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CONVERGENCE OF NUMERICAL METHODS FOR SYSTEMS
OF NEUTRAL FUNCTIONAL-DIFFERENTIAL-ALGEBRAIC
EQUATIONS
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Summary. A general class of numerical methods for solving initial value problems for
neutral functional-differential-algebraic systems is considered. Necessary and sufficient con-
ditions under which these methods are consistent with the problem are established. The
order of consistency is discussed. A convergence theorem for a general class of methods is
proved.
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1. INTRODUCTION

Let I be a fixed interval of real line. By C*(I, R?) we denote the space of function
with continuous derivatives up to the order i on I into RP; C(I,RP) = C°(I,RP).
Let J = [a,b], & = C(J,R?), B=C(J,R™), ¥ = & x & x B. Later, we will use
also the following spaces: & = C(J,RP), & = C(J,R™), % = o x o x B, where
C'(J, R™) or C'(J, R?) denotes the class of piecewise continuous functions from J
into R™ or RP, respectively. These spaces are considered with the standard uniform
topology.

For given f € C(#,%), g € C(¥,%B) and yo € RP, we consider the system of
functional-differential-algebraic equations (FDAEs) of the form

teJ,

(1) {y’(t) = f(y’ y’»z)(t)’ y(a) = Yo,

z(t) = g(v, v, 2)(t),

457



with unknown functions y € C!(J,RP) and z € B. We assume that f and g are
Volterra mappings, i.e. for any ¢ € J the conditions

y(s) =3(s), Y(s)=Y(s), z2(s)=2(s) for a<s<t

imply
f@,Y,2)(t) = f(5,Y,2)(t) and g¢(y,Y,2)(t) = 9(3,¥,2)(t).

Special cases of system (1) arise in many applications, among other in the mod-
elling of engineering problems, for example in the simulation of electrical networks,
mechanical systems, physical chemistry and in control applications (see [1-3]).

The aim of this paper is a numerical solution of problem (1). First, let us make
some general comments about problem (1). Let o(D) denote the spectral radius of
a square matrix D and let

lull: = max [u(s)]

with || - || being a norm in R™. It can be proved (see [11]) that there is a unique
solution of (1) if the Lipschitz conditions

1f(z,y,2)(®) - £(Z,8, ) < crllz — Elle + cally — Glle + esllz — Ze,

g(z,y,2)(t) — (2,9, 2) ()| < &ullz — 2l + C2lly — Glle + Csllz — 2]l
hold for some c;,¢; > 0, i = 1,2,3, and ¢(D) < 1 for

D= [f"’ s ] :
Co C3
It is known that the difficulty in solving the problem of differential-algebraic equa-
tions (DAEs) depends on their index. We observe that the conditions assumed in the

present paper imply the index of (1) to be at most one. For instance, let g appearing
in (1) not depend on ¥, i.e.

9y, v, 2)(t) = gy, 2)(t), teJ

Now, if we assume that the derivatives g, and g, exist, then differentiating the second
equation in (1) we have

2'(t) = (9y(y, 2)¥) (t) + (92(v,2)2") ()
= (9y(v,2)f (¥, ¥, 2)) (t) + (92(v,2)2") (t), te T

If (I — g.)~ ! exists and is bounded, then

2(t) = [ - g:(y,2) " (95w, ) f, ¥, 2) (1), te
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This means that (1) takes the form

teJ

@ { v'(t) = f(y,9'.2)(®), y(a) = yo,

2'(t) =gy, v, 2)(t), z(a) = z.

In this way we get a system of FDAEs without the algebraic part, i.e. a system of
the index 0. This means, according to [1], [8], that the index of the original problem
equals one (in [1], [8], the index of DAE is defined as the number of times the algebraic
part of the system has to be differentiated to obtain an ordinary differential equation).

On the other hand, under the assumption g(D) < 1, system (1) can be resolved
with respect to ¢y’ and z. It means that there exist operators f € C(&/, &) and
g € C(&, &) such that (1) is equivalent to the explicit system

@) {y’(t) =fw®, v@=vw, .

z(t) = g(y)(¢),

This proves that system (1) can be considered as a system of the index 1 because it
is reduced to the simple system (3) which again can be solved by first solving the
differential equation and then calculating 2z from the second equation of this system.

However, in practice, it is impossible to follow the way described above because
the operators f and § are not known. Due to this fact, to solve (1) numerically we
have to use the original form of system (1) employing the known operators f and g.

Before describing a class of numerical methods for solving problem (1), we ob-
serve that, at the present time, it is well recognized that the numerical methods for
differential-delay equations have to be constructed in such a way that they make it
possible to compute the values of approximate solutions at any point of the interval
where they are defined. This is also the case for differential-delay-algebraic systems
of equations. This is in contrast with the case of ordinary differential equations and
DAEs for which it is quite enough to compute approximations only at the mesh
points.

Assume that (y*,2*) is a unique solution of problem (1). Let Y* denote the
derivative of y*. Take h = (b — a)/N and t, = a+nh,n =0,1,...,N. By ¢, Y"
and 2" we will denote approximations of y*, Y* and z*, respectively.

Put § = yo, 2 = 2*(a) and Y = y*'(a), so Y and % from a solution of the system
of equations
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The values Y and % have to be found first, then we construct y”, Y* and 2" by the
procedure

(y"(a) =17,
y*(tn +7h) = yh(tn) + hF(y", Yh 2hoh, T)(tn),
Y™a) =Y,
(4) 1 vh vk Lk
Y*(tn, +71h) =Gy, Y", 2" h,1)(tn),
z"(a) = 3,
(2" (tn +Th) = Q" Y", 2" h,1r)(t,)

forr€ (0,1) and n=0,1,...,N = 1; F(y",Y", 2" h,0)(t) = ©,, where ©, denotes
the zero vector in R?. The operators F,G: % x /' — &, Q: U x H# — B are
given, where J# = H x [0,1] with H = [0, ho] for some hg > 0. We assume that F,
G and Q are Volterra mappings with respect to y*, Y*, z* for any h and r.

The aim of this paper is to give conditions under which method (4) will converge
to the solution (y*, z*) of (1). The order of convergence will be discussed, too.

This paper extends the results of [5] and [9] formulated for ordinary differential-
algebraic problems to the general form of the neutral functional-differential-algebraic
systems.

2. CONSISTENCY

Now we are going to discuss the problem of consistency of method (4) with prob-
lem (1). Let us introduce

Definition 1. Method (4) is consistent with (1) on the solution (y*,2*) €
C(J,RP) x & if there exist functions ¢;: H - Ry =[0,00), 1 = 1,2,3, €;(h) = 0,
i=2,3,h e (h) = 0as h — 0, such that for (¢, h,r) € J, x Hx[0,1], J, = [a,b—h],
we have

1° IhF(y*, Y™, 2% by r)(t) + y*(2) — y* (E + rh)[| < €1 (R),
2° ||G(y*, Y™, 2% h,r)(t) = Y (t + 7D)|| < e2(R),

3° R, Y*, 2% h,r)(t) — 2*(t + rh)|| < e3(h).

The order of consistency is ¢ if, in addition,

er(h) = O(ht*t!)  and  &;(h) =O(h?), i=2,3 as h—0.

Theorem 1. Assume that ]ﬁ eC(¥,d), g€ C(¥,B) and the mappings F,G:
U X I — o, Q: U x H — B are continuous with respect to the fourth argument
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uniformly with respect to the ones. Then, for t € J and r € [0,1], the relations

F(y*,Y*, 2%0,r)(t) =rf(y", Y™, 2%)(D),
©) G*Y*,2%0,r)() = f(y". Y™, 2%) (1),
QY 2%0,7)(t) = g(y", Y*,2%)(2)

are necessary and sufficient conditions for the consistency of method (4) with sys-
tem (1).

Proof. To prove the theorem use the Taylor formula and Definition 1 to get
the assertion. ]

Remark 1. If in Theorem 1 one assumes a bit more, namely that Y* satisfies
the Holder condition with an exponent v € (0, 1], then the order of consistency of
(4) equals at least v.

To get the consistency of higher order of method (4) one needs to assume higher
regularity of the solution (y*,2*). To discuss this question we extend the approach
of [14] to our case. We introduce

Assumption A. Assume the following conditions are satisfied:

1° f, € C(%,) and g, € C(% %) are approximations of f € C(#,/) and
g € C(#%, B) such that, for any (y,Y, z) € C*(J,RP) x C(J,RP) x C(J, R™), the
relations

Il fu(y,Y,2)(t) = f(y,Y,2)(t)|| < d1(h),
llgn(y, Y, 2)(t) — g(y, Y, 2) ()|l < 02(h)

hold for some 4;: H = R4, i =1,2; and fx, gn are Volterra mappings;
2° there exist nonnegative constants M;, P;, i = 1,2, 3, such that

3
[l fa (@1, 22, 23)(8) = fa(y1, 92, y3) (O < D Millzi — illes
=1
3
llgn (1, @2, 23)(t) = gn (Y1, y2,y3) O < D Pillws = yills,
=1

3° g(A) <1 for A:[M2 M3].

P, P

Assumption B. Assume that

1°®: U XxH — o, x: U x H# — B are Volterra mappings, ®(y,Y, z; b, -)(t) is
of class C! and we denote its derivative by ®s;
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2° there exist §;: H — R, i = 1,2, 3, such that the inequalities

ly*(t) + hr®(y*, Y™, 2% b, 1) (t) — y* (t + rh)|| < 8u(h), r€[0,1],
12(y*, Y™, 2% h,r)(t) + r®s(y*, Y™, 2% b, ) (t) = Y*(t + rh)|| < d2(h),
r € [0,1],

Ix(y*, Y*, 2% h,r)(t) — 2*(t + Th)|| < 03(h), r€[0,1]
hold for t € Jy;

3° a; € C‘([O, 1],R), a_-,'(O) =0, a; € C([O,I],R), bj € [0,1], I_)j € [0, 1], b; # bj,
bi #bj fori# jandi,j=1,2,...,k.

Under Assumptions A and B, we define

k
(6a) F(y,Y,zh,r)(8) = D a;(r) fu(@, Y, 2)(t + bjh),

j=1

Y,z bjh fi s
(65) G,Y,zih, () = Za(rm bty for 0<r<d

fh( Y, 2)(t +7h) for r=0,r=1,

k
a; —177- th £ 0 1,
(6c) Qy,Y,z h,r)(t) = j;ag(r)gh(y z)(t + b;h) or 0<r<

on(7,Y,2)(t +rh) for 7=0,r=1,
where
y(s) for a<s<t,
6d g S) = —t
(64 ) y(t)+(s—t)‘I>(y,Y,z;h,f—}z—)(t) for t<s<t+h,
(6e)
Y (s) fora<s<t,
— s—1t s—t
Y(s) = ‘ﬁ(y,Yzh - )(t)+ 7 (szh ’ )(t) fort<s<t+h,
(@, Y, 2)(t+h) for s =t + h,
2(s) for a<s<t,
(6f) z(s) = x(y,Y,z;h, 3]—7)(0 for t<s<t+h,
gn(3,Y,2)(t + h) for s=t+h.
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The following theorem deals with the order of consistency of method (4) with
system (1) for the increment functions F', G and @ described above.

Theorem 2. Let (y*,2*) € C**1(J,RP) x C*(J,R™) be a solution of (1). Let
Assumptions A and B be satisfied, and

(7a) Zaj(r)b‘ 1= i=1,2,...k,

k
(7b) Z ) (5;) =, i=1,2,.. k.

Then there exist constants Cy,Cs,C3 > 0 such that

|RF(y*, Y*, 2% h,7)(t) + y* () — y*(t + Th)|| < CLhA(R) + O(RF*1),
(8) IG(*,Y*, 2% h,r)(t) = Y*(t + rh)|| < C2A(R) + O(R¥),
Q™. Y*, 2% h,r)(t) — 2*(t + rh)|| < CsA(R) + O(R¥)

as h = 0, where
3 2
A(h) =Y &i(h)+ Y &i(h).
=1 i=1

If A(h) = O(h*) as h — 0, then the order of consistency of (4) is equal to k.

Proof. First of all we note that method (4) with F, G and Q of the form (6)
is well defined. Moreover, the conditions (5) are satisfied.

Let t € Ji, c € [0,1] and §*, Y* and z* be defined by formulas (6d)-(6f) with
y, Y and z replaced by y*, Y* and z*, respectively. According to condition 2° of
Assumption B, we have

sup ||5*(s) —y*(s)ll
[a,t+ch]

9) = sup [|§%(s) =y ()l
[t,t+ch]

sup [ly*(t) + hs®(y*, Y™, 2%; h, s)(t) — y*(t + sh)||
(0,¢]

< 61(h).
Similarly, for e € [0, 1) we have
(10) sup |[Y*(s) = Y*(s)|l
[a,t+eh]
=sup ||®(y*, Y*, 2% h, s)(t) + s®s5(y*, Y™, 2*; h, 5)(t) — Y*(t + sh)||
[0,€]

< 52(h)s
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(11) sup [|2*(s) — 2*(s)|| < d3(h).
[a,t+eh]

u=||Y*({t+h) - Y*(t+h), v=||2*(t + h) — 2*(t + h)|.
By conditions 1° and 2° of Assumption A, we get

u= ”fh(g*v 7*7 Z*)(t + h) - fh(y*v Y*v Z*)(t + h)
+ fa(y* Y*, 2*)(t + h) — f(y*, Y™, 2*)(t + h)|
Myl|g* = y*[le4n + Ml[Y* = Y*|len + Mal|Z* — 2*||e4n + 61(h)

<
< Mlgl (h) + Mzgz(h) + M353(h) + d; (h) + Msyu + M3v

and _ .
v =|lgn(F*, Y*, 25)(t + h) — gn(y*, Y™, 2%)(t + h)

+gn(y*, V", 25) (¢ + h) — g(y*, Y™, 2%)(t + )|l
< Plsl(h) + Pzgz(h) + P353(h) + (52(/7,) + Pyu + P3v.

The last two inequalities for u and v can be combined into
(12) U < AU + B(h),

where

_ _ M151 (h) + M252(h) + Mags(h) + 61 (h)
v= [U] . Blh)= [ Py81(R) + Pady(h) + Psbs(h) + 82(h) |°

Here the inequality [z1,22]T < [%1,Z2]7 means that z; < 7;, i = 1,2. It is known
that o(A) < 1 implies that the matrix I — A is nonsingular and its inverse has
nonnegative elements, so (12) yields U < (I — A)~!B(h). Combining this with (10)
and (11), we find

(13) sup [[Y*(s) = Y*(s)|| < M1A(h),
la,t+ch]
(14) sup ||2%(s) — 2*(s)|| < P1A(h),
[a.t+ch]

where M and P; are constants independent on h.
The Taylor formula for y* € C¥+1(J,RP) yields

k
hz a;(r) [y*(t + b;h)] +y*(t) — y*(t + rh)

=1

koo o k pi-1 i
S oK) [; O - 5]

n3(h) =

l +O(R*1) as h — 0.
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According to condition (7a), we find n3(h) = O(h**!) as b = 0.
Basing on the conditions 1°-2° of Assumption A and (9), (13)-(14), we obtain

m(h) =

k
b ai(r) [fa(@, Y, 2%)(t + bjh) — fa(y*, Y*, 2t + b;h)) “

ij=1

k
<R 1ai ()] [Millg* = y*llevs;n + Mal|V* = Y*[lerbin + Ms)|2* — 2*{|e4s;n)
Jj=1

< hMyA(h), M, is a nonnegative constant,

n2(h) =

k
RS0 Y ) e ) = £07 e+ i) |

k
<Y laj(r)|61(h).
j=1
Hence
|RF(y*, Y*, 2*; h,r)(t) + y*(t) — y*(t + rh)|| < m(h) + n2(h) + n3(h),

so we have found the first estimate of (8).
By differentiating (7a) with respect to r we have

k .
Za}(r)bz—l =ril i=1,2,...,k
j=1

Using this, the Taylor formula, (9), (13)-(14) and (7b), we obtain

61(h) for r=0,
IG(y*,Y*, 2% h,r)(t) = Y*(t +7R)|| < { P3A(R) +O(h*) for 0<r <1,
M3A(h) for r=1,
d2(h) for r=0,
IQW* Y*, 2% h,r)(t) — z*(t + rh)|| < PsA(h) +O(h*) for 0<r <1,
MyA(h) for r=1

as h — 0, where M3, My, Ps, P4 are nonnegative constants. From this we get thc

rest of the assertion of (8). Finally, we find that if A(h) = O(h*) as h — 0, then (8)

implies that the order of consistency of (4) is equal to k.
The proof is complete.
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Remark 2. By the property of the Vandermonde determinant, system (7a) has
a unique solution a; for any choice of distinct values of b; (see [14]). It means that
method (4) has sense for F, G and Q defined by (6).

Remark 3. It follows from the proof of Theorem 2 that the assertion of this
theorem remains valid if the condition 1° of Assumption A is true only for y = y*,
Y=Y* z=2"

Remark 4. Let (y*,2*) € C*1(J,RP)x C*(J,R™). If the derivatives (y*)(*+1)
and (2*)(® satisfy the Holder condition with the exponent v € (0,1], and A(h) =
O(h") as h — 0, then the order of consistency equals min(v,y + k).

Examples. Now we are going to give some examples of method (4) of the
corresponding order with F, G and @ defined by (6).
(a). Put k =1 and by = by = 0. Then, according to (7), we have a;(r) = r,
ay(r) = 1. Let
®(y,Y, z;h,7)(t) = fuly, Y, 2)(t),
x(y, Y,z h,7)(t) = gn(y, Y, 2)(t).
If 6;(h) = O(h) and &3(h) = O(h), then &; (k) = O(h?), §2(h) = O(h), d3(h) = O(h)
as h — 0, and we have the method of order one.
(b). Put k =2, b; =0, by = 1. Then a,(r) = r — 3% az(r) = 3r% If by =0,
by = 1, then a;(r) = ai(r), i = 1,2, while if b = 3, by = 1, then al(r) =2(1-r),
az(r) = —1+ 2r. Let

B(y, Y, 230 1)(0) = Fulw, Y 2)(0) + 57 126, T8¢+ b) = faly, Y, 2)0)]

X0, Y, 2 b 1)(t) = 980, Y,2)(O) + 7 [906,7 D)t +h) - 9n (3, Y, 2)0)]

with
for a<s<t,
{ y(t) + (s — ) fu(y,Y,2)(t) for t<s<t+h,

Y (s) for a<s<t,

Y (s) {fh(y,Y 2)(t) for t<s<t+h,
fh@,Y 2)(t+h) for s=t+h,
2(s) for a<s<t,

2(s {gh(y,Yz)() for t<s<t+h,

9@, Y ,Z)(t+h) for s=t+h.
If 6;(h) = O(h?) and d2(h) = O(h?) as h — 0, then we have the method of order
two.
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3. CONVERGENCE

In this section, the convergence of the method (4) will be proved. The order of
convergence will be discussed, too.

Theorem 3. Assume that:

1°feC, &), g€ C¥,B), LG:U xH — o, Q: U x H# — B all are
Volterra mappings, F, G, Q are continuous with respect to the fifth argument,

2° there exists a unique solution (y*, z*) of (1),

3° method (4) is consistent with problem (1) on the solution (y*, z*),

4° there exist constants L;, I{; > 0,1 =1,2,3, such that

3
| F(u1, ug,us; h,r)(t) — F(a@1, a2, a3; h,r)(t)|| < ZLi”ui — Gi||t+h,
=1

3
G (u1,u2,us; B,)(t) — G(@, Ta, T3; hy 1) ()] < D Killus — Tallean

=1
hold for all uy, @y € &, ug, Gy € &, us, U3 € B,
5° |[Y*(a) - Y*(a)|| < e2(h),
6° there exist constants d; > 0, i = 1,2, 3, such that
|Q(u1, ug,us; b, ) (t) — Q(Gy, G2, Gs; h, ) (1) ]|
< diflur — @1lle4n + dafluz — G2llen + d3lus — Gslle+n
holds for uy € &, us € &, uz € B,
- - Ky, Kj
7°0(A) <1 for A=
o(4) or [ & ds

and there exist constants v1, 72,73 = 0 such that, for e(h) = h=le;(h)+e2(h)+e3(h),
the estimates

] . Then the method (4) is convergent to (y*, z*)

sup lly" () = y* (@Il < me(h),

(15) sup IY™(8) = Y* ()l < 72¢(h),
sup [|2"(t) — 2* ()| < v3e(h)
teJ

hold for h sufficiently small.

- Proof. Put
v (t) = [ly" (1) — y* (1), Ve = [SuP] v*(7),
a,t,
wh(t) = [Y™(t) - Y* (1), W= [Suplwh(‘r),
a,t,
zh(t) = [|2"(t) - 2* (D), Xh= [Sllp]w"(T)~
a,t,
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Using the conditions 2°-4°, we have

wh(tn +1h) = |G, Y, 2" h,r)(t,) — Gy, Y™, 2% h, 7) ()
+ Gy*, Y*, 2% h,1)(tn) — Y*(tn + Th)]|
SIGVE L + oW, + IGXE +e3(h) = ¢y,

n
S0
sup wh(T) < (T’;_H.
[t tnt1]
This and condition 5° yield
(16) Wh < KiVE + KoWh + KX 4+ e5(h), n=0,1,...,N.

Similarly, we have

v (tn +1h) = [y (tn) + REY" YR, 2" 0, 7) (t0) = y* () — BE(y*, Y, 2% by ) (tn)
+y*(tn) + hF(y*, Y™, 2% h,7)(tn) — y*(tn + Th)||
SVE+h[LVil + LWy + LaX )] +ex(h)
=¢,, n=01,...,N -1,
SO

h h
sup v*(7) < &nprs
[t stns1]

and
(17) Vi S VRHRLV AhLyW)  +hLsXE  +ei(h) for n=0,1,...,N-1.
Now we need an estimate for z". Condition 6° yields

g (tn +1h) = QW™ Y™, 2" hyr) () — Q(u*, Y*, 2% By T) ()
+ Q" Y*, 2% h,r)(ts) — 2*(tn + Th)||
SV, +daWh +dsX), +e3(h), n=0,1,...,N—1;

hence
(18) Xh <V + oW+ d3 X)L +es(h), n=0,1,...,N—1.
Writing (16) and (18) in the vector notation, we obtain

(19) oh  <Aph +0h,, n=0]1,...,N—1,
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where
b Wwh gt — K1VP 4+ e5(h)
= xh "I dVE +es(h)

By this and condition 7°, we have
Ph o <UI-A)W,,, n=0,1,...,N—1,

which proves that there exist nonnegative constants a;,as, by, b2 such that the rela-
tions

(20) . Wh<a V1:l+1 + az [e2(h) + e3(h)],
Xn-H <b +1 + b [Ez(h) + 83(’1)]
hold for n =0,1,...,N — 1.
Combining the last two inequalities with (17) we see that

Vi, S VF+RLV, +hLlse(h), n=0,1,...,N -1,

where L; and L, are nonnegative constants. Hence, for sufficiently small A such that
hL, < 1, we have
Vh < me(h), n=0,1,...,N.

n

Combining this with (20) we have estimate (15). The proof is complete. O

Remark 5. If method (4) is consistent of order ¢, then the convergence is also
of order g, so

sup [ly"(t) — y* ()l = O(h7), sup|lY"(t) = Y*(@#)|l = O(h?),
teJ teJ

sup ||2"(t) — 2*(t)]| = O(h?)

teJ

as h — 0.

Remark 6. It is easy to prove that
Ko+d3z <2 and I{, + d3(1 - 1{2) + K3ds < 1

imply condition 7°, i.e. o(A) < 1 holds.

Remark 7. Notice that the values §, ¥ and % appearing in (4) usually are
found approximately. In this case, the convergence of order ¢ can be reached only if
these approximations are also of order gq.
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4. COMMENTS

.

Up to now we have considered system (1) in which the operators f and g require
only the values of the unknown functions y, ¥’ and z for arguments ¢t € J. A more
general type of FDAEs is that in which the values of the unknown functions appear
in f and g for arguments ¢ on the left hand side of the left endpoint a of the interval
J. Below, we consider this case, and we show that it can be transformed to a problem
of type (1). To do this some additional notation will be required.

Let Jo = [a—ap,a], Jy = [a—a1,a], T=JUJo, J = JU Jy, ao, a; >0, and let
¢ € C(Jo,RP) and ¥ € C(J;,R™) be given. By ¥*(J,RP), i = 0,1, we mean the
class of all functions z € C(J, RP) which are identical with ¢() on Jo; €(7J, RP) =
%°(J,RP). Similarly, %(J,R™) denotes the class of all functions z € C(J,R™)
which are identical with ¢ on J;. Put 2" = €(J,RP) x €1(J, RP) x € (J, R™).

Now we consider the system

{y’(t) =Z(y,y,2)(t),
z2(t) =9 (y,y, 2)(t),

for some & € C(Z,&) and ¥ € C(Z,%). System (21) will be supplied by the
initial conditions

(21)

(22)

y(t) = ¢(t), te€ o,
2(t) =(t), teg

satisfying the consistency conditions of the form

{cp’(a) = Z(p,¢',¥)(a),

(23) /
Y(a) =9 (o, ¢, ¥)(a).

Observe that the mappings % and ¢ may be of different form; for example sys-
tems of functional-differential-delay-algebraic equations and also integro-differential-
algebraic equations of Volterra type are special cases of (21). System (1) is also a
special case of (21), in this case we have ag = a; = 0.

As was mentioned earlier, problem (21) can be reduced to the case for which
ap = a; = 0, which means the case when the initial conditions have the form

a) =10, v'(a)=u,

(24) y(a) =yo, ¥y'(a)=m
z(a) = 2o

for given yo,y1 € R? and 2z € R™ such that

N = E(yo,yl,zo)(a), 20 = g(yo»ylazo)(a)‘
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Indeed, for y € C!(J,RP) and 2z € & satisfying the conditions

y(a) =p(a), Y'(a)=¢'(a), z(a)=1(a)

we define operators T and T3 by the relations

, Jo,

(Tiy)(t) = {‘p(t) L

(25) y(t), teJ,
(T22)(t) = {W)’ He

S z(t), teJd

Now, problem (21)—(23) can be replaced by an equivalent one of the form

(26) {y’(t) = Z(Twy, (Try)', T22)(t),
Z(t) = g(le, (le)',ng)(t),

{ y(a) = ¢(a), ¥'(a)=¢(a),
z(a) = ¢¥(a).

Notice that if (y, 2) is a solution of (26)-(27), then (T1y,T>z) is the corresponding
solution of (21)-(23). In this way we see that problem (21)—(23) is reduced to problem
(1).

In literature we can also find problems of fully implicit type. To conclude the
paper we briefly consider the case when the algebraic equation of problem (1) is
replaced by

(27)

9(t,y(a(t),2(t)) = ©
with a € C(J,J), a(t) <t , t € Jand g: J x R? x R™ = R™. To use method (4)
for finding a numerical solution of such a problem, we define the mapping Q by the
relation

Q(u,v,w; h,r)(t) = w(t) — P g(t, u(a(t), w(t)),
where P is a nonsingular m x m matrix. Assume that the derivative of g with respect
to the last variable exists and denote it by g3. If

(i) 1P~ [g(t, u,v) — g(t, @, v)] || < daflu—all,
(i) llo =5 — P~ [g(t, u,v) — g(t,w, D)} | < dsllv 3],
then it is easy to see that condition 6° of Theorem 3 holds. Indeed, we have
1Q (ur,u2, uss h,7)(t) — Q@1 i, @3 hy ) (B
=[lua(t) — as(t) = P~ [g(t, us(a(t)), us(t)) — g(t, ur(e(t)), T3(t))
+g(t,ur (), @3(t)) — g(t, (1), as(t))]|
<dillur = @ le + dsllus — aslle, tE€J.
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Using the mean value theorem one finds that condition (ii) holds if

sup || I — P~ 1gs(t,u,0)|| < ds;

tyu,v

here I,,, denotes the unit m x m matrix.

References

[1] K. E. Brenan, S. L. Campbell, L. R. Petzold: Numerical Solution of Initial-Value Prob-
lems in Differential-Algebraic-Equations. North-Holand, New York, Amsterdam, Lon-
don, 1989.

[2] S. L. Campbell: Singular Systems of Differential Equations. Pitman, London, 1980.

[3] S. L. Campbell: Singular Systems of Differential Equations II. Pitman, London, 1982.

[4] J. P. Deuflhard: Recent progress in extrapolation methods for ordinary differential equa-
tions. SIAM Rev. 27 (1985), 505-535.

[5] P. Deuflhard, E. Hairer, J, Zugck: One-step and extrapolation methods for differen-
tial-algebraic systems. Numer. Math. 51 (1987), 501-516.

[6] C. W. Gear: The simultaneous numerical solution of differential-algebraic equations.
IEEE Trans. Circuit Theory T'C-18 (1971), 89-95.

[7] C. W. Gear, L. R. Petzold: ODE methods for the solution of differential/algebraic
systems. SIAM J. Numer. Anal. 21 (1984), 716-728.

[8] E. Griepentrog, R. Mdrz: Differential-Algebraic Equations and Their Numerical Treat-
ment. Teubner-Verlag, Leipzig, 1986.

[9) E. Hairer, Ch. Lubich, M. Roche: The numerical solution of differential-algebraic sys-
tems by Runge-Kutta methods. Lecture Notes in Mathematics Nr. 1409. Springer-Ver-
lag, Berlin, Heidelberg, New York, 1989.

[10] Z. Jackiewicz: One-step methods of any order for neutral functional differential equa-
tions. SIAM J. Numer. Anal. 21 (1984), 486-511.

[11] Z. Jackiewicz, M. Kwapisz: Convergence of waveform relaxation methods for differential
algebraic systems. SIAM J. Numer. Anal.. In press.

[12] T. Jankowski: Existence, uniqueness and approximate solutions of problems with a
parameter. Zesz. Nauk. Politech. Gdansk, Mat. 16 (1993), 3-167.

[13] L. R. Petzold: Order results for implicit Runge-Kutta methods applied to differen-
tial/algebraic systems. SIAM J. Numer. Anal. 23 (1986), 837-852.

[14] L. Tavernini: One-step methods for the numerical solution of Volterra functional dif-
ferential equations. SIAM J. Numer. Anal. 8 (1971), 786-795.

Authors’ addresses: Tadeusz Jankowski, Technical University of Gdarsk, Depart-
ment of Numerical Analysi<. 11/12 Narutowicz Street, 80-952 Gdarisk, Poland, e-mail:
tjank@mifgate.pg.gda.pl; Marian Kwapisz, University of Gdarsk, Institute of Mathe-
matics, 57 Wita Stwosza Str., 80-952 Gdarisk, Poland, e-mail: matmk@halina.univ.gda.pl.

472



		webmaster@dml.cz
	2020-07-02T08:58:30+0200
	CZ
	DML-CZ attests to the accuracy and integrity of this document




