Mathematica Bohemica

T. N. Janakiraman; S. Muthammai; M. Bhanumathi
On the Boolean function graph of a graph and on its complement
Mathematica Bohemica, Vol. 130 (2005), No. 2, 113-134

Persistent URL: http://dml.cz/dmlcz/134130

Terms of use:

© Institute of Mathematics AS CR, 2005

Institute of Mathematics of the Czech Academy of Sciences provides access to digitized documents
strictly for personal use. Each copy of any part of this document must contain these Terms of use.

This document has been digitized, optimized for electronic delivery and
stamped with digital signature within the project DML-CZ: The Czech Digital
Mathematics Library http://dml.cz



http://dml.cz/dmlcz/134130
http://dml.cz

130 (2005) MATHEMATICA BOHEMICA No. 2, 113-134

ON THE BOOLEAN FUNCTION GRAPH OF A GRAPH
AND ON ITS COMPLEMENT

T. N. JANAKIRAMAN, Tiruchirappalli,
S. MuTHAMMAI, M. BHANUMATHI, Pudukkottai

(Received April 16, 2004)

Abstract. For any graph G, let V(G) and E(G) denote the vertex set and the edge set of
G respectively. The Boolean function graph B(G, L(G), NINC) of G is a graph with vertex
set V(G) U E(G) and two vertices in B(G, L(G),NINC) are adjacent if and only if they
correspond to two adjacent vertices of G, two adjacent edges of G or to a vertex and an
edge not incident to it in G. For brevity, this graph is denoted by Bi(G). In this paper,
structural properties of B1(G) and its complement including traversability and eccentricity
properties are studied. In addition, solutions for Boolean function graphs that are total
graphs, quasi-total graphs and middle graphs are obtained.
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1. INTRODUCTION

Graphs discussed in this paper are undirected and simple graphs. For a graph G,
let V(G) and E(G) denote its vertex set and edge set respectively. Eccentricity of a
vertex u € V(G) is defined as eg(u) = max{dg(u,v): v € V(G)}, where dg(u,v) is
the distance between v and v in G. If there is no confusion, then we simply denote the
eccentricity of a vertex v in G as e(v) and use d(u,v) to denote the distance between
two vertices u, v in G respectively. The minimum and maximum eccentricities are the
radius and diameter of G, denoted r(G) and diam(G) respectively. When diam(G) =
r(G), G is called a self-centered graph with radius r, equivalently G is r-self-centered.
A vertex u is said to be an eccentric point of v in a graph G, if d(u,v) = e(v). In
general, u is called an eccentric point, if it is an eccentric point of some vertex. We
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also denote the i*® neighborhood of v as N;(v) = {u € V(G): dg(u,v) = i} and
denote the cardinality of a set H as |H|. If [ Ne(,)(v)| is m, for each point v € V(G),
then G is called an m-eccentric point graph. If m = 2, we call the graph G as
bi-eccentric point graph.

The closure of a graph G, denoted cl(G) is defined to be that super graph of G
obtained from G by recursively joining pairs of nonadjacent vertices whose degree
sum is at least p until no such pair exists, where p is the number of vertices in G. A
vertex and an edge are said to cover each other if they are incident. A set of vertices
which covers all the edges of a graph G is called a point cover for G, while a set of
edges which covers all the vertices is a line cover. The smallest number of vertices
in any point cover for G is called its point covering number and is denoted by o (G)
or ag. Similarly, a;(G) or ay is the smallest number of edges in any line cover of
G and is called its line covering number. A set of vertices in G is independent if no
two of them are adjacent. The largest number of vertices in such a set is called the
point independence number of G and is denoted by Go(G) or By. Analogously, an
independent set of edges of G has no two of its edges adjacent and the maximum
cardinality of such a set is the line independence number 31(G) or .

When a new concept is developed in graph theory, it is often first applied to
particular classes of graphs. Afterwards more general graphs are studied. As for
every graph (undirected, uniformly weighted) there exists an adjacency (0, 1) matrix,
we call the general operation a Boolean operation. Boolean operation on a given
graph uses the adjacency relation between two vertices or two edges and incidence
relationship between vertices and edges and defines new structure from the given
graph. This extracts information from the original graph and encodes it into a
new structure. If it is possible to decode the given graph from the encoded graph in
polynomial time, such operation may be used to analyze various structural properties
of the original graph in terms of the Boolean graph. If it is not possible to decode the
original graph in polynomial time, then that operation can be used in graph coding
or coding of certain grouped signals.

Whitney [9] introduced the concept of the line graph L(G) of a given graph G in
1932. The first characterization of line graphs is due to Krausz. The Middle graph
M(G) of a graph G was introduced by Hamada and Yoshimura [5]. Chikkodimath
and Sampathkumar [4] also studied it independently and they called it the semi-total
graph T1(G) of a graph G. Characterizations were presented for middle graphs of any
graph, trees and complete graphs in [1]. The concept of total graphs was introduced
by Behzad [2] in 1966. Sastry and Raju [8] introduced the concept of quasi-total
graphs and they solved the graph equations for line graphs, middle graphs, total
graphs and quasi-total graphs. This motivates us to define and study other graph
operations. Using L(G), G, incidence and non-incidence, complementary opera-
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tions, complete and totally disconnected structures, one can get thirty-two graph
operations. As total graphs, semi-total edge graphs, semi-total vertex graphs and
quasi-total graphs and their complements (8 graphs) have already been defined-and-
studied, we study all other similar remaining graph operations. This is illustrated
below

|G/G /K, /K, |—]incident (INC), not incident (NINC) |— L(G)/L(G)/ K, /K, |

Here, G and L(G) denote the complement and the line graph of G respectively. K,
is the complete graph on p vertices.

The points and lines of a graph are called its elements. Two elements of a graph
are neighbors if they are either incident or adjacent. The total graph T(G) of G
has vertex set V(G) U E(G) and vertices of T'(G) are adjacent whenever they are
neighbors in G. The quasi-total graph [8] P(G) of G is a graph with vertex set as
that of T(G) and two vertices are adjacent if and only if they correspond to two
nonadjacent vertices of G or to two adjacent edges of G or to a vertex and an edge
incident to it in G. The middle graph M(G) of G is the one whose vertex set is
as that of T(G) and two vertices are adjacent in M (G) whenever either they are
adjacent edges of G or one is a vertex of G and the other is an edge of G incident
with it. Clearly, E(M(G)) = E(T(G)) — E(G).

The Boolean function graph B(G,L(G),NINC) of G is a graph with vertex set
V(G)U E(G) and two vertices in B(G, L(G),NINC) are adjacent if and only if they
correspond to two adjacent vertices of G, two adjacent edges of G or to a vertex and
an edge not incident to it in G. For brevity, this graph is denoted by B;(G). The
terms G, L(G),NINC in the bracket represent the adjacent vertices of G, adjacent
edges of G and vertex and edge not incident in G respectively. In other words,

V(B\(G)) = V(G) UV(L(G)): and E(By(G)) = [E(T(@)) ~ (E@) U E(L(G))] U
E(G)UE(L(G)), where G, L(G) and T'(G) denote the complement, the line graph and
the total graph of G respectively. The vertices of G and L(G) in B;(G) are referred
to as point and line vertices respectively and the line vertex in B (G) corresponding
to an edge e in G is denoted by €.

In this paper, we study structural properties of B1(G) and its complement includ-
ing traversability and eccentricity properties. Also, we obtain solutions for Boolean
function graphs that are total graphs, quasi-total graphs and middle graphs. The
definitions and details not furnished in this paper may be found in [6].
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2. PRIOR RESULTS

In this section, we list some results, with indicated references, which will be used

in the subsequent main results.

Theorem 2.1 [3]. If G is Hamiltonian, then for every proper subset S of V(G),
w(G — S) < |S|, where w(G) is the number of components of G.

Theorem 2.2 [3]. If the closure cl(G) is Hamiltonian, then G is Hamiltonian.
Corollary 2.3 [3]. If cl(G) is complete, then G is Hamiltonian.

Theorem 2.4 [6]. For any nontrivial connected graph G, cy + o = p = a1 + f1,
where p is the number of vertices in G.

3. MAIN RESULTS

The following elementary properties of the Boolean function graph B;(G) of a
graph G are immediate. Let G be a (p,q) graph.

Observation. 3.1. G and L(G) are induced subgraphs of B1(G).

3.2. The number of vertices in B1(G) is p + ¢ and if d; = degq(vi), vi € V(Q),
then the number of edges in B1(G) is q(p—2) + & > d2.

1<i<p

3.3. The degree of a point vertex in B1(G) is ¢ and the degree of a line vertex
e’ in B1(G) is degL(G)(e’) +p— 2. Also if d*(e’) is the degree of a line vertex ¢’ in
B1(G), then 0 < d*(¢’) < p+ q — 3. The lower bound is attained if G = K5, and the
upper bound is attained if G = K ,,, forn > 2.

3.4. B1(G) is biregular with degree sequence q, m + p — 2 if and only if L(G) is
m-regular, where m # q — p + 2.

3.5. Bi(G) is g-regular if and only if L(G) is ¢ — p + 2 regular. For example,
By (C,,) is n-regular on 2n vertices, for n > 3.

In the following, we find the graphs G for which B;(G) is disconnected.
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Theorem 3.1. B;(G) is disconnected if and only if G is one of the following
graphs: nK;, Ko, 2K5 and Ko UnKy, forn > 1.

Proof. Let G be a (p,q) graph. Assume B;(G) is disconnected. G is totally
disconnected if and only if B;(G) is totally disconnected.

Case (i) g=1landp>2 Ten GX KoUKy, n>0.

Case (ii): ¢ =2. Then G 2 2Ks UnK; or PsUmKjy, for m,n > 0 and B1(G) is
connected except when G = 2K5.

Case (iii): ¢ > 3. Then p > 3 and by the construction of Bj(G), each line
vertex is adjacent to p — 2 point vertices. Since G and L(G) are induced subgraphs
of B1(G), B1(G) is connected.

From (i), (ii) and (iii), it follows that B;(G) is disconnected if G & K5, Ko UnkKj,
2K, and nKy, for n > 1. The converse is obvious. O

Remark 3.1. B1(G) contains isolated vertices if and only if G is either Ky or
nKi, forn > 1.

In the following, we prove that the removal of any single vertex from B;(G) does
not disconnect it, for any connected graph G.

Theorem 3.2. For any connected graph G with at least three vertices, no vertex
of B1(G) is a cut-vertex.

Proof. Since G and L(G) are induced subgraphs of By (G), the only cut-vertices
of B1(G) may be the cut-vertices of G or L(G). Thus, it is sufficient to show that a
cut-vertex of a connected graph G or L(G) is not a cut-vertex of B;(G).

(a) Let v be a cut-vertex of G. Then G — v is disconnected. Let G1,Ga, ..., G,
(t > 2) be the components of G — v. Then B;(G,) is connected, for 1 < j < ¢.

Case (i): Each component G; (1 < j < t) contains at least one edge. Since
v is a cut-vertex of GG, v is adjacent to at least one of the vertices in each of the
components G; of G —v. Let v; € Gj and e; = (v,v;) € E(G), j =1,2,...,t. Since
G contains at least one edge, the line vertex e} in B;(G) — v corresponding to the
edge e; is adjacent to at least one point vertex in G; (1 < j < t) and the subgraph
of B1(G) — v induced by the vertices €}, €5, ..., e} is complete in B;(G) — v, since
L(G) is an induced subgraph of B;(G). Hence, B1(G) — v is connected and, thus, v
is not a cut-vertex of B;(G).

Case (ii): At least one (not all) of the components G; of G — v is K;. Let
v; € G;j and vy € V(K1) (1 # j) with e; = (v,v;), ex = (v,v;) € E(G). Then the
line vertices € and e in Bi(G) — v are mutually adjacent and are adjacent to vy

and vj, respectively, and hence B;(G) — v is connected. Thus, v is not a cut-vertex
of Bl (G)
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Case (ili): G—v =2 mKy, for m > 2. Then v in G is adjacent to each of the
vertices in mK; and the line vertices in B1(G) — v corresponding to these edges are
adjacent to each other and each line vertex is adjacent to m — 1 vertices in mKj.
Hence, B1(G) — v is connected. Thus, v is not a cut-vertex of B1(G).

(b) Let €’ be a cut-vertex of L(G). Since each line vertex in B;(G) — v is adjacent
to p — 2 point vertices, B1(G) — €’ is connected and hence €’ is not a cut-vertex of
B1(G). This completes the proof. O

Corollary 3.2.1. Let G be any graph such that By(G) is disconnected. Then
B1(G) contains a cut-vertex if G = Ky UnKy, for n > 2.

Theorem 3.3. For any (p,q) graph G with p > 3, the girth of B1(G) is either 3
or 5.

Proof. If G contains triangles, it is obvious that the girth of B;(G) is 3, since
G is an induced subgraph of B;(G). Assume G is triangle-free.

Case (i): (1(G) > 2. Then there exist at least two independent edges in G,
say e12 = (v1,v2) and egqs = (v3,v4), where v1,v2,v3,v4 € V(G). If €}5 and e}, are
the line vertices in B (G) corresponding to the edges ej2 and e34 respectively, then
V1, V2, U3, U4, €19, €5, € V(B1(G)) and the subgraph of B;(G) induced by the vertices
v1,ve, €5, is a triangle in By (G). Thus, the girth of B;(G) is 3.

Case (ii): 81(G) =1. Then G = Ky p,n > 2. If G = Ky, n > 3, since L(G)
is an induced subgraph of B1(G), B1(G) contains C5 and hence the girth of B;(G)
is 3. If G = K 9, then B1(G) = C5, and the girth of B1(G) is 5.

From (i) and (ii), it follows that the girth of B;(G) is 3 or 5. O

A connected graph G is said to be geodetic, if a unique shortest path joins any
two of its vertices. In the following theorem, we find the graph G for which B;(G)
is geodetic.

Theorem 3.4. Let G be any graph such that B1(G) is connected. Then B1(G)
is geodetic if and only if G & P3; a path on 3 vertices.

Proof. Since B;(G) is connected, G cannot be one of the graphs nKj, Ko,
2K, KoUnK;y, for n > 1 by Theorem 3.1. Assume B;(G) is geodetic. If G contains
triangles, then By (G) contains Cy as an induced subgraph and hence is not geodetic.
Assume G is triangle-free. If 31(G) > 2, then B;(G) contains Cy, K4 —e or Cg as an
induced subgraph and hence is not geodetic. Let 6;(G) = 1. If G contains K; o U K4
or Ky 3 as an induced subgraph, then B;(G) contains either Cs with one chord or
Cjy as an induced subgraph and hence is not geodetic. Thus, it follows that G = P;.
Conversely, if G = P3, then B;(G) = C5 and hence is geodetic. O
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Next, we characterize the graphs G for which B;(G) contains K7 3 as an induced
subgraph.

Theorem 3.5. For any graph G, B1(G) contains K 3 as an induced subgraph if
and only if G' contains either K; 3 or Ko U 3K, as an induced subgraph.

Proof. Assume B;(G) contains K 3 as an induced subgraph.

(i) If all the vertices of K1 3 in B;(G) are point vertices, then G contains K 3 as
an induced subgraph.

(ii) If the center vertex of K; 3 in B1(G) is a point vertex (line vertex) and the
remaining vertices are line vertices (point vertices), then G contains 3K U Ky (Ko U
3K1) as an induced subgraph. The remaining cases are not possible.

Hence, G contains K; 3 or Ky U3K; as an induced subgraph.

The converse is obvious. (]

Remark 3.2. Theorem 3.5 reveals that
(i) If G contains K4 3 or Ko U3K; as an induced graph, then By (G) cannot be the
line graph of any graph.
(ii) If G is a graph with diameter at least 7 or is triangle-free with at lest one vertex
of degree greater than or equal to 3, then Bi(G) is not the line graph of any
graph.

Theorem 3.6. For any connected graph G other than P, with $,(G) > 2, every
vertex of B1(G) lies on a triangle.

Proof. Assume 8;(G) > 2. Let v be a point vertex in By (G). Then v € V(G).
If v lies on a triangle in G, then since G is an induced subgraph of B;(G), v lies on
a triangle in B;(G). If not, let u be a vertex in G adjacent to v and e be an edge in
G not incident with both u and v. If ¢’ is the line vertex in B;(G) corresponding to
the edge e, then v lies on the triangle uve’ in B;(G). Hence, each point vertex lies
on a triangle in B1(G). Let 2’ be a line vertex in B;(G) and x be the corresponding
edge in G. If x lies on a triangle or in a K; 3 in G, then since L(G) is an induced
subgraph of B1(G), 2’ lies on a triangle in By (G). If not, then there exists an edge,
say, 1 = (u1,v1), in G not adjacent to x in G, where uy,v; € V(G), since $1(G) > 2
and G # Py. Then ujv12’ is a triangle in B;(G). Hence, each line vertex of By (G)
lies on a triangle. O

Remark 3.3. If G = Py, a path on 4 vertices, then there exists a line vertex in
B1(G) not lying in any triangle.

An edge e = (u,v) is a dominating edge in a graph G if every vertex of G is
adjacent to at least one of u and v.
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Theorem 3.7. For any graph G, if B1(G) has a dominating edge, then the end
vertices of this edge correspond to a point vertex and a line vertex.

Proof. Letz be a dominating edge in B (G). If = (u,v), where u, v are both
point vertices, then u,v € V(G) and z € E(G). Then the line vertex 2’ in B;1(G)
corresponding to the edge z is adjacent neither to u, nor to v in By (G). Hence, the
end vertices of the dominating edge = cannot be both point vertices. If = = (e}, €}),
where €} and ef, are both line vertices in By (G), then the respective edges e; and ey
in G are adjacent and the point vertex in B1(G) corresponding to the common vertex
of e; and e is not adjacent to any of the end vertices e, e5. Hence, the end vertices
of the dominating edge = cannot be both line vertices. Thus, the end vertices of the
dominating edge in B;(G) correspond to a point vertex and a line vertex. O

Now, we establish a criterion for B;(G) to be Eulerian. For simplicity, we use
dy(u), e1(v) and di(u,v) to denote the degree of a vertex u, the eccentricity of a
vertex v and the distance between the vertices v and v in B;(G) respectively.

Theorem 3.8. Let G be any (p,q) graph such that Bi(G) is connected. Then
B1(G) is Eulerian if and only if one of the following holds

(i) p and q are even and G or each component of G is Eulerian;

(ii) ¢ is even and each vertex in G is of odd degree; and

(iii) ¢ is even, p is odd and the degrees of adjacent vertices of G are of different
parities.

Proof. Assume B;(G) is Eulerian. Then each vertex in By (G) is of even degree.
If w is a point vertex in By(G), then d;(w) = ¢ must be even, where d;i(w) is the
degree of w in B1(G). Let €’ be a line vertex in B1(G) and e be the corresponding
edge in G. Assume e = (u,v), where u,v € V(G). Then dy(e’) being even implies
that degq(u) + dege(v) +p — 4 is even. Then it is clear that one of the following
holds

(i) p and ¢ are even and G or each component of G is Eulerian;

(ii) ¢ is even and each vertex of G is of odd degree (hence p is even); and

(iii) ¢ is even, p is odd and the degrees of adjacent vertices of G are of different
parities.

Conversely, if G is one of the above graphs, then it is clear that the degree of each
vertex in B;(G) is even and hence By (G) is Eulerian. O

In the following, we prove that B;(G) is Hamiltonian by proving that the closure
of B1(Q) is either complete or Hamiltonian.
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Theorem 3.9. If G is a connected (p,q) graph with at least 3 vertices, then
B1(G) is Hamiltonian.

Proof. If G & P5, then B;(G) = C5 and is Hamiltonian. Assume G is
not isomorphic to Ps. Since G is a connected graph, L(G) is connected and hence
degy (e (e;) = 1, for all €] in V(L(G)). The theorem is proved by finding the closure
of Bi(G). Let e = (u,v) € E(G) be such that deg;g)(e) = 2. Then €',u,v €
V(B1(G)) and (¢',u), (¢/,v) € E(B1(G)). Now, di(e') = degp () +p—22>p
and dy(u) = di(v) = ¢q. Hence, the sum of the degrees of ¢/, u (or v) in B1(G) is
greater than or equal to p + ¢ and therefore ¢’ can be made adjacent with u and v
in B1(G). Similarly, all the line vertices 2’ with deg; ((2') > 2 can be joined with
their incident point vertices in B;(G). Let the resulting graph be B} (G). In B{(G),
deg(u) > g+ 1 and deg(e’) > p + 2. Now choose an edge e; = (u1,v1) in G with
degy (e (e1) = 1 such that v; is a pendant vertex. Then uy,v1,e} € V(B1(G)) and
di(e}) = p—1 and the sum of degrees of €} and u; in B{(G) is at least p + ¢, where
€} is the vertex in L(G) corresponding to the edge e;. Then ¢} and u; can be made
adjacent in B{(G) and then e} and v; can be made adjacent in B](G). Hence, all
the line vertices in B1(G) can be joined with their incident point vertices. Let the
resulting graph be B (G). In BY(G), deg(y') = degy,c)(y') +p, for every line vertex
vy in B1(G) and deg(u) = degq(u) + ¢, for every point vertex u in By (G).

Case (i): p > q. Let e; and €} be two nonadjacent line vertices in By (G). The
sum of their degrees is at least p + ¢ and e} and €/ can be made adjacent in BY(G).
Hence, all the nonadjacent line vertices in BY (G) can be joined. Since G is connected,
g > p— 1. Let v; and v; be two nonadjacent vertices in G and hence in BY(G). In
BY(G), deg(v;) = degg(v;) + g and deg(vj) = degg(v;) + g. The sum of degrees of
v; and v; in BY(QG) is greater than or equal to p + ¢ and hence all the nonadjacent
point vertices in BY(G) can be made adjacent and the resulting graph is complete
and hence Hamiltonian. That is, the closure of B;(G) is Hamiltonian. Thus, B;(G)
is Hamiltonian by Corollary 2.3.

Case (ii): p < ¢. Let v; and v; be two nonadjacent vertices in G. The sum of
degrees of v; and v; in BY(QG) is degq(vi) + deg(vj) + 2¢ > p + ¢. Thus, all the
nonadjacent v; and v; can be made adjacent in BY(G). That is, the subgraph of
B{(G) induced by all the point vertices is complete. Since G is connected, L(G)
is connected. Hence, a path (not necessarily induced) on ¢ — p + 1 vertices can be
found in L(G). Let the path beej,, e, 1,...,e;. Thenviejvaes ... vpeper ... eqvr is
a Hamiltonian cycle in the closure of B;(G) and this closure is Hamiltonian. Hence,
B;(G) is Hamiltonian by Theorem 2.2. O

Corollary 3.9.1. Let G be any disconnected graph such that none of the com-
ponents of G is Ky or K. Then B1(G) is Hamiltonian.
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Proof. Let G1,Ga,...,Gyp, (n > 2) be the components of G such that G; 2
Ky and G 2 Ki, i = 1,2,...,n. By Theorem 3.9, B1(G;) (i = 1,2,...,n) is
Hamiltonian. Also each point vertex (line vertex) in B;(G;) is adjacent to all the
line vertices (point vertices) in the remaining B1(G,) (i # j). Hence, Hamiltonian
cycle in each B1(G;) can be joined to form a Hamiltonian cycle of B;(G). Thus,
Bi1(G) is Hamiltonian. O

Proposition 3.1. By(nKs), n > 3, is Hamiltonian.

Proof. Let vy, vs,...,0n_1,02, be the vertices of nKy with ({veg_1,vx}) = Ko

and egp—1.2t = (Vak—1,v25), for 1 kE < n. If e ;o is the line vertex corre-

<
sponding to the edge ear_1 2k, for 1 < k < n, then vivaeh, 1 5, V304€150506 - . . Van_1
V2 €5y _3.9n_2v1 is a Hamiltonian cycle in B;(nK3) and hence B;(nK3) is Hamilto-

nian, for n > 3. (]

Proposition 3.2. B;(GUmK>), m > 3, is Hamiltonian, where G is any connected
(p.q) graph.

Proof. Case (i): p > ¢q. Then the closure of B;(G) is complete by Case (i)
of Theorem 3.9. Construct a Hamiltonian path in the closure of By (G) with a point
vertex as the initial vertex and a line vertex as the terminal vertex. In B;(mKs),
construct a Hamiltonian path starting with a point vertex and ending with a line
vertex. This is possible, since By(mK>) is Hamiltonian by Proposition 3.1. These
two Hamiltonian paths can be combined to form a Hamiltonian cycle in the closure
of B1(GUmK>) and hence the closure of B;(G UmK5) is Hamiltonian.

Case (ii): p < g. Then the closure of B;(G) is Hamiltonian by Case (ii) of
Theorem 3.9, and there exists a Hamiltonian path in the closure of B;(G) starting
with a point vertex and ending with a line vertex. As in Case (i), a Hamiltonian
cycle can be formed in the closure of By (G UmK3).

From Case (i) and Case (ii), it follows that By(G U mK3) is Hamiltonian. O

Proposition 3.3. For any connected (p,q) graph G with p > ¢, B1(G U (¢ —
K1 UmKs), m > 3, is Hamiltonian.

Proof. Since p > g, the closure of B1(G) is complete. In B;(mK>), a Hamil-
tonian path can be constructed starting with a point vertex and ending with a line
vertex as in Proposition 3.1. A Hamiltonian cycle in the closure of B; (GU(¢—1)K; U
mKs) can be formed in the following way. First, place the p point vertices and the
¢ line vertices belonging to the closure of B;(G) and then place the Hamiltonian
path in B;(mK>). The point vertices corresponding to the vertices in (¢ — 1)K;
can be placed in between the ¢ line vertices, thereby forming a Hamiltonian cycle
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in the closure of B1(G U (¢ — 1)K; UmK>y). Thus, B1(G U (¢ — 1)K1 UmK>) is
Hamiltonian. O

Proposition 3.4. For any connected (p, q) graph with q > p, B1(GU (¢ —p)K1 U
mKs), m > 3, is Hamiltonian.

Proof. Since ¢ > p, there exists a Hamiltonian cycle in the closure of B;(G)
by Case (ii) of Theorem 3.9. Let v1,va,...,v, be the vertices and ey, ez, ..., e, be
the edges of G. Then there exists a Hamiltonian cycle vi€jvaes ... vpepne, ... eqv1
in the closure of B;(G), where €] is the line vertex corresponding to the edge e;, for
1 =1,2,...,q. In this cycle, the point vertices in Bi((q¢ — p)K7) can be placed in
between the line vertices e and €], ,, i = p, p+1,...,¢ — 1. In Bi(mK3), there
exists a Hamiltonian path and this can be placed in between efz and v;. Thus, a
Hamiltonian cycle can be constructed in the closure of B;(GU (¢ —p)K; UmK>) and
B1(GU (¢ — p)K1 UmK>) is Hamiltonian. O

Proposition 3.5. B;(mKyUnK;) (m > 2,n > 1) is not Hamiltonian.

Proof. Let S be the set of line vertices in B;1(G) corresponding to the edges in
mKs. Then the number of components in B1(G) — S is greater than the number of
vertices in S and hence By (mKs UnkK7) is not Hamiltonian by Theorem 2.1. O

Next, we find the eccentricity properties of B1(G) and observe that radius of B; (G)
is at most three. In the following theorem, we prove that all the vertices of B;(G)
have eccentricity 2 if G is a connected graph.

Theorem 3.10. For any connected graph G with at least three vertices, B1(G)
is self-centered with radius 2.

Proof. Letu,v betwo point vertices in B1(G). Then u,v € V(G). If dg(u,v) <
2, then dj(u,v) < 2, since G is an induced subgraph of B1(G). If dg(u,v) > 3,
then there exists at least one edge e (say) not incident with both u and v and hence
dy (u,v) = 2, since ue'v is geodetic in B1(G), where €’ is the line vertex corresponding
to e. Thus, the distance between any two point vertices in By (G) is at most 2. Let
€}, e5 be two line vertices in B1(G) and ey, ez be the corresponding edges in G. If
e1 and ey are adjacent edges in G, then dy(e},es) = 1, since L(G) is an induced
subgraph of B1(G). If e; and ey are nonadjacent edges in G, then either there exists
an edge e in GG adjacent to both e; and ey or there exists a vertex not incident with
both e; and es. Then in both cases dy(e},e5) = 2. Hence, the distance between
any two line vertices in B;(G) is at most 2. Let v, e’ be a point and a line vertex
in B1(G) respectively and e be the edge in G corresponding to e’. If e € E(G) is
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not incident with v € V(G), then di(v,e’) = 1. Let e € E(G) be incident with
v and let e = (u,v), where u € V(G). Since G is connected, there exists an edge
incident with either « or v. Therefore, there is a geodesic path of length 2 in B;(G)
connecting v and e’. Hence, d; (v,e’) = 2. From the above argument it follows that
the eccentricity of a point vertex and a line vertex in B;(G) are each equal to 2.
Hence, B;(G) is self-centered with radius 2. O

The graphs G for which B;(G) is self-centered with radius 2 can also be charac-
terized when G is disconnected.

Theorem 3.11. Let G be a disconnected graph such that By(G) is connected.
Then B;(G) is self-centered with radius 2 if and only if one of the following holds

(i) None of the components of G is Ks;

(i) G 2 K1, U K1, where n,m > 2; and

(ili) G 2 K1, UmKy, wheren > 2 and m > 1.

Proof. Since B1(G) is connected, G cannot be any of the graphs mK; (m > 1)
Ko UnK; (n > 0) and 2K5. Assume B;(G) is self-centered with radius 2. Let
G1,Ga,...,G: (t > 2) be the components of G such that G; = K> (say). Let
v € V(K3) and let €' be the line vertex in By(G) corresponding to the edge in
Ks. Then di(v,e’) = 3, which is a contradiction. Hence, none of the components
of Gis Ko. If G = Ky, UKy, (n,m > 2), then the distance between the point
vertices in By (G) corresponding to the center vertices of K7, and K ,, is 3. Hence,
G 2 Ky, UKy, for n,m > 2. Similarly, if G = K, UmK;, where n > 2 and
m > 1, then the distance between the point vertices in B1(G) corresponding to the
center vertex of K, and the vertex in K is 3. Hence, G 2 K; , UmK;, forn > 2
and m > 1. Conversely, assume none of the components of G is Ko, G 2 K1 ,UK1 p,
forn, m > 2, and G 2 K; , UmK;, for n > 2 and m > 1. Let u,v be two point
vertices in B1(G). By the assumption, as in Theorem 3.10, d; (u,v) < 2. If €} and
e}, are two line vertices in B;(G), then dy (e}, e5) < 2. Let v, e’ be a point and a line
vertex in B;(G) respectively and e be the edge in G corresponding to ¢’. If e € E(G)
is not incident with v € V(G), then di(v,e’) = 1. Let e € E(G) be incident with
v € V(G). Since none of the components of G is K3, at least one of the components
of G contains two adjacent edges. Hence, dy(v,e’) = 2. From the above argument,
it follows that B;(G) is self-centered with radius 2. O

Corollary 3.11.1. Let G 2 nKo UmKy, for n > 2 and m > 0. Then B;(G)
is bieccentric with radius 2 if and only if one of the components of G is Ko, G =
Kin UKy, formmn>=2orG=K;,UmK;, forn>2andm > 1.

Proof. Follows from the proof of Theorem 3.11. O
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Proposition 3.6. If G = nKy; UmKy, for n > 2 and m > 1, then Bi(G) is
bieccentric with radius 2.

Proof. The point vertices in B;(G) corresponding to the isolated vertices in G
have eccentricity 2 and the remaining vertices have eccentricity 3. O

Corollary 3.11.2. B;(G) is self-centered with radius 3 if and only if G = nKos,
for n > 3.

In the following, solutions for Boolean function graphs that are total graphs, quasi-
total graphs and middle graphs are obtained.

Theorem 3.12. Let G be any (p,q) graph wit ¢ > 1. Then B1(G) = T(G), the
total graph of G, if and only if G is either Cy or 2K,.

Proof. |E(Bi(G)) = |E(G)|+|E(LG)|+a(p—2) and |E(T(G))] = |EG)|+
|[E(L(GQ))| + 2q. Hence, B1(G) = T(G) implies q(p — 2) = 2¢. That is, p = 4 and
G is one of the graphs K2 U 2K1,2K2,P4,C4,P3 U Kl, K4 — e and K4. Among
these graphs, B;(G) is isomorphic to T(G) if G is either Cy or 2K5. The converse is
obvious. d

Theorem 3.13. Let B be any connected (p, q) graph such that p > 3. Then the
quasi total graph P(G) and B1(G) are nonisomorphic.

Proof. Assume P(G) and B;(G) are isomorphic. Then the numbers of edges in
P(G) and By (G) are equal. That is, |E(G)|+|E(L(G))|+2q = |E(G)|+ |E(L(G))|+
q(p — 2) which implies

(1) p(p—1) =2q(p—2).

Case (i): G is unicyclic. Then p = ¢ and from (1), p = ¢ = 3 and hence G = Cs.
But B;(C}3) is not isomorphic to P(Cj).

Case (ii): G is a tree. Then ¢ = p—1 and from (1), p =4, ¢ =3 and G = P, or
K1 3. But in both cases, B;(G) is not isomorphic to P(G).

Case (iii): ¢ > p. Then from (1), p < 3, which is a contradiction to our
assumption that p > 3.

By Case (i), Case (ii) and Case (iii), it follows that P(G) and B;(G) are noniso-
morphic graphs. ([l
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Theorem 3.14. For any graph G with q > 1, the middle graph M (G) and B1(G)
are nonisomorphic graphs.

Proof. The number of edges in M(G) and B;(G) are equal if p = 3. Hence, G
is one of the graphs Ky U K7, K7 5 and C3. For these graphs, M (G) and B;(G) are
nonisomorphic. O

4. COMPLEMENT OF Bj(G)

The complement of the Boolean function graph Bi(G) of G is the graph with
vertex set V(G) U E(G) and two vertices in the complement of By (G) are adjacent if
and only if they correspond to two nonadjacent vertices of GG, two nonadjacent edges
of G or to a vertex and an edge incident to it in G. For brevity, this graph is denoted
by B1(G).

As in B (G), the following elementary properties of the complement B;(G) of the
Boolean function graph B;(G) of a graph G are immediate. Let G be a (p, ¢) graph.

Observation.
4.1. G and L(G) are disjoint induced subgraphs of B1(G).
4.2. The degree of a point vertex in B1(G) is p— 1; and the degree of a line vertex
¢ in B1(G) is ¢+ 1 — degp ) (€).
4.3. B1(G) is a connected graph, for any graph G.
4.4. B{(G) is biregular if and only if L(G) is k-regular, where k # q — p + 2.
(G) is

4.5. B1(G) is (p — 1)-regular if and only if L(G) is (¢ — p + 2)-regular.

In the following, we prove that the removal of any single vertex from B;(G) does
not disconnect it, for any graph G.

Theorem 4.1. For any graph G, no vertex of B1(G) is a cut-vertex.

Proof. Let Bi(G) have a cut-vertex. This cut-vertex is either a point vertex
or a line vertex.

Case (i): A point vertex in B1(G) is a cut-vertex. Let the point vertex v €
V(B1(G)) be a cut-vertex of B1(G). Then v € V(G).

Subcase (i): v is a cut-vertex of G. Consider the graph (B1(G) — {v}>G,
subgraph of B;(G) induced by the vertices of V(G) — {v}. The line vertices in
B1(G) corresponding to the edges in V(G) — {v} are adjacent to at least one of the
vertices in (B1(G) — {v}>G and hence in B;(G), and therefore B1(G) — {v} is not
disconnected. Hence, v is not a cut-vertex of B1(G).
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Subcase (ii): v is not a cut vertex of G. If v is a cut-vertex of B1(G), then
B1(G)—{v} is disconnected. Let G and G2 be any two components of B1(G) — {v}.
As there is sharing of edges between G; and G2 in G, the line vertices corresponding
to these edges connect these two disconnected components and hence B;(G) — {v}
is connected. Therefore, v cannot be a cut-vertex of B1(G).

Case (ii): A line vertex in B1(G) is a cut-vertex. Let a line vertex ¢’ be a
cut-vertex of B1(G) and let e be the corresponding edge in G.

Subcase (i): e is a cut-edge of G. Then ¢’ is not a cut-vertex of B;(G) and
hence the proof of this case is similar to that of subcase (i) of case (i).

Subcase (ii): e is not a cut-edge of G. If B1(G) — {€'} is disconnected, then
there must be sharing of at least two edges from a component of B1(G) — {e¢'} to
others. Hence, B1(G) — {e'} is connected and ¢’ is not a cut-vertex of B1(G).

By Case (i) and Case (ii), it follows that B1(G) contains no cut-vertices. O

Theorem 4.2. For any graph G having at least four vertices, the girth of B1(G)
is 3,4 or 5.

Proof. Since G and L(G) are induced subgraphs of B;(G), B1(G) contains
triangles if and only if at least one of G, L(G) contains triangles. In this case,
the girth of B1(G) is 3. Assume neither G nor L(G) contains triangles and hence
Bo(G) < 2 and 31(G) < 2. If Ky U K is an induced subgraph of G, then B1(G)
contains Cy and this is the smallest cycle. If G contains Ps as an induced subgraph,
then B1(G) contains Cs and this is the smallest cycle in B;(G). Hence, the girth of
B1(G) is 3, 4 or 5. O

Remark 4.1. If G = K,UK], P3 or Cs, then B1(G) =2 Oy, Cs5 or Cg respectively.

In the following, we find the graphs G for which B;(G) is geodetic.

Theorem 4.3. If r(G) > 2, then B1(G) is not geodetic.

Proof. Assume 7(G) > 2. Then there exists a vertex v € V(G) such that
e(v) = 2 in G. Let P(v,u): vwu be a path of length 2 in G. Then v and u are
adjacent in G. Let e = (v,u) € E(G) and let ¢’ be the corresponding line vertex in
B1(G). The subgraph of B1(G) induced by the vertices v, w, u, e’ forms Cy in B1(G)
and hence B;(G) is not geodetic. O

Theorem 4.4. B;(G) is geodetic if and only if G is one of the graphs K4, K1 ,,,
forn > 1.

Proof. Case (i): 51(G) > 2. If G contains Ky U K3, C4 or K4y — {e} as an
induced subgraph, then B;(G) contains Cy as an induced subgraph and hence B1(G)
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is not geodetic. Similarly, if G' contains P3 U K3 as a subgraph, then B1(G) is also
not geodetic. Hence, G = K.

Case (ii): B(G) = 1. Then G ¥ Ky, for n > 1, or C5. If G = (3, then
B1(G) = Cg, which is not geodetic. Hence, G = K ,, for n > 1. Conversely, if
G = Ky or Ky p, for n > 1, then there exists a unique shortest path between every
pair of vertices in B1(G) and hence is geodetic. O

Now we characterize the graphs G for which B;(G) is Eulerian.

Theorem 4.5. Let G be any (p, q) graph such that p and q are odd. Then B1(G)
is Fulerian if and only if the degrees of adjacent vertices of G are of the same parities.

Proof. Assume B;(G) is Eulerian. The degree of a line vertex ¢’ in B1(G)
is equal to ¢ + 1 — degy(¢(€'). Let e = (u,v) be the edge in G corresponding to
the line vertex e’ in B1(G), where u,v € V(G). Then the degree of ¢’ in B1(G) is
(g+3) — (degg(u) +degg(v)), since degy, ) (€') = (degg(u) +dege(v)) — 2. Since the
degree of ¢’ in B1(@G) is even and p and g are odd, the degrees of adjacent vertices are
of the same parities. Conversely, assume p and ¢ are odd and the degrees of adjacent
vertices are of the same parities. Then the degrees of all the vertices in B1(G) are
even and hence Bi(G) is Eulerian. O

Theorem 4.6. Bi(K,,), where n > 3 is odd, is Hamiltonian.

Proof. Bi(Ky,) has n point vertices and 3n(n — 1) line vertices. Since n is
odd, %n(n —1) is divisible by n. Separate the line vertices into n groups, each group
containing %(nf 1) line vertices such that the corresponding edges in K,, are mutually
independent. Then form a Hamiltonian cycle in B (K,), by placing n point vertices
in between each group of line vertices. Hence B;(K,,) is Hamiltonian, where n > 3
is odd. (]

This is illustrated by an example.

Example 4.1. Consider K5. Let vi, va, v3, v4, vs be the vertices and e;; =
(vi,v5), i < jandi,j=1,2,...,5, be the edges of K;. Let ¢;; be the corresponding
line vertices in B1(K5). Then vy, ve,v3,v4,v5 € V(B1(K;5)). Separate the line
vertices into five groups e)zeh,; €aehs; ehsely; ehaehs and e)zel,, each containing
two line vertices. Then the five point vertices are placed in between each group so as
to form a Hamiltonian cycle vye5eh vae)qehsvsehsel juaeh, ehsvse)seisvr in By (Ks),

and hence B;(K3) is Hamiltonian.

Remark 4.2. El(Kn), where n > 4 is even, is not Hamiltonian.
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A non-Hamiltonian graph G having the property that for any vertex v of G,
G — v is Hamiltonian, is called a hypo-Hamiltonian graph. The Petersen graph is
the smallest graph with this property. We now prove that B;(K,) that B;(K,) is
hypo-Hamiltonian, for n > 4 and n even.

Theorem 4.7. Bi(K,), where n > 4 is even, is hypo-Hamiltonian.

Proof. B;i(K,), where n > 4 is even, is not Hamiltonian. Let v be a point
vertex in B1(Ky,). B1(K,)—{v} has n—1 point vertices and 1n(n — 1) line vertices.
As in Theorem 4.6, separate the line vertices into n— 1 groups, each group containing
%n vertices, such that the corresponding edges in K, are independent. Then a
Hamiltonian cycle in By (K,) — {v} can be formed by placing n — 1 point vertices
in between each group of line vertices. Let ¢’ be a line vertex in B;(K,). Then
B1(K,) — {¢} contains n point vertices and % (n — 2)(n — 3) line vertices. Separate
the line vertices into %n + 1 groups each containing %n — 1 line vertices, and %n -1
groups each containing %n line vertices, such that the corresponding edges in G are
independent.

Then a Hamiltonian cycle in B;(K,) — {e’} can be formed as above. Hence,
B1(K,) — {z} is Hamiltonian, for all z € B;(K,), and, hence, Bi(K,) is hypo-
Hamiltonian, where n > 4 is even. In the following example, it is shown that B (Kjg)
is hypo-Hamiltonian.

Example 4.2. Consider Kg. Let vy, va, v3, v4, v5 and vg be the vertices
M ) M )
and e;; = (v;,v;), @ < j and 4,5 = 1,2,...,6 be the edges of K¢. Let ¢j; be
the corresponding line vertices in B1(Kg). Then vy, ve, v3,v4,v5,v6 € V(B1(Kg)).
Consider B1(Kg) —vg. Separate the line vertices into 5 groups: ejge)sehs; €h5€)6€13;
eheeha€la; ehsehgels and efges, el,, each group containing three vertices. Then
4 4 !/ / / / / / / / / / / / / / /
a Hamiltonian cycle ve]gels€hsvoehse)5€1303€556h6€1 ,va€h,e55e]sv5ek5e5,€ 501 can
be formed in B;(Ks) — vg. Consider By(Ks) — €}5. Separate the 14 line ver-
tices into 4 groups, each containing 2 line vertices, and 2 groups, each contain-
3 3 3 . !/ !/ . / ! . / /. / ! . / / / !/ / /
ing 3 line vertices: el5e54; €56€55; €56€14; €54€56; €us€o3€le and eygesseis. Then
V1€l 5e54V2€h6€Eh5Use5e] sVaeh EEcUsElsehsel gUsesehs€lsv1 18 a Hamiltonian cycle in
B(Kg) — €}5. Similarly, it can be shown that B;(Kg) — v contains a Hamiltonian
cycle, for any v in B;(Kg). Thus, B1(Kg) is hypo-Hamiltonian.

Theorem 4.8. If both G and L(G) are Hamiltonian, then B1(G) is Hamiltonian.

Proof. Let v1va...0,v1; €1€2...enme; be Hamiltonian cycles in G and L(G)
respectively. Then viejes . ..envs ... v,v; is Hamiltonian cycle in By (G), where the
edges in G corresponding to the line vertices e; and e, are incident with v; and ve
respectively. O
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Example 4.3.
(i) B1(K1,,), n > 3, is not Hamiltonian, whereas B1 (K1, + e) is Hamiltonian.
(i) B1(P,), B1(Cy), B1(CF), for n > 3, and B1(W,,), for m > 4, are Hamiltonian.

In the following, eccentricity properties of B1(G) are discussed. Here, for simplic-
ity, the distance between the vertices u and v and the eccentricity of a vertex w in
B1(G) are denoted by d*(u,v) and &*(w) respectively.

Theorem 4.9. For any graph G, the diameter of B1(G) is less than or equal to
three.

Proof. (i) Let u,v be any two point vertices in B;(G). Then u,v € V(G) and

d*(u,v) =2, if (u,v) € E(G); and
=1, if (u,v) ¢ E(G).

(ii) Let v, e’ be a point vertex and a line vertex in B(G) respectively and e be
the edge in G corresponding to €. Then v € V(G) and e € E(G) and d*(v,e') = 1,
if e € E(G) is incident with v € V(G). Let e € E(G) be not incident with v € V(G)
and let e = (u,w), where u,w € V(G).

(a) If v is not adjacent to at least one of the vertices u,w in G, then d*(v,e’) = 2.

(b) If ({u,v,w}) = C5 in G and degy(v) > 3, then also d*(v,e’) = 2.

(c) If ({u,v,w}) = C5 in G and degy(v) = 2, then d*(v,e’) = 3.

(iii) Let €} and e}, be two line vertices in B1(G) and e; and e3 be the corresponding
edges in G. Then

d*(e},eh) =1, if e; and ey are independent edges in G
=2, if e; and ey are adjacent edges in G.
From (i), (ii) and (iii), it follows that the distance between any two vertices in
B1(G) is at most three and hence diam(B;(G)) < 3. O
In the following, we find a necessary and sufficient condition for B;(G) to be

self-centered with radius 2.

Theorem 4.10. Let G be any graph with at least two edges. Then Bi(G) is
self-centered with radius 2 if and only if either G is triangle-free or each vertex lying
on a triangle in G has degree at least three.

Proof. Let B1(G) be self-centered with radius 2. If the given conditions are
not true, then G contains a triangle in which the degree of at least one vertex is 2.
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Let v be a vertex in G lying on any C3 induced by the vertices v, u,w such that
degi(v) = 2. Let e = (u,w) and €’ be the corresponding line vertex in B;(G).
Then d*(v,e’) = 3, which is a contradiction. Conversely, assume that either G is
triangle free or each vertex lying on a triangle has degree at least three. Then by
Theorem 4.9, the eccentricity of each vertex in B1(G) is 2. Hence, B;(G) is self-
centered with radius 2. O

Theorem 4.11. Let G = nC3, n > 1. Then B;(G) is bieccentric with radius 2
and diameter 3 if and only if G contains triangles such that the degree of at least
one vertex of the triangle is 2.

Proof. Let Bi(G) be bieccentric with radius 2 and diameter 3. Assume G
is triangle-free or G contains triangles such that the degrees of all the vertices of
the triangles are at least three. Then by Theorem 4.10, B;(G) is self-centered with
radius 2, which is a contradiction. Conversely, assume G is a graph give as in the
theorem. Then the point vertices corresponding to the vertices of the triangles having
degree 2 in GG and the line vertices corresponding to the edges of the triangles not
incident with the above vertices in G have eccentricity 3 in B;(G) and the remaining
vertices in B1(G) have eccentricity 2. Hence, B (G) is bieccentric with radius 2 and
diameter 3.

Remark 4.3.
(i) B1(QG) is self-centered with radius 3 if and only if G 2 nCs, n > 1.
(ii) If v is point vertex in B (G) with €*(v) = 3, then the eccentric point of v is a
line vertex in B;(G).

Notation 4.1 [6]. For any real number z, [x] denotes the greatest integer not
exceeding x and {x} = —[—z], the smallest integer not less than x.

In the following, covering and independence numbers of B;(G) are determined.
Theorem 4.12. Let G be any (p,q) graph having no isolated vertices. Then
ao(B1(G)) < min{p + ag(L(Q)), q¢ + ao(G)}.

Proof. Let A be a minimal point cover for L(G). Then the set V(G) U A
is a point cover for B;(G). Similarly, if B is a minimal point cover for G, then
V(L(G))U B is a point cover for B1(G). Hence, ag(B1(G)) < min{p+ ag(L(Q)), ¢+
ao(G)}- O

Remark 4.4. If G =2 K + Ky + 2K, then ag(B1(G)) = p+ ao(L(G)) = 8 and
if r(G) = 1, then ap(B1(G)) = p + ao(L(Q)).
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(i) ao(Bi(Pn)) =n,ifn > 3.

(ii) ap(B1(Cn)) =3,ifn=3;and =n+1,ifn
(iii) ao(B1(Kn)) =in(n—1),ifn>3
(iv) ag(B1(K1n))=n+1,ifn

Theorem 4.13. (y(B1(G)) > max{3o(Q),Bo(L(G))} = max{w(G),w(L(Q))},
where w(G) is the clique number of G, the maximum number of mutually adjacent

vertices.

Proof. Using ag(B1(G)) + Bo(B1(G)) = p + ¢, the proposition follows. O

Theorem 4.14. Let G % nK;. Then a;(B1(G)) < min{max(p,q),a1(G) +
a1(L(G))}-

Proof. Since G and L(G) are induced subgraphs of B1(G), a1(B1(G)) <
a1(G) + a1 (L(G)). Let v1,v2,...,v, be the p vertices and e;; = (uj,v;), i # j
be the ¢ edges in G and e}; be the corresponding line vertices. Then the set of
edges of the form (v;,e};) in Bl(G) is a line cover for B1(G). Thus, a;(B1(G)) <
min{max(p, q), a1(G) + a1 (L(G))}. O

Remark 4.5.
(1) IfG= P4 @] KQ, then Oél(El(G)) = 041( ) + Oél(E( ))
(ii) Using a1(B(G)) + B1(B1(G)) = p+ q, $1(B1(G)) can be determined.

Example 4.5.
(i) a(B1(P,)) =n, if n > 3.
(i) a1(B(Cp)) =n,ifn > 3.
(iii) o1 (B1(Ky)) = {3n(n+1),},ifn > 3.
(iv) a1(B1(K1,)) =n+1,ifn > 3.

In the following, the chromatic number x of B;(G) is determined.

Theorem 4.15. If G is a disconnected graph containing exactly two components
such that each is a clique, then x(B1(G)) = 2.

Proof. Let G be a disconnected graph with exactly two components G; and
G such that (G) is a clique, for i = 1,2. Then G is bipartite with the bipartition
[G1,G2]. That is, V(G) can be partitioned into two independent sets V(G1) and
V(G2). Thus, G is 2-colorable. Let the colors used for vertices in V(G;) C V(G) be
i, 7 =1,2. The color the line vertices corresponding to the edges in (G;) C V(G) by
the color 2 and in (G3) C V(G) by the color 1. Hence, x(B1(G)) = 2. O
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Remark 4.6. If G is disconnected with & components such that each component
is a clique, then y(B;(G)) = k.

Theorem 4.16. IfG is a (p, q) graph, then x(B1(G)) < min{p, q}, where p, q > 3.

Proof. Let vy,v2,...,vp be the p vertices of G.

Case (i): p < ¢g. Color the point vertices vy,vs,...,v, in B1(G) by the colors
1,2,...,p respectively. Let e;; = (v;,v;) € E(G) and e;; be the corresponding line
vertex. Then color the vertex e’ij by a color other than 7 and j. This is possible,
since p < ¢q. Hence, B1(G) is p-colorable.

Case (ii): p > ¢. Color the ¢ line vertices by ¢ colors. Let e}; be a line vertex
and e;; = (v;,v;) be the corresponding edge in G. Then color the vertices v;, v; by
the same color other than the color given to ej;. Hence, B1(G) is ¢ colorable. By
Case (i) and Case (ii), it follows that x(B1(G)) < min{p, ¢}.

Remark 4.7.
(i) If G = P3 U Ko, then x(B;(G)) = ¢; and
(ii) If G = Ky + K» + Ko, then x(B1(G)) = p.

Example 4.6.

(i) (Bi(P) =3, ifn =34
={n/2}, if n > 5.
(i) WBUC)) =2, ifn=3
=3, ifn=4;
={n/2}, if n > 5.
(iii) X(B1(K1,)) =3, ifn=2;
=n, ifn>3.
(iv) x(B1(K,))=n—1, ifn>3.

For v € V(@), the neighborhood N (v) of v is the set of all vertices adjacent to v
in G. The set N[v] = N(v) U {v} is called the closed neighborhood of v. A subset
S of V(G) is a neighborhood set (n-set) of G if G = |J (N[v]), where (N[v]) is

veS
the subgraph of G induced by N[v]. The neighborhood number ng(G) of G is the

minimum cardinality of an n-set of G, see [7].
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Theorem 4.17. Let G 2 nK;. Then no(B1(G)) < min{p+no(L(Q)),q+no(G)}.

Proof. V(G) together with an n-set of L(G) or V(L(G)) together with an n-set
of G is an n-set of B1(G). Hence, the proposition follows. O

Remark 4.8. If G = P;U3K; or Ko U K1, then ng(B1(G)) = ¢+ no(G).

Example 4.7.

(i) no(B1(P,)) =n,if n > 3.

(i) no(B1(Cpn)) =n+1,ifn > 4.
(iii) no(B1(Ky)) = sn(n—1),if n > 3.
(iV) no(El(Kl,n)) =n+1,ifn > 3.

Acknowledgement. Thanks are due to the referee for the modified version
of this paper.
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