WhH2(Q)
and L2(Q) — W?22(Q) gives a mapping W"2(Q)* — W2 "2(Q) and an estimate
[ollwe-rz@) < Ky KT [|€lwre)--

Let us rewrite the identity (3.11) into the form (B,v,8) + (F,v) = 0 where B,,:
W2=2(Q) — Wn2(Q)* and F € W2 "2(Q)* are defined by

(3.16) Byv:=u-Vv+ kAv, (F,v>:/_vh1(d$)+/vf(d5),
Q r

respectively. Then § = —(B})"'F = —Fo B! € W"2(Q)* = W"2(Q) is a solution
to (Byv, 8)+(F,v) = 0. Moreover, because of surjectivity of B,, this solution must be
unique. Also, we have the estimate [0y r2(0) < Ki~"K]||F|lw2-r2(q)- independent
of w.

Then we choose 0 < 7 < 1 so small that W2-"2(Q) C C(Q), i.e.r < (4 —n)/2,
cf. (2.4). This eventually gives the estimate

(3.17) [[0llwra) < Ky K7 |[Fllwe-r2@)r < NETPKLT KT, £)|lvea@) xrear)
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with N2™2 the norm of the embedding W2~"2(Q) C L*(Q); note that (hy, f) —
F: rca(Q) x rca(l') — W27 "2(Q)* defined by (3.16) is the adjoint mapping to v —
(v,vr): W2Tm2(Q) — C(Q2) x C(T).

To prove continuity of (u, h1) — By(hi, f), let us take hy  — hi in rca(§2) weakly™
and u* — u in W1P(Q; R"), and denote by 6% the distributional solution to (3.10)
corresponding to u* and hik in place of u and hq, respectively. We showed that ok
does exist and is bounded in W™2(Q); realize that {Vu*} is bounded in LP(£2; R"*").
Then, by Banach-Alaoglu-Bourbaki theorem, we can assume that, possibly up to a

subsequence,
(3.18) 0F — 60  weakly in W"2(Q).

Then we can make the limit passage in the integral identity (3.11), which reads here

(3.19) / (u* - Vo + kAv)OF da + /
Q a

Uhl’k(d.%) + / ”Uf(dS) = 0.

T

Note that certainly the term 6¥u* converges to fu (even strongly) because, as a
consequence of (3.18), {#*} converges strongly in W1 () and {u*} also strongly
in WyP(Q;R"). Thus & = B,(h, f) and even the whole sequence {#*} converges
because of the already proved uniqueness of 6. O

Furthermore, for o > 0, we denote the ball of the radius p in Lq'(Q) by
(3.20) By :={d € LT (Q); [[VllL ) < o}

Proposition 1. Let (2.1) be fulfilled and let ||g||p~;rn) be sufficiently small
with respect to the other data ao, a1, a2, ||h|,ca@)y and || f|[rcaqr). Then (1.1)-(1.2)
has at least one distributional solution (u, ).

Proof. We will investigate the mapping C: L% () — L9 (Q) defined by
(3.21) C(0) = Baw VN (A(©),9), ).

Note that any fixed point 6 of C satisfies § = By(h, f) with h = N(u,#), where
u = A(f), which just means that the pair (u, ) is the distributional solution to
(1.1)—(1.2). We will show that

(3.22) B, CSg and C(C(B,)C B,

provided g is chosen appropriately and g is small enough. Obviously, (u,0) =
(A(19),C(19)) solves the decoupled system (3.2) and (3.10) with v = A(Y) and h; =
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huy = N(u,9). Then, by testing (3.2) by u, we get the estimate (3.4) with the
subscript k£ omitted.

Furthermore, using the identity [, 7(e(Vu)) : e(Vu)dz = [, g(1 — ap¥)udz the
source term hy y in (3.10) can be estimated as

1T,
(3.23)

rca(Q) < al‘lguHLl(Q) + |0ng41 - a2|||g : u,ﬂHLI(Q) + HhHrca(ﬁ)
<

1,
(a1 Ny + g — o Ng |10 L o) |9l os s | wrooimm)

+ HhHrca(ﬁ) T +’72(||gHL°<>(Q;R"))Qp )
where we assume ¢ € B, and take into account that Ry = || 1/p—1) 1/(p—1)
o 0 — gHLOO(Q;Rn) (Hﬂ“Lq Q) )
cf. (3.4); then v1 = v1(aq, ¢, p, HhHrca(ﬁ)) and 75(+) depends on ag, @z, p, and ¢; and
moreover li%1+ v2(a) = 0.

The estimate (3.17) now reads

1Bu(Pu,o, Fllwra@) < NG Ky K (1o lliea@) + [1f rear))-
Altogether,

IC@) Lo () < N2 IC@)llwr2(e)

(3.24) ! ,
< NGPNZ KK (1 4 (19l e @irm) @ + 1 lrear))-

If g is small, one can find ¢ > N;,’ZN(EO*T’QK}L’TK{(M + || fllrca(ry) small enough so
that (3.24) implies [[C(9)|,« () < 0. In other words, we have proved C(B,) C B,
for such o. Moreover, if g is small enough, we have also B, C Skg.

We endow B, with the weak (or, if ¢ = 400, weak*) topology of Lq'(Q)7 which
makes B, compact (note that, due to (2.3), always ¢’ > 1). By Lemmas 1 and 2
and by (3.22), C maps B, (weak,weak)-continuously into itself. Then, by Schauder’s
theorem, it has a fixed point 6 on B,. O

Remark 1. The interpolation/transposition method in Hilbert-space setting
was thoroughly presented by Lions and Magenes [11]. Here, however, we did not
assume infinitely smooth I' or the coefficients v and b in (3.12) and, moreover, it
was important to derive the estimate (3.17) uniformly for u from bounded sets in
Wo Brv (4 R™).

Remark 2. Under a quite restrictive assumption p > 2n, we can alternatively
use a continuous imbedding of W := {v € W2(Q); Av € LV?*(Q), Zv €
L")} with € > 0 into C°(Q2), proved by Alibert and Raymond [1] even for
Lipschitz domains. Indeed, for v € WhP(Q;R") C L%(Q;R") with ¢ satisfying
(2.3) and for v € W2(Q), we have u - Vv € L"/?%%(Q), which enables us to
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get the auxiliary mapping & — v: L™?*¢(Q) — W in the proof of Lemma 1.
Then B,: W — L™?7¢(Q) and all above considerations work equally for 6 in
L(=2)=¢(Q) instead of W"2(2). Beside the C%!-domain , this modification
enables us also to consider b from L*/3+¢(T) (if n = 2) or from LS¢(T) (if n = 3)
because then bv € L"~1+¢(T) for any v € W1H2((Q).

Remark 3. Contrary to the evolution case (cf.[16]), if ag > 0, it does not
seem possible to prove 6 > 0 for some solution obtained in Proposition 1 even if one
assumes h > 0 and f > 0. Yet, negative temperature need not be interpreted as
non-physical solution because 6 is a “small” deviation from some constant reference
temperature rather than the absolute temperature. Nevertheless, this holds true if
the adiabatic effect can be neglected, i.e. g = 0. Then, assuming h > 0 and f > 0
and regularizing (1.1c) by a term £6 on the left-hand side, we can prove existence of
the “regularized” solution (ue, 6.) again by Proposition 1 with all estimates indepen-
dent of € > 0 and then nonnegativity 6. > 0 by testing €6, +u.- V0. —xkA0. = h; >0
by signum(f.)—1 or, more rigorously, by a regularization of this test function. Then,
passing with ¢ — 0, one gets 6 > 0.
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