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ASYMPTOTIC BEHAVIOUR OF OSCILLATORY SOLUTIONS OF
A FOURTH-ORDER NONLINEAR DIFFERENTIAL EQUATION

M. BARTUSEK, J. OSICKA, Brno

(Received September 25, 2000)

Abstract. Asymptotic behaviour of oscillatory solutions of the fourth-order nonlinear
differential equation with quasiderivates yl4 + r(t)f(y) = 0 is studied.
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1. INTRODUCTION

Consider the differential equation

/

1) (= (= (L)) +rinfw) =0

az \az \ai

where R} = [0,00), R = (—00,0), r € CO(Ry), f € CO(R), a; € CY(R}), az/a; €
C?(R,), a; are positive on Ry, i = 1,2,3 and

(H1) r(t) >0 on R, f(z)x >0 for z#0.
If the quasiderivatives of y are defined as

Wy, i=1,2,3, yM =Py
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then (1) can be expressed by

y (1) f(y) = 0.

Let a fuction y: I — R have continuous quasiderivatives up to the order 4 and let
(1) hold on I. Then y is called a solution of (1). A solution y is called oscillatory
if it is defined on Ry, sup |y(t)| > 0 for an arbitrary 7 € R} and there exists a

TLE<00
sequence of its zeros tending to oo.

It is proved in [2] that there exist only two types of oscillatory solutions with
respect to the distribution of zeros of the quasiderivatives.

Lemma 1 ([2, Th.3 and Remark 2]). Let y be oscillatory. Then there exist
sequences {t;},1=0,1,2,3; k =1,2,... such that klim t? = oo and either

1<t <t <ty <th,, i) =0, i=0,1,2,3,

>0on (t,t]),

3) Yty () {

<Oon (t],19,1),7=1,23 k=1,2,...
or
1<t <t <ti<th,, i) =0 i=0,1,2,3,

on 0 J
CEENEIERION0 { Soom )

<O0on (t],19,1), 1=1,2,3, k=1,2,...

Asymptotic properties of an oscillatory solution y fulfilling (3) are studied in [3]
and [4]. E.g., it is shown that, under certain assumptions, all local maximas of
|ym |, i € {0,1,2} are increasing in a neighbourhood of co and yl! are unbouned for
j=0,1.

In the present paper the asymptotic behaviour of oscillatory solutions fulfilling (4)
will be investigated. Sufficient conditions will be given under which these solutions
tend to zero for ¢ — oo and the absolute values of all local extremes of the quasi-
derivatives are decreasing in a neighbourhood of co. The problem of “monotonicity”
of oscillatory solutions for the second order (the third order) equations has been
studied by many authors, see e.g. [1] ([5]).

We do not touch the problem of existence of oscillatory solutions fulfilling (4).
In fact this problem is open; it is completely solved only for the case of the usual
derivatives in the monographs [1] and [7], i.e.for a1 = az = a3 = 1.

Denote by O the set of all oscillatory solutions of (1) that fulfil (4). The following
example shows that the above mentioned problems are reasonable.
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Example 1. The differential equation
(((e™™1y))) + 8™y =0

has an oscillatory solution y = sint and (4) is valid. Hence, y € O, y does not tend
to zero for ¢ — oo and the sequence of the absolute values of all local extremes of y
is not decreasing.

2. DECREASING OSCILLATORY SOLUTIONS

First we state some auxilliary results. The following lemma is a simple consequence
of (2) and (H1).

Lemma 2. Let (H1) be valid and let y be a solution of (1) defined on I =
[tl,t2] C R+, t1 < to.
(i) Ify(t) > 0 (< 0) on I, then y® is decreasing (increasing) on I;
(ii) ifi € {1,2,3} and y1(t) > 0 (< 0) on I, then yl"~Y is increasing (decreasing)
on I.

Remark 1. (i) Note that <, >, increasing and decreasing can be replaced by <,
>, nondecreasing and nonincreasing, respectively.

(ii) Let y € O. It is easy to see that according to (4) and Lemma 2 the sequence
{|y(#i")}5° is the sequence of the absolute values of all local extremes of ylil,
i €{0,1,2,3} on [t),00) where t; =19, k=1,2,....

Sometimes, it is useful to transform (1).

Lemma 3. Let ag € C°(R;) be positive. Then the transformation

z(t) = /Ot ap(s)ds, Y(z) =y(t), t € Ry, z €[0,2%), 2" = z(c0)
transforms (1) into
6 (- (L)) + R@re) =0, £ =

where

o at@) @)
AZ( )* a(](t(.’l,'))’ 132,33 R( )
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and t(x) is the inverse function to x(t). At the same time

(6) vit () =4@1), i=0,1,2,3,4
where
vid—y vt = —— (y{i-1he s _1.93 y{4 = (y{3he
(7) ) A](.’E)( ) y J } 33, ( )
Proof. Use direct computation or see [4]. O

Remark 2. (6) yields that the transformation from Lemma 3 preserves the re-
lations (3) and (4) for Eq. (5) where yU! must be substituted by Y17}, j € {0,1,2,3}.

Theorem 1. Let (H1) be valid. Let y € O and let {ti}, i = 0,1,2,3 be given
by (4).
() Tt f € C2(R), f(—y) = —fy) on R, ' > 0, (f//f) <0 on (0,00) and r €
CY(Ry), (r/a1)’ = 0 on Ry, then the sequence {|y(t;|}7° is decreasing.
(ii) If (az/a1)’ < 0 on Ry, then the sequence {|y!!l(t3)[}5° is decreasing.
(iil) If (az/as)’ < 0 on Ry, then the sequence {|y(t3)|}$° is decreasing.
(iv) If f € CY(R), f' > 0 0on R; » € CY(R,) and (r/a3) < 0 on Ry, then the
sequence {|yB(t9)[}5° is decreasing.

Proof. Letk e {1,2,...} and suppose, without loss of generality, that y(t) < 0
on (t2,t) ;). Then Lemma 1 and Lemma 2 yield

y( ) <0 is increasing on (t},t9,,), y(t) >0 on (th 1, tri1),

H(#) > 0(<0) on [t tiyr) (on (thyrs tia]),
(8) M(¢) is decreasing on (2, 1),
2l(t) is increasing on (3, t241),
BI(t) is increasing (decreasing) on (2, t9.1) (on (t9, 1.5 ,1)).

(i) By virtue of (8) there exists ¢; such that ¢} € (¢,t), ) and yBl(tr) =yl (thi1)-
Let ¢ and 9 be the inverse functions to y*l(#):

tr < p(v) < t2+17 yt?! (p(v)) = v,
t2+1 <Y(v) < tllg-i-la yl?! W) =v, vel= [ZU[?’] (t;),y[?’} (tg-s-l)]-
Evidently
9) pv) <Y(v), vel
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We prove by the indirect proof that

(10) ly(e@)| = y((v), vel

Define
S(v) = =f(yle))) = f (y((v)))-

Using the assumptions of the theorem, (2), (8) and (9) we have (= d/dt)

Lst0) = 1 ey LA W)

Suppose, on the contrary, that there exists o € [y[?’] (t
ly(e(@))] < y((v)). As f* > 0 we have S(v) = f(|y(p(

Moreover, the assumptions of the theorem and (11) yield

()] <y((v)) & S©) <0, [y(e())] <y (v) = §'(v) <0

(
), yBl (), 1)) such that
DD = f(y((2)) < 0.

for v € [yBl(t5), yl¥! (t9,1))- Thus we can conclude S (y& (t9,1)) < 0 which contra-
dicts S (y®)( (t9.1)) = 0, which holds by the definition of S. Thus (10) holds and (8)
and (10) for v = yPI(¢;) yield |y(t})| > |y(¢5)| > y(tt.1). The statement is proved.
(i) (8) yields that there exists ¢}, such that t; , € (t,,,t}.,) and y(t;,,) =
y(ti 4+1)- Let functions ¢ and 1 be the inverse functions to y:
tipr S () < t11c+1, y(p(v) = v,
oy <00 B y@0) =v, ve = [yt ylth)).

Define S(v) = yM(p(v)) — [y (¥(v))|. We prove by the indirect proof that
(12) y(e) = M@ ()] forvel.

Then, using (2), (8) and (£2)" < 0 we have

g el | ¥ re)
dv y'(p(v)) y' (1 (v))
0P ma(e®) | P W0 ax)
T (o(0) ar(e() | yT(0(0)) ar ()
20 (4 (v az(¥(v)) 1 o 1
SO0 ) T )]
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Hence, for v € [y(t;, 1), ¥(tii1)),
13) S(0) <0 = 8'(0) <.

On the contrary, let there exists @ € [y(t},1), y(t;1)) such that S(5) < 0. Then (13)
yields S(y(t},,)) < 0 that contradicts S(y(t}, ,)) = 0, which holds by the definition.
Then (8), (12) (for v = y(t;,,))and (13) yield

y(@R) > yM(thi) = )

and thus the conclusion follows for £k =0,1,2,.. ..
(iii), (iv) The proof is analogous to case (ii). O

Remark. (i) The assumptions of Theorem 1 (i) posed on f are fulfilled e.g. for
f(x) = |z|*sgnz, A > 0.

(ii) Note that the assumptions of (i) (either (ii) or (iii) or (iv)) are not (are) fulfilled
in case of the differential equation in Example 1.

3. OSCILLATORY SOLUTIONS VANISHING AT INFINITY

Theorem 1 gives sufficient conditions for the sequence of the absolute values of all
local extremes of y € O to be decreasing. Thus a question arises when tlirn y(t) = 0.
—00

This property is natural in the case of the usual derivatives, i.e.if a1 = a3 =az3 =1
is valid.

Theorem A ([1, Th.3.13]). Leta; =1,:=1,2,3, (H1) be valid and let there
exist a constant M > 0 such that r(t) > % on Ry. Then tllr?o yU)(t) =0 fory € O,
j=0,1.

Further, we will investigate this problem for Eq. (1). We start with some lemmas.
The next one brings up a result concerning solutions fulfilling (3).

Lemma 4. Let (H1) be valid and let {t}}, i = 0,1,2,3; k = 1,2 and t3 be
numbers and y a solution of (1) such that (3) holds for t € [t9,t9]. Let

/ /
(14) (a—2) >0, (a—?’) >0 on[t2,1].
aiy aiy

Then
V2l < [y (#3)].
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Proof. According to Remark 2 it is sufficient to prove the result for Eq. (5),
ap = ay only. As, according to (14) A; = 1, A3(x) > 0, A} > 0, the assertion is
proved for an oscillatory solution Y of (5) fulfilling (3) (applied to Y) in [1], Lemmas 2
and 4 (with 8 = 2, i = 1). However, as follows from the proof only the information
on [t9,#3] was used. Thus the statement is valid for our solution, too. O

Lemma 5. Let {t{}, i =0,1,2,3; k = 1,2 and tJ be numbers and let y be a
solution of (1) such that (4) hold for t € [t9,t3]. Let

ag / as / 0 .0
— ) < — ] < .
(15) (al) <0 and (al) <0 on [t],13]
Then
1—k
(16) Ml <277 e k=12,

Proof. Putt; =12 and ty = t3 for simplicity. Let us transform Eq. (1) into (5)
according to Lemma 3 with ag = a;. Then x;, z; = z(¢;), ¢ = 1,2 are consecutive
zeros of Y2} 2y < x5 and 2(#)) < z;.

Another transformation

(17) oc=xy—x, Y(x)=2Z(0), x € [21,22], 0 € [0,22 — 1]

transforms Eq. (5) into

(18) ( b?jg) ( bia) ( bja> 7)) s o)z =0, 7= <

where

N ) WU 11 3))
nEL MO e TP T T wGe)

This implies (15) and as ¢(x) is increasing (see Lemma 3) we have
(bj(U )\P

bl(a)) >0 on[0,x3 — 4] for j =2,3.

Moreover, it is easy to see that o1 = 0, 02 = x2 — x1 are two consecutive zeros of

(ZP)P and (17) transforms (4) into (3). Hence, the assumptions of Lemma 4 are
fulfilled for Eq. (18) and thus

V2|Z%(01)| < |Z27(02)].

Using (17) and (6) we have ZP(01) = Y{' (z9) = ylH(ty) and ZP(02) = Y1 (2;) =
yl(t1). Hence,
V2ly ()] < [y (0.

Consequently, the inequality (16) holds and tlim yl(t) = 0. O
— 00
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Theorem 2. Let (H1) and (¢2)" <0, (g2)" < 0 on Ry be valid and let y € O.

Then tlg(r)lo yll(t) =0, i = 0,1, if one of the following assumptions holds:
(i) (;—3)’<0 L >M>0o0nRy and f' >0 on R;

(i) [~ ax(t dt < 0.

Proof. Lety € O. According to Lemma 3 with ag = a; it is sufficient to prove
the result for Eq. (5) only. Denote by {z}}, i =0,1,2,3; k = 1,2,... the sequences
given by Lemma 2 for Eq. (5) (i.e.2i = ti) and put Ay = [, z1]. Then according
to (4)

(19) Y (@)Y (z) >0, Y (2)Y(2) >0, [V} and |V 13} are decreasing on A,

Further,
R()\* [ r(t@)\e /(1) V. o
(Az(x)) - (ag(t(w))) (as(t)) t*(x) <0 onI=10,2"),
R(z) = T<(tt<(3;)))) M>0 onl,

(A6 - (B - (i <0 nt 10

and the assumptions of Lemma 5 applied to (5) are fullfiled. Thus lim Y} (2) =0

r—x*

and
2-k
(20) Y <YM @i )l <27 Y@, k>

note that the first inequality follows from (19).
We prove indirectly that

(21) lim Y(z)=0.

r—T*

Thus, suppose without loss of generality that
(22) Y(2zt)| > My >0, k=1,2,....

Then according to (19) there exists a sequence {7, }$° such that 20 < Zj < z} and

M M —
(23  Y@)l=5h W@l < YEhl on A= [ o]

Denote §; = 21 — Zx. Then using (7), (19), (20), (22) and (23) we obtain

M,y -
SV - Yl = [ YO @)lds < YO )b,
k

2% |y (D (22) (65, k> 2
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and hence,

(24) lim §, = co.

k—o0

(i) By virtue of (19), (22) and (23) we have

Y aR)| > Y& (@) - YO (ah)lsen Y (2) = /A Y1 (2)] do

— [ R@@)lde > Mo, min [£()]>0.

L <[sI<My
Hence, (24) yields klim [V {3}(29)| = oo, which contradicts Th.1 (iv) applied to (5),
o

the assumptions of which are fulfilled.
(ii) In this case z* < 0o, I is bounded, which contradicts (24). O

Remark. Note that the differential equation in Example 1 fulfils all assumptions
of Theorem 2 (i) except of ;~ > M >0 on Ry.

A powerful tool for investigations of the asymptotic behaviour of solutions of (1)
consists in applying energy functions, see [6].
Let y be a solution of (1) defined on R;. Put

2(6) = =yl ™e) + 20 e)?

I o
- 1 ay (t) /

W<t) N ag(t) (ag(t)) ’ te R+
and
(26) F6) = w(09(0) + 2 0% 0) - 52 0>
Then direct computation and (1) yield
(27) Z'(t) = as(t)F (1),
(08) P =ryn i) - 3O 0) + %ﬁ;“)@m (1)

Lemma 6. Let (H1) be valid,
(H3) W'(t) <0 on Ry
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and let y € O. Then

(29) F(t) <0, F is nondecreasing on Ry .

Proof. Asy € O, (4) is valid. Consequently, yI(t}) = 0, y(t})yP(t}) > 0
and thus F(#;.) < 0. Moreover, (H1), (H3) and (28) yield F’(¢) > 0. The conclusion
follows for k — oo. g

Theorem 3. Let (H1), (H3) and

(30) 2(t)I/V(t)>M>0 fort e Ry.
Then tlim y(t) = 0 holds for y € O.
— 00
Proof. Asye€ O, (4) holds and, first, we prove that
(31) W(t)(yM())? is bounded on I, = [t9,t1], k =1,2,....

As the assumptions of Lemma 6 are fulfilled, (29) yields that the function F' is
bounded,

(32) —c0 < F(0) < F(t) <0, teR,.

Moreover, (30) and (H3) yield W (¢) > 0, W is nonincreasing. Further, we obtain
from (4) that |yM ()] < [y ()] on I, and yM(#)yB(#)) > 0, k = 1,2,.... This
together with (26) and (32) yields

0 < W) (M )? < W) M)
(33)

tO
= —2F(t9) + at g)ym Dy (1) < —2F(0) on Iy.
as(ty)

Hence, (31) is valid.
We prove indirectly that tlim y(t) = 0. Suppose on the contrary that there exist
—00

a constant C' > 0 and a subsequence of natural numbers N; such that
(34) ly(te)l > C, ke Ny,

It will be clear that we can put N; = {1,2,...} without loss of generality. According
to (4) and (34) there exist numbers 7, and o) such that

th <t <op <ty |y(m)| = 50 1) =G,
(35) ;
E < |y(t)\ <C forte J, = [Tk,ak], k=1,2,...
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As (4) yields y(t)y!l(t) > 0 on Ji, using (28), (29), (30), (32), (33), (35) and (H3)

we have
00 > F(o0) — F(0) = / T F(s)ds > / () f(y(s)) ds
(4(5) ¥ (5)
> Z/ ](s)y ds
Z/Jk \/ (s)y(s)f (y(s) (5)|d5

k=1 \/ (S |y[ I(s
M 1/2 X2
> sgn y(th /ysfys y'(s) ds
(s771) Z( D) | v W)y )
M 0 /Cuk 1
t)dt = oo, v = sgny(ty).
(2\F ) kz:: Con/2 (t)
The contradiction proves the conclusion. O

It is evident that (30) is not valid for the differential equation without quasideriv-
atives, i.e.for a; = 1,7 = 1,2, 3. The following theorem removes this drawback.

Theorem 4. Let (H1), (H3) be satisfied and let

r?(t)
al (t)ag (t)

Then tlim y(t) = 0 holds for y € O.
—00

(36)

> M >0, (Zlgg)/ + a32(t)W(t) <0 onR,.

Proof. Asy e O, (4) holds and Lemma 6 yields F' < 0. From this and from
(27) we conclude that the function Z given by (25) is decreasing. Moreover, it is
positive and bounded,

(37) 0<Z(t) < My, teRy,

as according to (25) and (36) Z(tQ) > 0, k = 1,2,.... As y(t)y!2(t) < 0 on [t, 1],
(25), (36) and (37) yield

1] 2 0 41 _
X 1 ’ ) — Ly Ly e

We prove indirectly that tlim y(t) = 0. Suppose, on the contrary, that there exist
— 00

C > 0 and a subsequence of natural numbers N; such that
(39) ly(ti)l > C, k € Ny
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we can put without loss of generality Ny = {1,2,...}. Then according to (4) there
exist numbers 7, and oy, such that (35) holds and we have similarly to the proof of
Theorem 3

oo > F (o0 Z/ y[l(]s(l))y () ds

/ r<s>y<s)f<y(s)) |y'<s>\ s
Z L |yl (s)]

k=1 al a2 a2(s
1/2. 2 rCuk
> (—) / t£(£)dt = oo
Ml ’; Cuk/Q
where v, = sgny(t). O

Remark. (i) Let a; = 1 for ¢ = 1,2,3 and r(t) > M > 0 on Ry. Then
tlim y(t)=0fory € O.

(ii) Note that the conclusions of Theorem 3 and Theorem 4 hold without further
assumptions on the nonlinearity f.
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