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MICRO TANGENT SETS OF CONTINUOUS FUNCTIONS
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Abstract. Motivated by the concept of tangent measures and by H. Fiirstenberg’s defi-
nition of microsets of a compact set A we introduce micro tangent sets and central micro
tangent sets of continuous functions. It turns out that the typical continuous function has
a rich (universal) micro tangent set structure at many points. The Brownian motion, on
the other hand, with probability one does not have graph like, or central graph like micro
tangent sets at all. Finally we show that at almost all points Takagi’s function is graph
like, and Weierstrass’s nowhere differentiable function is central graph like.

Keywords: typical continuous function, Brownian motion, Takagi’s function, Weier-
strass’s function
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1. INTRODUCTION

In Mathematical Reviews 97j:28009, the reviewer (Joan Verdera) wrote the follow-
ing: “Tangent measures play, with respect to measures, the same role that deriva-
tives play with respect to functions. Given a measure p (locally finite Borel measure
on R"™) and a point, one looks at the measure in a small neighborhood of the point,
blows it up, normalizes suitably and takes a weak star limit in the space of measures.
The result is a tangent measure for p at the given point.”

In this paper we return from measures to continuous functions and we see that

this concept of blowing up and taking suitable limits, this time in the Hausdorff

This work was completed while the author visited Department of Mathematics of Michi-
gan State University. Results of this paper were announced at meeting # 970 of the Amer-
ican Mathematical Society, October 5-6, 2001. The author also received partial support
from the Hungarian National Foundation for Scientific Research Grant No. T 032042.
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metric, might be useful to obtain information about tangential “regularity” of irreg-
ular functions. To do so we will introduce the concept of micro tangent sets of a
continuous function. If the function is differentiable then the only micro tangent set
we can obtain at a point is a straight line segment with the slope of the derivative.
This shows that we have a generalization of the derivative.

For more irregular functions a much wider class of micro tangent sets may exist for
many points. First we consider the typical continuous functions, then the Brownian
motion.

It turns out that the micro tangent structure of the typical (in the sense of Baire
category) f € C0,1] for almost every = € [0, 1] is universal. Nonetheless, UMT(f),
the set of points (x; f(z)) which are universal, has some paradoxical properties. Its
projection onto the y-axis is of measure zero and it is of o-finite one dimensional
Hausdorff measure while the graph of the typical continuous function is of non-o-
finite one dimensional Hausdorff measure. We also show that the packing dimension
of UMT(f) is two, which is also the packing dimension of the graph of the typical
continuous function. We remark that differentiability properties of typical continuous
functions were studied for a long time and still are subject of current research, see
for example Zajicek [20], Zajicek and Preiss [18] and the references in these papers.

The Brownian motion turns out to be wilder than the typical continuous function.
With probability one the Brownian path W (¢) has no universal micro tangent points.
If vertical distortion is allowed in taking the weak limits of tangent spaces of random
processes, see also the recent papers of K. Falconer [4], [5]. We introduce some weaker
conditions than universality, called graph like, or central graph like points, but the
Brownian motion path is not behaving well with respect to these concepts either.

In Theorem 2 we see that on the graph of any continuous function the set of graph
or central graph like points is of o-finite J#’!-measure.

Finally, we look at two examples of “irregular functions”: Takagi’s function and
Weierstrass’s nowhere differentiable function. We see that these nowhere differen-
tiable functions are tamer than the Brownian motion and almost every point is
graph like for Takagi’s function and central graph like for Weierstrass’s nowhere dif-
ferentiable function. Takagi’s function has also a property which we call “micro-self
similarity”. This means that at almost every point the graph of the original function
is a micro tangent set. The universality of typical continuous functions implies that
they are also “micro-self similar”.

We denote by QU™ the closed unit cube of R™.

Working with a compact subset A C R™ in his talk [6] H. Fiirstenberg defined the
microsets of A in the following way: A’ is a microset of A if there exist sequences of
scaling constants v, € R and translation vectors t,, € R™ such that v, A+ ¢, N Q(m)
converges to A’ in the Hausdorff metric.
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In this paper we will deal with special compact sets of RZ, namely with graphs of
continuous functions defined on [0,1]. This definition and the definition of tangent
measures (see Preiss [17], Mattila [15], and Falconer [3] Ch.9) have motivated our
concept of micro tangent (M-tangent) sets of continuous functions.

2. NOTATION AND BASIC DEFINITIONS

Points in R? will be denoted by (x;y) while the open interval with endpoints z
and y will be denoted by (z,y).

Given A C R?, by |A|, int(A), and cl(A) we mean its diameter, interior, and
closure, respectively.

The closed cube of side length 25 > 0 centered at (z;y) will be denoted by
Q((w39),0), that is, Q((z:y),8) = {(a;y/): |2 — 2| < 6 and |y — y| < 6}. Let
Q? be the closed cube of side length 2, centered at (0;0), that is, Q((0;0),1).

If F C R? then we denote by CENT(F) the connected component of F N Q?
which contains (0;0), this component is the central component of F' in Q2.

The projections of the coordinate plane onto the z, or y axis are denoted by 7,
or Ty, respectively.

By dist (A, B) we mean the Hausdorff distance of two compact sets A and B.

The one-dimensional Hausdorff measure in R? will be denoted by #!, the
Lebesgue measure on R will be denoted by A.

It is not difficult to see that Vitali’s covering theorem is also valid for coverings
by closed squares, that is, the following variant of Theorem 2.8 of [14] holds.

Theorem 1. Let i be a Radon measure on R?, A C R? and 2 a family of closed
squares such that each point of A is the centre of arbitrarily small squares of 2, that
is,

inf{r: Q((z;y),r) € 2} =0 for (z;y) € A.

Then there are disjoint squares @Q; € 2 such that

By C[—1, 1]p we mean the set of those functions g in C[—1, 1] for which g(0) = 0.

Definition 1. The micro tangent (M-tangent) set system of f € C[0,1] at the
point zg € (0,1) will be denoted by fyr(x0) and it is defined as follows.
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For §,, > 0 we put

() F(fow0.82) = 5 (raph(£) N Qo: £(20)):5,)) — (wo: S z0)),

that is, F(f,xo,dn) is the 1/§,-times enlarged part of graph(f) belonging to
Q((zo; f(z0)), 6,) translated into Q2.

The set F is a micro tangent set (M -tangent set) of f at xo, that is, F' € farr(zo)
if there exists d,, \, 0 such that F'(f,xo,d,) converges to F' in the Hausdorff metric.
The set F' is a central-micro tangent set (CM-tangent set) of f at xo, that is
F € four(xo) if there exists 0, \, 0 such that CENT(F(f, zo,0,)) converges to F
in the Hausdorff metric.

It is easy to see that if f is differentiable at xg then farr(zo) = fomr(zo) consists
of one line segment of slope f/(xg) passing through the origin.

Definition 2. We say that xq is a graph like, or a central graph like MT-point for
f if there exists g € C[—1, 1]o such that graph(g)NQ? € farr (o), or graph(g)NQ? €
femr(xo), respectively. We denote by GLMT(f), or by CGLMT(f) the set of graph
like micro tangent points, or the set of central graph like micro tangent points of f,
that is, the set of those (z9; f(x0)) for which z( is a graph like, or central graph like
MT-point of f, respectively.

Clearly, CGLMT(f) > GLMT(f).

Definition 3. We say that x¢ is a universal MT-point for f if graph(g) N Q% €
fur(zo) for every g € Cl—1,1]o.

The collection of those points (zo; f(20)) for which z¢ is a universal MT-point of
f will be denoted by UMT(f).

Definition 4. We denote by GLMTy(f), or by CGLMT,(f) for a fixed g €
C[—1,1]o the set of those (z0; f(z0)) for which graph(g) N Q? belongs to farr (o),
or CENT (graph(g) N Q?) belongs to fcar (o), respectively.

Clearly, GLMT,(f) € GLMT(f), GLMT4(f) ¢ CGLMTy(f). Using the
fact that we can always find a g € C[-1,1]g for which graph(g;) N Q% =
CENT(graph(g) N Q?) we also have CGLMT,(f) C CGLMT(f).
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3. TYPICAL CONTINUOUS FUNCTIONS

We start with a result which is valid for an arbitrary continuous function. Theo-
rem 2 shows that on the graph of f the set of graph like or central graph like points
cannot be too large.

Theorem 2. For any function f € C0,1] the sets GLMT(f) and CGLMT(f)
are of o-finite ' -measure.

Proof. By CGLMT(f) D GLMT(f) it is enough to prove the theorem for
CGLMT(f). Given d,& > 0 denote by Es. the set of those (zo; f(xo)) for which
CENT(F(f,x0,06)) does not intersect the line segments Ly . = {(¢;1): |t| < &} and
Loye={(t:-1): [t <e).

Using the facts that f is continuous and that L; .U L_; . is a closed set one can
easily see that Ejs. is a relatively open subset of graph(f).

Next, assume that g € C[—1,1]¢ and graph(g) N Q% € fomr(zo). Then there
exists ¢ > 0 such that graph(g) N (L1 U L_1.) = (). Since graph(g) N Q? and
Li.UL_q. are both compact, by the triangle inequality there exists ¢’ > 0 such
that if dist s (graph(g)NQ?, CENT(F(f,20,0))) < &’ then CENT(F(f,0,6)) does
not intersect Ly .U L_1 .. Using the definition of foarr(zo) we can choose 6, \, 0
such that CENT(F(f,xo,0r)) does not intersect Ly U L_1 .

Hence,
170; n U E5 €

n=10<6<1/n

Therefore, from (z¢; f(x0)) € CGLMT(f) it follows that

(zos f Uﬂ U Es1/m = Ho

m=1n=10<6<1/n

Next, we verify that H = (| |J  FEs1/m is of o-finite #'-measure for every
n=10<6<1/n
m € N. This will imply that Hy, and hence CGLMT(f), is also of o-finite -

measure.

Clearly, Hy and H are Borel sets.

Proceeding towards a contradiction assume that #1(H) = oo. Then by [2] Theo-
rem 4.10 and Exercise 4.8 for any fixed ¢ we can choose a Borel subset H. C H such
that 7' (H,.) = c. Assume n > 0 is given. Now, considering for each (zo; f(z0)) € H.
those squares Q((zo; f(%0)), On,z,) for which CENT (F(f, xo, 6n,z,)) does not inter-
sect Ly 1/m UL_11/m and 0y 2, < n we obtain a Vitali covering £ of H.. Hence
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by Vitali’s covering theorem used with the Radon measure u(A) = #1(A N H,.),
one can choose a system (zy; f(zx)) € H. with a §; € (0,7) such that the squares
Qr = Q((zx; f(x1)), 0x) are disjoint, are of diameter less than 2v/27, and 7 (Hc \

LkJQk) — 0.

We have (z; f(2)) € Qr = Q((zx; f(zx)), 0k) for © € [xg — (1/m)dk, i + (1/m)d%].
Hence, for k # k' the intervals [z — (1/m)0k, xr+ (1/m)dk] and [xg — (1/m)dk, xpr +
(1/m)dys] are disjoint subintervals of [0,1]. This implies Z(2/m)5k < 1 and

Z Qx| = Z 2v/261, < v/2m and our cover of H, N U Q. by U Qk consists of squares
of diameter less than 2v/27. On the other hand, jf (H \ UQk) = 0 implies that

3 1Qr| > ¢/2 for small values of 1, which is impossible when ¢ > 2v/2m. O
k

By a result of R.D.Mauldin and S.C. Williams ([16] Theorem 2) the graph of
the typical continuous function is of Hausdorff dimension one, but is not of o-finite
#'-measure. So, Theorem 2 says that most points in the sense of .#!'-measure
on the graph of the typical continuous function are neither graph nor central graph
like. The next lemma implies that despite this relative smallness of GLMT(f) and
CGLMT(f) the projection of these sets onto the x-axis is of full measure and, as
we will see in Theorem 5 below, the projection of UMT(f) onto the x-axis is also of
full measure.

Lemma 3. For a fixed g € C[—1,1]y the set of those functions f € C[0,1] for
which MN(m,(GLMT4(f))) = M (CGLMT,(f))) =1 = A([0,1]) is a dense G set in
Clo,1].

Proof. From GLMT,(f) C CGLMT4(f) it follows that it is sufficient to show
Mme (GLMT,(f))) =1 for any f € ¢ for a dense G set ¢ of C[0,1].

First choose and fix a countable dense subset {f,}5°_; in C[0, 1].

Assume n € N is fixed. Our goal is to choose functions fm’n and numbers 7, n, > 0
such that if f € B(fmn,ﬁmn) then there exists a set X, , C [0, 1] such that

o A0 1]\ Xp) <27,

e for any zy € X,, ., there exists 05, € (0,1/n) for which distz(F(f, o, 0z,),

graph(g) N Q%) < 1/n, and
® B(fmn:fimn) C B(fm,1/mn).

Then we set ¥, UB(fmn,nm n) and 4 = ﬂ K,.
-1

Now, ¥, is a dense open set in C[0,1] and 1f f € ¢ then there exist sequences

{fmn,n}?zozlv {Mm,.n}ney such that f € B(fmn,naﬁmn,n)~ Since A([0,1] \ X, n) <
27" by the Borel-Cantelli lemma almost every zy € [0, 1] belongs to finitely many
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sets of [0,1] \ X,,,.n. Hence for almost every zo € [0,1] there exists an N, such
that xp € X, n for n > N, . This implies graph(g) N Q* € fur(zo), that is,
(zo; f(x0)) € GLMTy(f).
Therefore, to complete the proof of this lemma it is sufficient to show how to find
fmm and 7, for fixed m,n € N.
Set f¥ = foun, mm =1/mn, X{ =0 and 7, = 1.
Put
glz) if —1<z<1;
g1(2) = { g(=1)if o < —1;
g(1) ifz>1
Since g € C[—1,1]o we can choose and fix M such that |g|, |g1] < M.
Without loss of generality we can also suppose that M > 1.

<
2

As a small perturbation of g; choose a function g, € C'(R) such that
e 92(0) =0,

|ga2| < M,

e ¢ is continuously differentiable,

there is no interval on which g5 is constant,

we have

dist s (graph (g2) N Q?, graph(g) N Q%)

. 1
= dlStﬂ(F(gQa 07 1)7 graph(Q) N QQ) < %7

(2)

e go has no extrema on the boundary of @2, and
e g, does not go through any vertex of Q2.

Using the above properties and the uniform continuity of g on bounded intervals
choose v € (0,1/2) and n* > 0 such that for all g* € B(g2,n")

1
distue (F(g*,x,1), F(g2,0,1)) < o if |z| < 7.

(We need the properties of go because intervals of constancy, local extrema etc. on
the boundary of Q2 might cause “jumps” in the Hausdorff metric when we move
from g2 to a nearby function ¢g* or move from 0 to x.) This by (2) implies for all

g* € B(g2,m*)

1
(3) dist » (F(g*,z,1), graph(g) N Q%) < - if |z < 7.

Suppose [, 1;, X7 are given for a j > 1.
We will assume that X7 when j > 2 is the union of finitely many disjoint closed
intervals and each maximal subinterval of [0,1] \ X is of length at least 7;.
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Next, choose a large natural number &; such that it is divisible by four,
(4) 1/k; < min(7;/8,1;/6M),

and the oscillation of f on an interval of length 4/x; is less than 7;/3. Assume £ is
an integer and (4k + 2)/k; € [0,1]. For x € [(4k + 1)/k;, (4k + 3)/K;] set

O fia@ =55+ e (s (e- E52).

Then our assumptions on M and k; imply that

(6) i1 (@) — [ ()] < nj for = € [4k+ 74]“_3]

Kj Kj
Next, extend the definition of f/,; onto intervals of the form [4k/r;, (4k + 1)/k;)
and ((4k + 3)/kj,4k/k;] so that (6) holds on these intervals as well and f7,, is
continuous on [0, 1].

Using (3) and (5) choose 7,41 such that for any f € B(f,,7;+1) we have

dist (F(f:c ﬁ) graph(g) sz) < %
{4k+27 v Hk+2 v )}

Kj ki(L+7)" Ky wj(1+y

ifxe

and B(ff1,mi+1) C B(f},mj)-
Set

4k 4+ 2 4k + 2
=X U5 - i e ) o
pozt K ki(L+7)" Ky k(1 +7)

From (4) and the definition of 7; it follows that any interval contiguous to X;
contains at least one complete interval of the form [4k/k;,4(k + 1)/k;]. Thus there
exists a constant v* depending only on v and not depending on j such that

A0, 1\ XJ1q) < (1 =) ([0,1] \ X7).

Hence, repeating the above procedure, there exists j such that 21 ([0, 1]\ X5) < 27",
Then we stop and set fi,n = f}, fm,n = n; and Xop n = X7 O
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Lemma 4. If g € C[-1,1]¢ and f € C[0,1] then GLMT4(f) is a G5 set in the
relative topology of graph(f).

Proof. For a given ¢ > 0 set

E; . ={(z0; f(z0)): distye(F(f,20,q), graph(g) N Q%) < e}.

Denote by E, . the interior of E:;,e in the relative topology of the graph of f. Then

clearly

GIMT,(/)> () () U Eaism-

neN meN g<1/m

On the other hand, if (zo; f(z0)) € GLMT,(f) and n,m € N are given using the
definition of GLMT,(f), choose 6 < 1/m such that

dist_» (F(f, x0,0), graph(g) N Q%) < %

Recall that f has only countably many intervals of constancy and countably many
strict local extreme values. By choosing a slightly larger ¢ € (8,1/m), for which we
still have

7 dist (F(f,0,0), graph(g) 1Q?) < =,

we can assume that f is not constant and has no extreme values on the boundary of
Q((zo; f(x0)),q). Then by the continuity of f at z¢ and by (7) one can choose a ¢’ €
(0,g—9) such that for any 2’ € (zg—9', 29+ 9’) we have dist»(F(f,2’, q), graph(g)n
Q?) < 1/n and hence (x0; f(z0)) belongs to E, 1 /,,. Therefore,

ety =N N U Fuin

neN meN ¢g<1/m

O

Theorem 5. There is a dense Gs set 4 of C[0,1] such that A\(m,(UMT(f))) =1
for all f € 4. Furthermore, UMT(f) is a dense G5 subset in the relative topology of
graph(f). Hence, for the typical continuous function in C[0, 1] almost every z € [0, 1]
is a universal MT-point and a typical point on the graph of f is in UMT(f).

Proof. Choose a countable dense system {g,}52 in C[—1,1]p. By Lemma 3 for
each g, there exists a dense G5 set ¥™ in C|0, 1] such that A(m,(GLMT,, (f))) =1
forany f e 9™ Set 9 = (| ¥™.

n=1
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Assume f € 4 and g € C[-1,1]o are given. We need to show that graph(g) N
Q? € fur(wo) for almost every zp € [0,1]. Set X = () m(GLMT,, (f)) =

n=1
7rw< N GLMT, n(f)). Then A(X) = 1.
n=1
Suppose zyp € X and ¢ > 0 are given. Choose g, such that
€

(8) dist » (graph(g,) N Q*, graph(g) N Q?) < 5

Since g € X and f € (| 9™ C 4™ we can choose § € (0,¢) such that

m=1

9) dist» (F(f, %0, 6), graph(g,) NQ*) <

[\DI(‘Q

Hence, for any £ > 0 there exists § € (0,¢) such that

dist_y» (F(f, x0,0), graph(g) N Q%) < ¢

Therefore, graph(g) N Q% € farr(xo).
In fact, above we have shown that if (xo; f(z0)) € (| GLMT,, (f) then (zo; f(x0))

n=1

€ UMT(f). The other inclusion being obvious, we have

ﬁ GLMT,, (f) = UMT(f).

n=1

Since f is continuous, by virtue of A\(X) =1 the set (| GLMT,, (f) is dense on the

n=1
graph of f. From Lemma 4 it follows that ﬂ GLMT,, (f) is a dense G5 subset of
graph(f). Hence, UMT(f) is also a dense G5 subset of graph(f). O

Let go denote the identically zero function in [—1,1]. Then CGLMTy (f) =
GLMT,(f).

Lemma 6. We have \(my(GLMTy,(f))) =0 for any f € C[0,1].

Proof. By Lemma 4, GLMT,(f) is a Borel set. We use the notation in-
troduced in the proof of Theorem 2. For gy we choose ¢ = 1 and observe that for
e’ € (0,1] it follows from dist » (F'(f, xo,9), graph(go)NQ?) < &’ that F(f, zo, ) does
not intersect L1 1 U L_1 1, moreover | f(x) — f(xo)| < €'0 holds for x € [zo — 9, x0+d].

It follows that GLMT,,(f) C H = () |J Es1 where Es. was defined at the
n=10<6<1/n
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beginning of the proof of Theorem 2. Hence, by the argument of this proof H is of
finite %! -measure, which implies that GLM T, (f) is also of finite 7 !-measure.

Next, for any fixed ¢’ > 0, considering for each (x¢; f(z0)) € GLMTgy,(f) those
cubes Q((xo; f(xo)),d) for which

(10) |f(z) — f(zo)| <&'6  for x € [xg — b, z0 + 4],

we obtain a Vitali cover of GLMT,,(f). By the Vitali covering theorem one
can choose (zy, f(zx)) € GLMTy (f) and § > 0 such that the cubes Qi =
Q((xk; f(xk)), dx) are disjoint and S (GLMT,,(f) \ UQx) = 0. Then

k

(11) A(M (GLMTgo(f) U Qk>) =0
k

holds as well. Now the disjointness of Q) and Qs for k # k' implies that [z} —
Ok, Tk + 6k] and [:ck/ — O, Tpr + 6k/] are also disjoint. Hence Z25k < 1 and by
k
(10) we obtain A(ﬂ'y (graph(f) N UQk)) < egr' Y 26, < &'. Using this and (11)
k %

we obtain that A\(m,(GLMT,(f))) < &' holds for any & > 0 and this concludes the
proof. (]

The next theorem shows that though UMT(f) has large z-projection, it has small

y-projection.

Theorem 7. There is a dense Gs set 4 of C|0, 1] such that A\(m,(UMT(f))) =0
for all f € 4. Hence any preimage of almost every y in the range of the typical
continuous function is not a UM T'-point.

Proof. Since UMT(f) C GLMTy(f) the theorem follows from Lemma 6. [

For the definition of the packing dimension we will use the notation introduced in
[2] 3.4 p.47, or [3] 2.1 pp. 22-23 and we recall that

P5(F;) = sup { Z |B;|®: {B;} is a collection of disjoint
J

balls of radii at most § with centers in Fl}

and Z§(F;) = }in% P (F;). Finally, in the definition of &°(F), the s-dimensional

packing measure of the Borel set F', one needs to set
(12) @S(F)inf{zgzg(ﬂ): FCUF}
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We also recall that by a result of P.Humke and G.Petruska ([9]) the packing
dimension of the typical continuous function equals two. Next we see that from
the packing dimension point of view UMT(f) is sufficiently large for the typical
continuous function.

By considering typical restrictions of functions in C[0, 1] onto intervals [a, b] C [0, 1]
with rational endpoints one can easily see that the graph of the typical continuous
function f € C]0, 1] restricted onto any interval [a, b], (a < b) is of packing dimension
two.

Theorem 8. For the typical continuous function f € C0,1] the packing dimen-
sion of UMT(f) equals two.

Proof. We will work in the relative topology of graph(f) for an f € C|0,1].

Assume that UMT(f) is a dense G subset of graph(f) and ZS(UMT(f)) < oo
for an s < 2.

Next we show that there exists an interval [a,b] on which the graph of f is of
packing dimension less than or equal to s. From (12) and Baire’s Category Theorem
applied to the graph of f it follows that there exists an F; in a countable covering
of F for which Z§(F;) < oo and F; is dense in a portion of graph(f). From now
on we assume that this F; is fixed. Choose an interval [a,b] C [0,1] (a < b) such
that F; is dense in the set S = graph(f|(,). Since F; NS is dense in S we have
PE(F;NS) = 2§(S). Thus Z§(S) < oo, which implies #°(S) < oo and hence the
packing dimension of S is less than two, but by the Humke-Petruska result for the
typical continuous function graph(f/|js) is of packing dimension two. This implies
the statement of Theorem 8. ]

4. BROWNIAN MOTION

In this section instead of working with C[0, 1] we will work with C0, +oc], our
definitions concerning micro tangent sets being generalized to this case in the obvious
way. We use the notation of [1] Chapter 7.

Assume that [W(¢): t > 0] denotes the Brownian motion. By [1] 37.14, p. 505 if

w(55) - w (5]
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then P[X,; < ¢] < (2-2"2.¢)3 (where P[X, 1. < €] denotes the probability that
Xnix <e€). Henceif Y, = 21111% X1 then

(13) PlY, <e] <n-27(2-27%)3.
Now we can formulate the main theorem of this section.

Theorem 9. For almost every Brownian motion path W (t), from F € Wepr(t)
(t > 0) it follows that F C So™2{(0;y): |y| < 1}. Therefore, CGLMT(W) = § and
UMT (W) = () with probability one.

Proof. We want to show that for any n € (0,1) with probability one for the
Brownian motion path at any ¢ > 0 there exists d;, > 0 such that for any § € (0, d;,,)

(14) CENT(F(W,t,8)) C S, {(;9): |z| <, |yl < 1}

This will imply that if F' € Wepyr(t) then F C S, for all n > 0, that is, FF C Sy =
N Sy

n>0
To verify (14) it is sufficient to show that for any ¢ > 0 there exists d;, > 0 such

that for any ¢ € (0, d¢,,) one can find t_ € [t —nd,t] and ¢4 € [t,t+ nd] satisfying

(15) |f(t-) = f@®)[>6 and |[f(t+)— f(t)] > 6.
Set
(16) K,=32/n and e,=K, 27"

From (13) applied with € = ¢,, it follows that
PV, < K,27"] <n-2%(2- 22K, - 27")3 = n - 2"(2K,)327%/2,

Thus Y P[Y,, < K,;27"] < oo and by the Borel-Cantelli lemma with probability one

we have Y,, < K,27" for only finitely many n’s for a Brownian motion path 1.
Assume that for W under consideration Ny is chosen such that Y, > K,27" if
n > Ny. For a fixed ¢ > 0 we can assume that Ny is chosen to be so large that
t € (0,Nop/2).
Choose 6;,, > 0 such that

4
17 oNo « —— and  8,, <t
( ) 77525,7] (]
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Then for a ¢ € (0,¢,) choose n such that
(18) 427" < <827

This implies 4/nd;, < 4/nd < 2™ and by (17) we have n > Ny. By the definition of
Y,, in any subinterval of length 4 - 27" in [0, n] one can choose two points t1, to such
that

(19) [F(t1) = f(t2)] > K277 > (Ky/8)nd > 26

where the last inequality follows from (16). By virtue of (18) from (19) we conclude
that one can find ¢, t2 either in [t — 70, t], or in [t, t + nd] such that (19) holds. This
implies (14). O

5. SPECIFIC FUNCTIONS

The behavior experienced at the Brownian motion is in a certain aspect the worst
possible, the function is central graph like at no point. In this section we want to
illustrate that there are other examples of non-differentiable functions for which one
can find a lot of points where GLMT(f) and/or CGLMT(f) is non-trivial. To
illustrate the applicability of micro tangent sets here we discuss two such examples.
(Of course, exact determination of the micro tangent properties of other functions
and classes of functions can be subject of further research.) The first example is
Takagi’s function, 7 (x).

0.7
0.6
0.5
0.4

0.3

-0.1 01 02 03 04 05 06 07 08 09 10 11

Figure 1. Takagi’s function
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Let @(x)défdist(z, Z) and set
T(x) =) 27"d(2"x).
n=0

This is one of the well-known examples of nowhere differentiable functions, however,
its Holder spectrum is very simple, it is a monofractal, [10] Section 6.

Theorem 10. For almost every zo € R, (zo, 7 (x¢)) is a graph like micro tangent
point of Takagi’s function, 7 (x). In fact, this function is “micro self-similar” in the
sense that if we take g = .7|[_1 1) then graph(g) € Jyr(20) for almost every zo € R.
(We remind the reader that furr(x9) was defined in Definition 1.)

Proof. By inspecting the graph of 7 (z) (see Figure 1) and doing some ele-
mentary estimates of the first few terms of the sum defining .7 () one can see that
if xp €[0.49,0.51] and § = 0.25 then

(20) (x; T (2)) € Q(zo; T (20)), ) for € [xg — 0, x9 + J].

It is well-known that for almost every x € [0, 1] the number of zeros and ones in the
dyadic expansion of z is the same infinitely often. (The corresponding symmetric
random walk model, where an n’th digit 0 means a unit step in the negative and
an n’th digit 1 means a unit step in the positive direction, is persistent by Pdlya’s
theorem (p. 118 of [1]), that is, the particle doing the random walk returns infinitely
often to the origin.)

For an z € R we will consider the dyadic “expansion”

(21) x=[x]+ er(x)Q_j, where r;(z) € {0,1}

and [z] is the integer part of z. Since we work with almost every = we can exclude
the dyadic rationals and hence the r;(z)’s are unique. Denote by X the set of
those x € R for which the number of zeros and ones in the above dyadic expansion is
infinitely often the same. To make this more precise, set F(z,0) = 0, and if E(x, k)
for a k > 0 is given then let E(z,k + 1) be the least n > E(z, k) for which

#{j:rj(x) =0, 1<j<n=#{j: rj(x) =1, 1 <j<n}

For an 7 € (0,0.001) we will denote by X7, , the set of those x € X, for which there
are infinitely many k(j,2,7n)’s (j = 1,2,...) such that

~ —B(wkGam) 7Y _ L o= E(@.k(,z.m) o= E(@,k(Gzm)
(22) dist(z, 2 7) 2 <n-2
9 2 .
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Next we show that for any n € (0,0.001) almost every « € X belongs to X% p- Set

1
v, = {:17: dist(z,27"Z) = 527"| <n2™", and 3k €N, B(a,k) = m}.

If E(x, k) = m and the interval I = [i27™ (i 4+ 1)27™], i € Z contains z then

(23) AN W) /AT =

o0
Set Lyy = |J ¥y, From (23) it follows that the upper Lebesgue density of Ly
m=M
at any x € X, is positive and hence by Lebesgue’s density theorem almost every

x € Xo is a density point of Ly, which implies A(Xo \ La) = 0. Therefore,

)\(XOO \ N LM> = 0and X5, , = () Lum is of full measure and almost every
M=1 M=1
x € X belongs to X

We claim that if zg € X7, then there exists 7,; € [—47, 4n] such that if g,(z) is
the restriction of 7 (x+7,) — 7 (7;;) onto [—1, 1] then graph(g,) = graph(g,) NQ* €
fur(zo).

Denote by I; the interval of length l Lefo—E(wo,k(j,z0,m)) containing x¢ and with

endpoints in [;Z. If m; equals the midpoint of I; then by (22)

(24) |z07mj| <T]'lj.

Put In(z) = E 27"®(2"z) and Iy(x) = Y, 27"®(2"z). Set N, = E(xo,
n=N+1
k(j,xo,m)) — 1 and observe that Jy, () is constant on I; and 73 () is an ;-

times rescaled (in both z and y dlrectlons) copy of 7 (z).
Hence, it follows from (20) and (24) that setting ¢; = 0.25; we have (z; T (z)) €
Q((xo; T (20)),6;) for x € [xg — I, o + J;] and

F( ,x0,0;) = graph(7 (z + 7;) — 7 (75)) N Q*

where the translation vector 7; € [—47n,4n]. By compactness there exists 7, €

[—47n,4n] to which a suitable subsequence of {7;} converges. Then for this sub-

sequence F'(.7,x¢,d;) converges to graph(g,) N Q? in the Hausdorff metric. This
implies that graph(g,) € fur(zo), as we have claimed.

Next, letting ng = 1/K, clearly 7o — 0 and almost every zp € R belongs

o0

def ﬂ X If o € X7, then one can easily choose a sequence 0% — 0

=1
such that F (T, o, 0%) converges in the Hausdorff metric to the graph of g(x) =

to X2

T(@)|j—13) = Klgnoo gnx (x). Hence graph(g) belongs to Jarr(xo). O
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Our final example will be one of the simplest cases of Weierstrass’s nowhere differ-
entiable function. Probably the most famous detailed study of this type of functions
is Hardy’s paper [8]. We will take ¥(x) = sin(2nz) and consider

W(x)=> 27"U(2").
n=0

A similar, but a little more complicated argument works if one takes ¥(x) = cos(2nx).
For the partial and tail sums we will again use the notation

N oo
Wn(x) = Z 270 (2"z) and #y(x) = Z 27" (2"x).
n=0 n=N+1

Theorem 11. For almost every xg € R, (zo, # (x0)) is a central graph like micro
tangent point of Weierstrass’s function # ().

To prove this theorem we need the following lemma, which seems to be quite

natural.

Lemma 12. For almost every x¢g € R we can find a strictly monotone increasing

sequence {N(j,x0)}2, such that Wy, mo)—l(IO) and #5; (x0) are of opposite

(J,70)
signs, which implies

N(JIO)
(25) |W]<f(j,zo)($0)| = Z 21 cos(2n2"xg)| < 27.

n=0

First we will prove Theorem 11 based on this lemma and finally we will provide a
proof of Lemma 12.

N(4,w0)
Proof of Theorem 11. Since WJ([’(J.@O)(x) = nX::o —4m22" sin(2n2"x) we
have |7 ; oy (@) < 8n22NUswo) Hence, setting §; = 27 NV020)=1 and I; = [z —

d;,xo + ¢;], by using Lagrange’s mean value theorem and (25) we obtain
(26) W (o) ()| < 572 for @ € I;.
The “Q? rescaled” copies of the partial and tail sums of % will be denoted by
1
UN (o) () = E(WN@,%)(%I +20) = #N(jwo)(20))
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and 1
UN (j,z0) () = E(W]\?(j,mo)(éjx +20) = W (j,z0) (T0))-

Clearly,

of 1 N
E (W (850 +w0) — W (20)) = Un (g0 (@) + UN (j,00) (2)

%07éj (x) 5.
J

and
F(W ,x0,0;) = graph(#z,,5,) N Q2.

From (26) it follows that
(27) [UN (.0 (@)] < 572 for @ € [-1,1].

For each j there exists 7; € [~1,1] such that UY; . () = #'(x + 7;) — #'(7;). By
UN(j,z0)(0) = 0 and (27) the family of functions Uy (; z,)(x) is uniformly bounded
and equicontinuous, so by the Arzela-Ascoli theorem (see, for example, [7] 1.6.9 p. 37)
there exists a subsequence {Unj, ,)(z)} which uniformly converges to a function
Uz, (x). From (27) it also follows that

(28) |Uso () — Usy ()| < 512 for z,y € R.

By turning to a subsequence, if necessary, we can also assume that 7, — 7* € [-1,1].
Hence,

(29) Wi, (x) converges uniformly to g(;zc)défUIO(:E) + W (x+7%)— W (7).

Since # is nowhere differentiable, by (28) there is no interval on which g is constant.
Local extrema of g on the boundary of Q? might cause some minor problems, this is
why we introduce g; below.

It follows also from (28) and (29) that we can choose g1 € C[—1, 1]y such that

e CENT(graph(g)) D CENT(graph(g1)) D cl(CENT (int(Q?) N graph(g))),

e CENT(graph(g1)) € #omr (o), and

* [91(z)] > 1if (2;91(x)) € CENT (graph(g))-

This shows that x( is a central graph like micro tangent point of f. O

Finally, we prove Lemma 12.

Proof of Lemma 12. Denote by X. the set of those x’s in R for which
the sequence {#} (x)}%¥_; changes its sign infinitely often. We need to show that
A(X§) = 0, where we use the notation A for the complement of A C R.
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Proceeding towards a contradiction assume that A(X§) > 0. Set Ax = AM(X{ N
[0,1]). Since for all N’s #7}; is periodic by one we have Ay > 0.

For z € R we use the dyadic expansion of the form (21). Denote by X¢ . the set
of those z in R\ @ for which we have arbitrarily long blocks of 0’s in the sequence
{rj(z)}32,. It is well-known (and not difficult to see) that A\(X§ ) = 0.

Clearly, {# (z)}¥_; is not bounded if z € X .

Set

X, ={z € R: {#}(x)}¥_; is bounded from above}.

By periodicity it follows that for any & € N from 2 € X,,  + 27" is also in X,.
Hence X, is periodic by 27% for all & € N. Clearly, X, is measurable and it is a
consequence of the Lebesgue density theorem that there is a zero-one law, that is,
A(Xq) =0 or A(XE) = 0. Similarly, letting

Xy ={z € R: {#}(x)}X_; is bounded from below}

one can see that A\(X;) =0 or A(X{) = 0.
From A\(X§ ,,) = 0 it follows that A(X¢) = 0 and hence A\(Xy) = 0 is impossible.
If A(X,) =0 and A(X;p) = 0 then A(X$) = 0 and this contradicts Ay > 0.

Assume
(30) AMXq)=0and AM(X}) =0

(a similar argument works if A(X¢) =0 and A\(X3) = 0). Our goal is again to obtain
a contradiction.
Set

X ={zeR: #(x) > —K for all N € N}.

Then XX is periodic by one, measurable, |J X = X} and A(X, N[0,1)) = 1.
K=1

Hence there exists K such that A(X/€ N [0,1)) > 0.9. For j =0,1,2 put

X,ffj:{:z:e[R: zf%EXbK}.

3
Then X, is periodic by one and A(X;; N [0,1)) > 0.9. Set Y = (| X/¥;. Then Y is
j=1
also periodic by one, A(Y N [0,1)) > 0.7 and #},(x — (j/3)) > —K for every x € Y
2
and N € N. Recall that > cos(2rn(f — (—1)"(5/3))) = 0 for any n € N and 6 € R.
§=0
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Therefore,

ZWN(x_ 1) =3 anees (207 (- 1))

7=0n=0

= Z 2112005 (2112 T —2n——— 8- ]) = zN: 2nicos (2112":10 — 2Tc(_§)nj) =0.

n=0  j=0

Hence for z € Y we have

Wi (x) = (%’/N( ;)+WJ’V(33§)><2K.

This would imply Y C X, and A(Y) # 0, which contradicts (30). O

For further information about distribution of values of trigonometric polynomials
considered in Lemma 12 we refer to [11] and [12]; one can prove this lemma basing
on these results as well, but the treatment given here seemed to be more elementary.

The author would like to thank S.Konyagin for his suggestion of a simplified
version of the proof of Lemma 12 and for pointing out references [11], [12] and [13].
Our original “real analysis” version of the proof was based on the idea that if the
sequence #5;(x) is not changing for almost every z its sign infinitely often then
#'(x) would equal +00 or —oo almost everywhere, which contradicts [19] Ch.IX.
(4.4) Theorem (the first version of this result, valid for continuous functions, is due
to N.N. Luzin [13]).
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