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Abstract. The paper is concerned with the study of an elliptic boundary value problem
with a nonlinear Newton boundary condition considered in a two-dimensional nonpolygonal
domain with a curved boundary. The existence and uniqueness of the solution of the
continuous problem is a consequence of the monotone operator theory. The main attention is
paid to the effect of the basic finite element variational crimes: approximation of the curved
boundary by a polygonal one and the evaluation of integrals by numerical quadratures.
With the aid of some important properties of Zlamal’s ideal triangulation and interpolation,
the convergence of the method is analyzed.
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INTRODUCTION

A number of problems of technology and science are described by partial dif-
ferential equations equipped with nonlinear Newton boundary conditions. Let us
mention, e.g., radiation and heat transfer problems ([1], [19], [21]), modelling of
electrolysis of aluminium with turbulent flow at the boundary ([6], [22]) and some

* This paper was supported by Grant No. 201/99/0267 of the Grant Agency of the Czech
Republic and grants MSM 113200007 and MSM 210000010.
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problems of elasticity ([15]). In some cases the boundary value problem with a non-
linear Newton boundary condition is reformulated as a nonlinear boundary integral
equation and solved numerically with the aid of the boundary element method (see,
e.g., [16], [17]). Another quite natural possibility is to introduce the concept of a
weak solution and apply the finite element method to the numerical solution of this
problem.

In the analysis of the finite element discrete problem with a nonlinear Newton
boundary condition one meets a number of obstacles, particularly in the very topical
case when the nonlinearity is unbounded and has a polynomial behaviour. The first
results for a problem of this type were obtained in [6], where the existence and
uniqueness of the solution of the continuous problem was proved with the aid of the
monotone operator theory, and the convergence of the approximate solutions to the
exact one was established under the assumption that all integrals appearing in the
discrete problem were evaluated exactly. In [8], the convergence of the finite element
method was proved in the case that both the volume and boundary integrals were
calculated with the aid of quadrature formulae. In the analysis of the boundary terms
we were not successful in applying the well-known Ciarlet—-Raviart theory ([3], [4]) of
the finite element numerical integration because of the nonlinearity on the boundary.
The convergence analysis was obtained with the aid of a suitable modification of
results from [27]. Furthermore, the work [9] is concerned with the derivation of
error estimates. They were obtained thanks to the uniform monotonicity of the
problem which we had derived in [9]. (In the previous papers only strict monotonicity
was established.) However, in contrast to standard nonlinear situations treated,
e.g., in [2], [11], [12], [18], [28], where strong monotonicity was used, here we do
not get an optimal O(h) error estimate for linear finite elements. The order of
convergence is reduced due to the fact that only uniform monotonicity with growth of
degree t>**, a > 0, holds now, and due to the nonlinearity in the boundary integrals.
Moreover, the application of numerical integration in the nonlinear boundary integral
can also lead to further reduction of the rate of convergence. The theoretically
established decrease of the order of convergence caused by the nonlinearity in the
Newton boundary condition was confirmed with the aid of numerical experiments
in [10].

In the above mentioned papers [6], [8], [9], [10], the domain was assumed to be
polygonal. In practice one meets, of course, problems in nonpolygonal domains with
piecewise curved boundaries. Then such a domain is approximated by a polygonal
one over which the finite element discretization is applied. By G. Strang ([25]), the
approximation of the boundary and the use of numerical integration represent the
basic finite element variational crimes. They were analyzed in a number of works.
As a fundamental literature we mention [3] and [4]. The finite element variational
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crimes in the approximations of nonlinear elliptic problems were investigated in [12],
[13], [7], [11], [24], [28] and [29]. The main tools were Zlamal’s concepts of ideal
triangulation and ideal interpolation ([30]).

Here we will be concerned with the finite element analysis of the boundary value
problem with nonlinear Newton boundary conditions considered in a general two-
dimensional nonpolygonal domain. With the aid of the above mentioned Zlamal’s
techniques, we establish the convergence of the approximate finite element solutions
to the exact one, taking into account the effect of numerical integration and approxi-
mation of the curved boundary. The contents of the paper is as follows: In Section 1,
the continuous problem is formulated and the concept of a weak solution is intro-
duced. In Section 2, the problem is discretized by the finite element method (with
the approximation of the boundary and the use of quadrature formulae for the evalu-
ation of the integrals appearing in the weak formulation). Section 3 is devoted to the
definition and important properties of the ideal triangulation and the associated ideal
interpolation. Finally, in Section 4, the convergence of the method is established.

1. FORMULATION OF THE PROBLEM. WEAK SOLUTION

Let ©Q C R? be a bounded domain with a Lipschitz-continuous boundary 69 and
let 09 be piecewise of class C3. By Q we denote the closure of €.

We consider the following boundary value problem: Find u: Q — R such that

(1.1) —Au=f inQ,

(1.2) % + klulu = ¢ on 09,

where f: © — R and ¢: 02 — R are given functions, n is the unit outward normal
and kK > 0, a > 0 are given constants. The classical solution of the above problem
can be defined as a function u € C?(1) satisfying (1.1) and (1.2).

In what follows we will work with the well-known Lebesgue and Sobolev spaces
LP(Q), LP(0%2), WkP(Q), HE(Q) = Wk2(Q), WkP(99Q). (See, e.g., [20].) By |||lk.p.0
and ||-||x.p.00 we denote the standard norms in W*»(Q) and W*?(9Q), respectively.
Then |[|-|lo,p,0 and ||]Jo,p,00 mean, of course, the norms in LP(€2) and LP(02). The
symbol |-|x » o denotes the seminorm in W*P(Q). (Similar notation will be used for
the Lebesgue and Sobolev spaces over other sets.)

Let us assume that

feL*Q), ¢eL?*09).
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In the usual way we can introduce a weak formulation of problem (1.1)—(1.2). To
this end, we define the following forms:

(1.3) b(u,v) = /QVu -Vode,

d(u,v) =k / lu|“uv dS,
a(u,v) =
LQ(v):/fvdx LY (v) = / v dS,

L(v) = L*(v) + L' (v),
u,v € HY(Q).

b(u,v) + d(u,v),

Defintion 1. We say that a function u: 2 — R is a weak solution of problem

(1.1)~(1.2), if

(1.4) a) u € HY(Q),
b) a(u,v) = L(v) Yv € H'(Q).

It was shown in [8] that

Theorem 1.1. Problem (1.4) has exactly one solution.

2. FINITE ELEMENT DISCRETIZATION

We consider a system {2, }¢(0,n,), 0 < ho < 1, of polygonal approximations of 2.
Let Q* be such a domain with Lipschitz-continuous boundary that QU Q, C Q* for
every h € (0, ho).

Let Tp, h € (0, ho), be triangulations of domains €, with the following properties:

(T1) Any triangulation is formed by a finite number of closed triangles T'.
(T2) Q= U T.
TET,

(T3) It T;,T; € Tp, T; # T}, then either T; NT; = ) or T; N T} is a common vertex
or T; N T} is a common side of T; and Tj.

(T4) If T € Ty, then at most two vertices of T lie on 0fQ.

We denote by o}, the set of all vertices of 7;. Let

(T5) op C ﬁ, o N Oy, C 0.

(T6) The points from 92, where the condition of C3-smoothness of 9 is not satis-
fied, are elements of oy,.
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We will denote by hr and ¥ the length of the maximal side and the magnitude
of the minimal angle of T' € 7T;, respectively. We set

2.1 h= hr, ¥, = min 7.
(2.1) max by, Up = min Jr

We assume the index h to be chosen in such a way that h = h. Considering the
numbers ¥, we will suppose the existence of such a constant ¢ > 0 that

(22) 19}7, > 190 Vh € (Oa hO)a

which means that
(T7) the system of triangulations {7 }re(0,n) is regular.

We say that T € 7, is a boundary triangle, if T' has a side S C 0Qp. We denote
by s, the sets of all sides S C 99, of boundary triangles T' € {7 }},.
Further, let the following hold:

(T8) If P € 9y, NI, then either P € oy, or there exists such a side S € s, that
PeSand SCoQnNoQy;if Pe dQNIT for some T € Ty, then P € 0Qy,.

In what follows we set |T'| = area of T € 7, and |S| = length of S € sj,.
Let us assume that

(T9) the triangulations 7y, h € (0, hg), satisty locally an inverse assumption at OQ:
there exists v > 0 such that

(2.3) h/1S| < v VS € s, Vh e (0,ho).

The assumptions (T9) and (2.2) give the existence of a constant o > 0 such that
(2.4) oh? <|T| < h? for every boundary triangle T € Tj, and every h € (0, h).
Finally, because of our further considerations we suppose that
(2.5) f € WH4(Q*) for some ¢ > 2 and ¢ € WP (9Q) for some p > 1.

An approximate solution to problem (1.4) will be sought in the space of triangular
conforming piecewise linear elements Hj, C H*(Q):

Hy, = {v € C(Q,);v|r is linear for each T € 7, }.
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First we approximate the bilinear forms b, d, a and the linear functionals L, LT,
L by

(2.6) by (u,v) = Vu - Vodz,
Qp

dn(u,v) = H/ |u|“uv dS,
o,

an(u,v) = by (u,v) + dp (u, v),

E%(v) = fudx, ZI;:(”U) :/ prvdS,
Qh 8Slh
Ln(v) = L (v) + Lj,(v),
u,v € H(Qp),

where the function ¢ : 0 — R is an approximation of ¢ defined later according
to (3.6).

In practical computations, the integrals appearing in the definition (2.6) of the
forms dj,(u, v) and Ly, (v) are usually evaluated for u,v € Hj, with the aid of quadra-
ture formulae.

For ¢ € C(Q,) we write

(2.7) a) Ydr =
Qp

> [ va

TeT),

M
b) /T Pdz ~ \T\;wuwm),

M
Q) Ba() = | wdo= 3 TS wpwler,),

TeT), p=1

where w, € R and 7, € T. Similarly, for § € C(05) we evaluate integrals over
8Qh:

(2.8) a) /{mheds > /Seds,

Sé€sp
b) [ 6dS~[S|3 Bubrs,)
S =1
¢) Er(0) :/ 0ds — > 151> Bub(zs.,)
oy, S€Esp n=1
with 3, € R and x5, € S.
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We will assume that

(2.9) a) formula (2.7b) is exact for all v € Py(T), T € 7}, (i.e.Lw, = 1),
b) formula (2.8b) is exact for all § € P;(S), S € sy,

c¢) formula (2.8b) is monotone, ie., 8, >0, p=1,...,m.

Using the above formulae, we get the approximations dj, L% and Ll}: of Jh, E%
and Lg:

(2.10) a) dp(u,v

~

=5 311 Bullultun)(ws,0).

S€sy,

b) Li(v) = > ISID Bulenv)(@s,),

S€Esy p=1

M
¢) Li(w) = Y ITIY wulfv)(eru),

TeTy p=1
u,v € Hp.

For u,v € Hj, the bilinear form Eh(u,v) is evaluated exactly because the elements
used are linear. We set

a) an(u,v) = bp(u,v) +dp(u,v), u,v€ Hp,
b)  Lu(v) = L¥(v) + LY (v), v € Hy,.

For the approximation of the boundary forms E}: and c?h different integration
formulae could be used, in general. For the sake of simplicity we will not distinguish
them by notation.

Now we can formulate the discrete problem:

Definition 2. We call a function uy: @ — R an approzimate solution of prob-
lem (1.4), if

(2.12) a) up € Hp,
b) ah(uh,vh) = Lh(vh) Yun € Hp,.
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3. IDEAL TRIANGULATION

In the case of a nonpolygonal domain 2 we meet in the analysis of the finite
element method some difficulties caused by the facts that Q; # Q, 09, # 09,
Urer, T # Q and H, ¢ W12(Q). Therefore, we introduce the concept of the
so-called ideal triangulation, using the ideas from [30], [5], [11], [12], [13], [28], [29].

First we introduce the ideal triangle. Let T' € T}, be a boundary element, i.e., two
vertices of T" lie on 9€2. We denote the vertices of this triangle by P;, P2, P53 in such
a way that P, Py € Q. By T'¢ we denote the “curved” element which we obtain
from T by replacing the side P, P; C 09y, by the arc ﬁl?g C 0f). According to
assumptions (T4) and (T8) the arc Py P; has no common points with P, P and P, P
except P and P3, and the boundary 97¢ is a Jordan curve or P, P; = I/DE If T is
not a boundary element, then we set 7'9 := T and the vertices can be numbered in
any ordering. The element T'9 obtained in this way will be called the ideal element
associated with the element T € Tp,.

Let now 75, be a triangulation of the domain Q. We denote by ’Thid the ideal
triangulation of the domain € associated with 7, which is obtained from 7, by
replacing the triangles 7' € 7;, by the ideal triangles T'9 associated with them. It is
obvious that (Jpiczia Tid = Q.

Let T be the unit triangle with vertices R; = (0,0), R2 = (1,0), Rs = (0,1) in the
& = (&1,&2)-plane. Then the affine mapping

(31) €eT, ¢=(&,6)—»r=2"&) =P+ (P~ P&+ (Ps— P1)é € R?

obviously maps the triangle T one-to-one onto the triangle T'.

Let us now denote by S the segment Py P of T and by 7°(r) = (29(r), 23(r)),
r € (0,|S]) such a parametrization of S that r is the length of the part of S measured
from P; to 2°(r). Analogously we denote by ¥ = X5 the arc I/DE of T4, by |2 the
length of ¥ and by Z(t) = (Z1(t),2=2(t)), t € (0,|X]), such a parametrization of the
arc ¥ that ¢ is the length of the part of ¥ measured from P; to Z(t).

It is possible to show that the mapping

[Zln) — 2°(0,m) _ F(1Bn) — P — (Ps — P)n

6D () - TED=T0D - wel),

can be extended for 7 = 1 in such a way that it is of class C on (0, 1), the mapping

(33) €T, ¢=(G,&)—r=2(&)=2")+(1-& —&)Pru(&) € R?

maps the triangle T one-to-one onto the ideal triangle 7' and the mapping (3.3) as
well as its inverse are of class C2. (See [30], Theorem 1.)
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Remarks. a) We denote by £° and ¢ the inverse mappings to z° and x, and
by 7 and ¢ the inverse mappings to z° and Z.

b) We have z(0, &) = 7(|2]&2), 2°(0,&) = 79(]S|&2) for & € (0,1).

c) If T'd € TN 7T, (ie, 7' = T), then obviously ®7ia(n) = 0 in (0,1) and

x = a0,

For w € LP(Q,), p > 1, we define a function w: Q — R associated with w by
(3.4) w(z) = w@®(E(z))) VI e T4, vo e

and for a function v € LP(0Q4), p = 1, a function §: 9Q — R is associated with ~
by

(3.5) 4(z) = y(z°(&(x))) VS € s, Vo € Sg.

On the other hand, we define an approxzimation ~n: 0Q, — R of a function
v € LP(09) by

(3.6) r(2°) = y(2(€°(20))) VS € sp,, V2 € S.

Remark. It is obvious that wp|r = wy|r for every T € 7, N Thid.

For v: M — R, where M =T'd or M = ¥ = P, P;, we define a function ¥: M —
R, where M=TorM=S= Ri1R3, by

(3.7) 0(&) = v(x(§)), £ M,

and similarly for v: M° — R with M° =T or M° = S = P, P3, we put

(3.8) 5(6) = v(2°(€)), €€ M.

It is easy to see that for v: T'— R or v: S — R we have

(3.9) ()(&) = 0(x(8)) = v(2°(§(@(€)))) = v(=°(€)) = V().

Now let us introduce sets wj and 7, and the natural extension of a function
from Hj, which we will use in several proofs. Let T4 € ’];id \ 71, be an ideal triangle
with vertices P, P>, P; numbered as above. We denote again by X the arc I/Dl—P\g C 00N
and by S the straight segment P; P;. According to assumption (T8) we have

©NS={P,Ps}
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and the bounded open set £ with the boundary formed by ¥ and S is a simply
connected domain.
Let us set

(310) wh:Q\ﬁh, Th :Qh\ﬁ.

Due to assumption (T8), these sets are formed by a finite number of components of
the type of the set £ with the boundary X U S.

We say that a function wy: Q, UQ — R is the natural extension of a function
wy, € Hy, from Qy, to Q, UQ, if for every T € 75, and T associated with 7' we have

Wh|puria = plruria,

where p € P1(R?) is the polynomial of degree < 1 defined on R? satisfying p|r =
wh|T.
Remark. In what follows ¢ denotes a generic constant which can assume differ-

ent values at different places and ¢y, co, . . . are local generic constants that can have
different values in different proofs.

Lemma 1. Letp € (1,00). Then there exist hg > 0 and ¢ = ¢(p) > 0 such that
for every h € (0, ho) and w € LP(9Q,)

(3.11) a) [wlo,p,00, < cll@lop.o0,
<

cljw

b) |[[@llo.p00 |0,p,06, -

Proof. We will proceed in several steps: 1) Let S € s5, ¥ = Xg and v € L!(9),
u € L'(X). Then by our choice of parametrizations 2° and 7 of S and ¥ we have

(3.12) /Sv(a:)dS: |5\/0 #(0, &) dés

and
(3.13) /Eu(x) ds = |z\/0 (0, &) dés.

This and (3.9) imply that

(3.14)

/Eﬁ(a:)dS—/Sv(a:)dS‘ - ||E—S|]’/0113(0,§2)d§2
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We can estimate the term ||X] — \SH on the basis of the definition of the length of
an arc, the smoothness of the boundary and the mean value theorem by

(3.15) 12 = [S]] < erh®.

This, (3.14), (3.12) and assumption (T9) yield

/Eﬁ(x)dS—/Sv(x)dS‘ < e1h?

< clh2|5\_1

(3.16) /0 5(0,6) dés

/Sv(a:) dS‘
/Sv(x) ds

/Ef[)(x) de/Sv(x) dS’
< Z coh

/ v(x) dS‘
S€Esp s

< Czh/ [v(z)|dS.
o,

< Cgh

i

i.e., for v € L'(09y,) we have

/m@(x)ds/mh v(x)dS‘ <>

S€Esp

(3.17)

IT) Let now w € LP(0Q,), p € (1,00). If we put v := |w|? in (3.17) we get

B0~ Nollpon,| = | [ tolras = [ juiras|
o oQp

< Cgh/ |wlP dS = exh||w
o,

(3.18) |||

|P
0,p,0,

as [i[? = [w]?.
IIT) Now we can prove estimates (3.11a) and (3.11b).
a) From (3.18) we have

(3.19) ||w‘|g,p,aﬂh < ||11’Hg,p,aﬂ + CZh”ng,p,th,

which gives for h < hgy < % the inequalities

1 . 1 N
(3.20) 1ol o0, < T N0l p0n < T I

I Q
0,p,00
ie.,

[[w

lo.p.00, < cl|®]op00-
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b) Similarly we have
(3.21) 10115, 00 < W[5 00, (1 + c2h) < w5, a0, (1 + c2ho),
ie.,

[@[0,p,00 < cllwllo,p,00,-

O

Lemma 2. Letp € (1,00). Then there exists a constant ¢ = ¢(p) > 0 such that

(3.22) a) |v|1,p,00,

b) [0]1,p,00

cl]1,p,00,

NN

c|vl1 p.o0,
for every h € (0, ho) and v € WHP(9Qy,).
Proof. For S =P P; € s, ¥ =Yg and v € WHP(9Q;,) we define

(3.23)  ws(t) = 0(F(t)) = v(w(O é)) - 5(0, %') te(0,3)),

(3.24) vs(r)v(io(r))v<wo<0,|%>)ﬁ<0,%|), r e (0,]S)).

a) By the definition of the seminorm |.|1 , s and by the choice of 7° and # we have

0o 1
3.25 vl o= / v ds = / (0 —>—
( ) | |1,p,S ‘ S' | 862 |S‘ ‘S|
S| P 1=l o1
) @(O,L)L e | @(0;)
o 10&\ "[S]/1S] o 06\ [X]
1-p |X] ~ 1 p
@)l )l (2)
% o 19&\ "X/ X X =
Now we use (3.15) and the local inverse assumption (T9) to estimate the fraction

Z[/1S]:

p

ds

1S

— 2
e [ e | L
1] 1] 1]

This means that

(3.26) <14 coh < 1+ eahy.

(3.27) o} 8 S (1 + czho) |v|1 s
ie.,
(3.28) v} 50, = Z W}, 5 < (1+ Cgho) |v|1 9.0

Sé€sp
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b) The second estimate can be obtained immediately from (3.25) as |S| < |£| and
p=1. O

Corollary 1. Let p € (1,00). Then there exist hg > 0 and ¢ = ¢(p) > 0 such
that for every h € (0, hg) and w € WP(982),) we have

(3.29) a) [[@ll1,p00 < clwlpo0n,
b) [w <

[1.p.00, < cll®f1,p00-

Let us now deal with the norms over Q and €.

Lemma 3. There exists ¢ > 1 such that for every h € (0,ho) and v € Hp, we
have

(3.30) G

1,20 < cvl1,2,0,-

Proof. Estimate (3.30) is a special case of Lemma 2.7 in [24]. O

Lemma 4. There exist constants ¢ > 0 and hg > 0 such that for every h € (0, hg)
and v € H, we have

(3.31) a) [|9]12.9
b) [lv

cllvll1,2,0,,

NN

12,0, < cllofl12,0-

Proof. Letwv € Hy and let 7,: QU Q, — R be its natural extension. By
Lemma 3.3.12 in [12] and the results obtained in the proof of Lemma 5.1.6 in [13],
15117 2,007, < €hl|v]F 2,0, and hence

< Pllz.0 + 119 =7l 20
< (101 2.0, + 17112 2.,0m,)
<

[v]|1,2,0, (1 + €1h) /% + e2h||v]|1 2,0,

10]l1,2,0
1/2

+ 0 =720

where c1, co > 0 are constants. It means that for any kg > 0 there exists such ac > 0
that (3.31a) holds for every h € (0, h).
In virtue of the definition of ¥ we have

[0 2 T 20 = 1722, = 10113 20, = 17012 2.0 5m, -

20 = v
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Similarly as above, we get the existence of a constant cs > 0 such that

71 2.0 > llv]?

= c3hlvllf 50, = (1= csh) [0l 2.0, > (1 = csh)?[Jv]lT,

as 0 < 1 — c3h < 1. Then we have

[ol120 = [Pl2.0 = 0= 0120
2 (1 —csh)llv — cahl[v]l12.0,
> (1= (3 + cah)l|vll12,0,

with a constant ¢4 independent of A and v.
Hence, if hg is chosen such that 1 — (¢s + c4)ho > 0, (3.31b) holds with

= (1= (c3+ca)ho)™!

4. CONVERGENCE OF THE METHOD

In virtue of (2.5), we have f € C(2*) and ¢ € C(99). Hence, these functions are
and ||¢|lo,00,00, respectively.

Lemma 5. There exists ¢ > 0 such that

(4.1) IL2(v)] < v v e Hy, he(0,h).

M
Proof. Letusset K, = ) |w,|. Then we find that
p=1

M
(4.2) ILE @) < D0 ITIY lwu(fo)(er)]

TeT), p=1

< [/ llo,00,02¢
TeTy

As v|p € Pi(T), we have ¥ € P(T). Since P(T) is a finite dimensional space,
there exists a constant ¢; > 0 independent of w € Pl(T) such that

1/2
<crllitllgz = (/ dex)
(|T| [ dex) — TV

(4.3) [
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Using the Holder inequality, we get

(4.4) L3 ()] < erBull oo D IT1V20lloz.r
TeTy

< 1Ko |l fllo,0.0- [meas(2)]?[[v]lo.2.0,

In what follows we denote by S the side Ry R3 of the reference triangle T.

Lemma 6. There exists a constant ¢ > 0 such that for every h € (0, ho), v € Hy,
the following estimate holds:

(4.5) |Lh ()] < clle

l0,00,00|7]|1,2,2,-

Proof. By the definition of L} and ¢}, we have similarly as in (4.2)

(4.6) Lh ()] < lle

10,00,00K 3 Z ISHIB1lo, 00,8
S€sp

where K = > |3,

pn=1

Further, we use again the fact that 9|y € P1(8), dim P, (S) < oo, which implies

v

the existence of ¢z > 0 such that for every w € P;(S)
(4.7) 10]lg oo, 5 < c2lldllg 55 = c2lSI 7% [[wllo,2,s-
By (4.7) and the definition of ¢y,

(4.8) |Lh ()] < 2Kl

o0 32 1172 v]loz.s
S€sy

10,00,00 rneaus((’?ﬂh)}l/2 |lv

< o Kglle l0,2,00,-

Let us now denote by c3 the constant from Lemma 1 and by ¢4 the constant from the
imbedding H'(Q) — L2(99Q). Then, due to the inequality meas(99;) < meas(9),

1/2

(4.9) L (v)] < c2Kp|#llo oo 00lmeas(92)] *es]6]l0.2.00
< cac3 K p|¢llo,00 00 [meas(9Q)] a1, 2.0-
Now it is sufficient to use Lemma 4 a). O
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Remark. By (2.5), the functions f and ¢ satisfy the assumptions of Lemmas 5
and 6.

From Lemmas 5 and 6 we immediately get the following assertion:
Corollary 2. There exists a constant ¢ > 0 such that
(4.10) Ln(0)] < o2,

for every h € (0, ho), v € Hp,.

Remark. The following lemma is proved in [8]. Although the problem with a
polygonal domain 2 is studied in that paper, the fact that Q2 = €2 is not used in the
proof. The same will be true whenever we refer to any proof from [8].

Lemma 7. Letp € (1,00) and (2.9b) hold. Then there exists a constant ¢ > 0
such that

(4.11) |Er(Qv)| < ch|Ql1p.00, [[v]1.2.0
for every h € (0, hg), v € Hy, Q € WHP(9Qy,), where Er is defined by (2.8¢).

Proof. See Lemma 3.44 in [8]. O

Lemma 8. Let (2.5) and (2.9b) hold. Let hy be as in Lemma 1. Then there
exists a constant ¢ > 0 such that

(412)  [Z"(8n) - L (on)] < chlon

12,00, n € Hp, he(0,h).

Proof. By the triangle inequality we have
(4.13) LY (1) — Li,(vn)| < |LF(0n) — L, (vn)] + | L}, (vn) — L, (v)].

First we estimate the second term on the right-hand side. Let us denote the
constants from Lemmas 7 and 2 by ¢; and cq, respectively. From the definition of
the functions ¢y, it follows that ¢, € W1P(9€,). Hence, by Lemma 7,

|Li(vn) = Liy (vn)| = | Er(pnon)| < erhlenlipo0, [0nl1,2,0,-
Since ¢ = ¢y, Lemma 2 implies that
lonl1p00, < c2lolpoa < c2l@llpo0
and thus
(4.14) L (vn) = Liy (vn)] < cxcah][@ll1,p,00/[vnll1,2,9-
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Let us now deal with the first term on the right-hand side in (4.13). With the aid
of (3.17) and the Holder inequality we get

LT (0n) — L} (vn)| =

/ gmA)h ds — @hUR dS‘
o oy,

/ PropdS — OhUR dS’
a9 a0

<%¢/ (onon dS < cshllonllozom l1onllo 2,00,
e

where c3 is the constant from (3.17).
Further, on the basis of Lemma 1, the continuous imbeddings W12(Q) — L?(69),

Whr(0Q) — L2?(0Q) and Lemma 7, there exist positive constants c4, c5, cg inde-
pendent of h € (0, hg) and v, € Hj, such that

(415) ‘LF('[)h) _ zg(vh” < C4hH'lA1h |0,2,OQH§0 |072389
< eshl|on|l1,2,0]l¢l1,p,00
< cohllvnll1,2,.0, [l#ll1,p,00-
Combination of (4.13), (4.14) and (4.15) already gives estimate (4.12). O

Lemma 9. Let (2.5) and (2.9a) hold. Let hy be as in Lemma 4. Then there
exists such a constant ¢ > 0 that

(4.16) L) — L (on)| < chllon

|1’2,Qh

for every h € (0, hg) and v, € Hy,.

Proof. Similarly as in (4.13) we first estimate
(4.17) L (0n) = Lil (von)| < |2(0n) = L (on)| + |L} (on) = L (vn)].

It is possible to show in the same way as in the proof of Lemma 3.23 in [8] that
there exists a constant ¢; > 0 independent of h € (0, ho) and v, € Hj, such that

~ q—2
(4.18) L5 (vn) = Li} (on)| < erh(meas(2%)) = || f||1,q,0-

Uh |1,2,Qha

as Q, C Q* for every h € (0, ho).
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This means that it remains to estimate the first term on the right-hand side
in (4.17). Because T, = v, in 2, N Q, we have

Qs \ _TQ _ . _
(4.19) |L*(dp) — Ly, (vn)] ‘/vahdx /Qh fop dz

/Smh £ (o —p) da /wh Fon da

< | fllo,2,0n0, |98 — Trllo,2,0n0,

/ fop dx
Th
1 Fllo0smn / (o] dz + | f

wh

T
Th
< | fllo2z.04 100 —Pnll1,2,0

+|f|0,oo,9*(/ \@h\dx+/ |vhdx).
Wh Th

By Lemma 2.3 in [24], there exists a constant ¢2 > 0 independent of & and vy, such
that

N

+ +

(4.20) 9n — on

1,2,0 < c2hllvnl|1,2,0,-
Further, by [12], there exists c3 > 0 independent of h € (0, ho) such that
(4.21) meas(wy, UTy,) < c3h?.

This, the Holder inequality and Lemma 4 give us the estimates

.2, < 8/ h10n 12,0 < 3/ cahllv

(4.22)/ [on | dz < meas(wy))Y/?||on, 12,9,
Wh
and

(4.23) / o] da < (meas(m)) 2 |[onllo.2,m < 5 2hllvall 2.0
Th

(By ¢4 we denote the constant from (3.31a).)
Finally, the continuous imbeddings W4(Q*) < L?(Q*) and W19(Q*) — L>°(Q*)
imply that there exists c5 > 0 independent of f such that

(4.24) [ fllo2,.0¢ < esllfll1,q.05 [ fllo,c0,0x < esllf

|1.q.0°-
If we now summarize (4.19)—(4.24), we get

(4.25) L (0n) = il (on)| < chll f

[La.0 lvall12.0.-
This and (4.18) already yield estimate (4.16). O
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As a consequence of the last two lemmas we get

Corollary 3. Let hg be asin Lemmas 1 and 3. Then under assumptions (2.9 a-b)
and 2.5 there exists a constant ¢ > 0 such that

(426) ‘L(@h) - Lh(vh)\ < Ch”l)h

|1,2,Qha Vp € Hh, h e (O,ho)

Lemma 10. Let hy be as in Lemmas 1 and 3. Then, under assumptions (T7),
(T9) and (2.9b), for every r € (1,00) there exists a constant ¢ = ¢(r) > 0 such that

a+1

(4.27) |dn (un, vn) — din, )| < ch > (uy ¢35, va

|1’2,Qh

for all h € (0, ho) and all up, vy, € Hp,.

Proof. First we show the existence of a constant ¢; > 0 such that

(4.28) |dn (un, vn) — d(iin, on)] < crhllunll$ o, v ll12.0,,

up,vp € Hy, h € (0, ho)

By the definitions of dj,, d and estimates (3.17),

/ lun|“upvn dS — / |Gup | Cup O, dS‘
o, o0

< HCgh/ |uh|a+1|vh\ ds,
O,

h

\dp (up, vop) — d(@n, 0p)| = &

where cp denotes the constant from (3.17). Further, using the Holder inequality we

get
atl 1/(a+2)
a+2
/ uh|a+1vhd5<(/ uh|a+2ds) </ vha+2d5)
oy oy 21973

= IIUhIIS,ZiQ,th

vnlo,a+2,00), -

To obtain estimate (4.28), it is now enough to use Lemma 1, the continuity of the
imbedding H!(Q) — L**t2(Q) and Lemma 4.

In the next step we show that there exists a constant ¢z = ¢3(r) > 0 independent
of h € (0,hg) and up, vy, € Hy, such that

(4.29) ldn (un, vn) — dn(un,vn)| < esh™ 2= ug |95 %, lonll1.2.0,-
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In what follows, we will proceed similarly as in the proof of Theorem 3.51 in [8].

If we put Q := |up|*up, and p = 2 in Lemma 7, we get

(4.30) \dh(uh, Uh) — Jh(uh,vhﬂ = K\Ep(|uh|auhvh)|

< reah|[un]“un|y 5 5o, IonllL2.0,,

where ¢4 denotes the constant from Lemma 7. Further, similarly as in the proof of
Theorem 3.51 from 8],

[un|unly 5 o, < (@+ Dllunllf o0, unl.2.00,-

By [8], Lemma 3.18 and Corollary 3.16, there exist constants ¢5 = c5(r) (r €
(1,00)) and ¢ > 0 independent of h € (0, ho) and wy € Hp, such that

[wnlo,00,00, < csh™ " Jwpllor00,

and
lwal1,2.00, < csh™ 2 |wpl12.0,-
This gives
(4.31) [lun®unl, 5 g, < (a+ 1) (r)esh™ 2= lun§ .00, [unl1,2.0:-

Now (3.11 a), the continuity of the imbedding H!(Q) — L"(92) and (3.31a) imply
the existence of a ¢z = c7(r) > 0 such that

(4.32) [unllo,r 00, < c7llunllfzq,
Combining (4.30)—(4.32), we get estimate (4.29).
The assertion of the theorem follows immediately from (4.28) and (4.29). O

Lemma 11. Let the assumptions of Lemma 10 be satisfied. Let us denote by ¢
the constant from Lemma 4. Then there exist constants ¢ > 0 and hg > 0 such that

(4.33) ap(up,up) = c

for every h € (0, ho) and every uy € Hy, with |Jup||1.2.0, = ¢
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Proof. Let us denote by ¢; and ¢z the constants from (3.30) and (4.27),

respectively. Then for u, € Hp, ||unl1,2,0, = ¢ we can write

ap(un, up) =

2
2

>

unl3 5.0, + dn(un, un)

1
C—2|ﬁh|i2,9 + d(tin, @n) + (dn(un, un) — d(@n, @)
1

1 L
C—2a(uh, an) — |dn(un, un) — d(tn, an)|
1
1 .. _
alln, @n) — csh 2= g 1955,

2

1

1 ~ _

C—2a(uh, Qi) — coc@T2pt/ 2o/,
1

As ||lupl1,2,0, = ¢, we have by Lemma 4

R 1
lanllrz0 2> Zllunlli2.0, = 1.

It was shown in the proof of Theorem 1.14 in [8] that there exists such a constant

c3 > 0 that

for every w € H'(Q) with ||wl|/1.2,0 > 1. This and Lemma 4 yield the estimate

A~ A A 2 1
a(tin, @) = cslltnlli 2.0 = CBE—QHUh

and hence

a(w,w) > csl|wllf 5 o

|%,2,Qh =3

s _
an(un,un) 2 — = ol T2pt/ 2T,

1

Now, if we choose r > 2«, we see that there exists hy > 0 such that for every
h € (0, hg) the estimate (4.33) holds.

O

Lemma 12. Let the assumptions of Lemma 10 be satisfied and let hg, ¢ be as
in Lemma 11. Then there exists ¢ > 0 such that

(4.34)

for every h € (0, ho) and uj, € Hy, with |lup,

an(un,up) = C||Uh||%,2,ﬂh

l1,2,0, > C.

Proof. Letup € Hp, |upll1,2,0, = ¢ and let us put

Up ~
Wh

= _—FC.
unll1,2,0,
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As ||wp||1,2,0, = ¢ we have ap(wp, wp) = ¢1, where ¢; is the constant from Lemma 11.
If we multiply this inequality by the term E_2Huh\|%2’ﬂh, which is greater or equal
to 1, according to assumption (2.9¢) we find that

C1 1
E—g\luh\liz,nh < ah(wh,wh)IIuhIIig,thg

m . HuhHZ
</Q thIde+/i Z |S] E B, |wn| H(?ﬂs,u))%’ﬂh
h

Sesp p=1

= bn(un, un) + (n 3] Zﬂﬂuha+2(xs,u)) (W%ﬂ;)

Sesp pn=1

< bn(un, un) + dp(un, un) = ap(un, un)
and so estimate (4.34) holds with the constant ¢ = ¢;¢—2. O

Theorem 4.1. Let assumptions (T1)-(T9), (2.5) and (2.9) be satisfied and let
ho be as in Lemma 11. Then for every h € (0, hg) the discrete problem (2.12) has a
unique solution uy € Hy,. Moreover, there exists a constant ¢ > 0 such that

(4.35) [unllr2.0, <c

for every h € (0, ho).

Proof. The existence and uniqueness of the approximate solutions can be
established in the same way as in Theorem 4.13 from [8], if we replace the reference
to Lemma 4.8 in [8] by our Lemma 12. The boundedness of the approximate solutions
can be derived in a similar way as well:

Let ¢ be again the constant from Lemma 11. If ||up|l1.2,0, < ¢ nothing is to be
proved. Therefore we will assume that |lupl/1,2,0, = ¢ Since wy, is the approximate
solution, in view of Corollary 2 and Lemma 12,

crllunll? 2.0, < an(un,un) = Lu(un) < callunlli 2.0

where ¢; and ¢y are the constants from estimates (4.34) and (4.10), respectively. It
means that for every h € (0, ho)

-~ C
lunll? 20, < max(c’ ﬁ)
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Lemma 13. Let {w,} C H(Q), {v,} € HY(Q) and let w,v € H(Q) be such
functions that wy, — w, vy, — v weakly in H'(Q) as n — oo. Then

(4.36) |d(wp, v,) — d(w,v)] = 0 asn — oo.

Proof. We have

(4.37) |d(wp, vy) — d(w,v)| = K

/ (|wn|“wnvn — |w|%wv) dS
09
< H/ (’|wn|awn — |w|aw|\vn\) ds
o9
+/ (|w|a+1|vn—v\)dS:h—|—Ig.
o9
Similarly as in the proof of Lemma 1.20 from [8] we get an estimate of Iy:

0<h <(a+ 1)/ lwn, — w|(Jwn|* + |w]¥)|v,| dS.
a0

Due to the compact imbedding H!(Q) << L%(0Q) for ¢ > 1, we have w,, — w,

vn, — v strongly in L?(0Q). But it means that for any ¢ > 1 the norms

{llwn
us now choose p1,p2, p3 = 1 in such a way that p% + p% + pis = 1. The double use of

lo,¢.0015%1, {llvnllo,q,00}152, are bounded by some constant c¢(q) > 0. Let

the Holder inequality gives

(4.38) 0< I < (a4 Dfwn = wllop 00(lwnllgap, 00 + 1050p,,00)0nll0.05,.00
<

2(a + 1)(c(ap2))*e(ps)|[wn = wllo,py,00 = 0 asn — oc.

The term I5 can be estimated with the use of the Holder inequality as well. We have

(4:39) 0< I < AlwlZth sy onllvn — vllozon
< k(2c(a+ 1) v, —vlo2.o0 — 0 asn — oo.

Finally, (4.37), (4.38) and (4.39) already give the required result. O
Lemma 14. Let w, — w weakly in H*(Q), v, — v strongly in H'(2). Then
(4.40) b(wn, v,) — b(w,v) asn — oo.
Proof. We have

(4.41) |b(wn,, v) — b(w,v)| < [b(Wn, vy — )| + [b(w, — w,v)]|.
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The boundedness of the norms ||wy|/1,2.0 and the strong convergence v, — v imply
that

|b(wy, vy, — V)| < |wy, 1,2,Q |vn, — U|172,Q < cMlon — UHL?,Q — 0.

As b(.,v) is a continuous linear functional on H'(Q2), the second term in (4.41) tends
to zero according to the definition of the weak convergence w,, — w. O

Lemma 15. There exists a constant ¢ > 0 such that

(4.42) bs (wh, vr) — b(tbn, 0r)| < chljwp

l1.2,9, llvnll1,2.0.
for every h € (0, hg) and wp,, vy, € Hy,.

Proof. We have
(4.43) |bn(wh, vi) — b(in, 0n)| = [br (Wh, Th) — b(tbn, Oy)]

< b (@n, Tn) — b(@n, Br)| + [b(@n, Br) — b(tn, On)|

< / ‘V@h‘VEh‘df
wpUTp
+ |b(Wh, Ty — p)| + |b(Wh, — Wp, On)].
By [12], Lemma 3.3.12,
(4.44) [ v Vo de < @ s, B2
wpUTh
< cihl|wnll1,2,0, - [lonll12.0,-

As was shown in the proof of Lemma 5.1.2 in [13], there exists such a constant ca > 0
independent of wy, h that

[ 0n —Whll1,2,0 < c2hllwnll1,2,0,-
This, the definition of the bilinear form b(.,.) and Lemma 4 (with constant c3) give us

(4.45)  |b(@n, T — On))|

< (lwnll1,2.0 + [lwn — @hl12,0)Uh — 941,20
<c

sh(cs + c2h)|lwnll1,2,0, [[vnll1,2.0,-
In the same way we get

(4.46)  |b(Wh, — Wn, 0n)| < [[Wh — Wn||1,2,0]/0n

l1,2,0 < caczh|lwnl|1,2,0, [[vrll1,2,00-
Estimate (4.42) now immediately follows from (4.43)—(4.46). O
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Theorem 4.2. Let the assumptions of Theorem 4.1 be satisfied and let hg be
as in Lemma 11. Let u be the solution of problem (1.4) and up (h € (0,hg)) the
solution of problem (2.12). Then

4.47 li Uy, — =0.
(4.47) limn ([, — 12,0

Proof. I) We get from (4.35) and Lemma 4a) that there exists a constant
c1 > 0 such that

(4.48) linl1,2.0 < c1 for every h € (0, ho).

Since the space H'(Q) is reflexive and the imbedding of H'() into L%*(Q) is
compact, there exist a sequence {h,,}>°; and a function u € H'(f2) such that

(4.49) hn € (0,hg), hn, — 0 as n — oo,
p, — u weakly in H'(Q) as n — oo and

G, — u strongly in L*(Q2) as n — oo.
As a consequence of (4.49) we also get an estimate
(4.50) lan, o200 <c2 Yn=0,1,....
We will show that
p, — u strongly in H'(Q) as n — oo

for any sequence {uy, } with {h,} C (0,ho), hn, — 0, and that the limit function u
is a weak solution of the problem.

II) Let v € C*°(Q) be an arbitrary fixed function and v, € H?(Q2*) its Calderon
extension to Q* (cf., e.g., [23]). Let vy, be the Lagrange interpolation of the function v,
in the space Hy. By Theorem 2 from [30], there exists a constant ¢z > 0 such that

(4.51) 19n — vll1,2.0 < c3hllvel2,2,0-

for every h € (0, hg) and v € C*°(Q). As an easy consequence of (4.51) and Lemma 4

we get

(4.52) 9n]l1,2,2 < |[v]l1,2,0 + e3hllvellz,2,0- < callvell2,2,0-
and

(4.53) lvnll1,2,0, < csllvell2,2,0x
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Moreover,
(4.54) O, — v strongly in H*(Q) for h — 0.

By virtue of the compactness of the imbedding of H!(2) into L?(9Q), (4.52) and
(4.54) we have

(4.55) a) ||onllo,2,00 < cs,
b) o — v strongly in L*(Q) for h — 0.

III) Let us now choose r > 2« and let us put o := 1/2 — a/r > 0. In what follows
we will omit for simplicity the index n at h and suppose that h = h,, — 0 as n — oo.
It is obvious that

(456) ah(uh,vh) = b(ﬁh,ﬁh) -+ (gh(uh,vh) — b(ﬁh,ﬁh»
+ d(ﬁh,f)h) + (dh(uh,vh) — d(ﬁh,f)h))
= L(@h) + (Lh(vh) — L(@h))

On the basis of Lemma 10, (4.35) and (4.53) we have
(4.57) [ (un, vn) = d(@n, 9n)| < b2 Jun 1§55, lonll1,2.0, — 0.
It follows from Corollary 3 and (4.53) that
(4.58) |Ln(vn) — L(0n)| < chllvnl[1,2.0, — 0.
Finally, by Lemma 15 and (4.35), (4.53), we have
(4.59) br (un, vn) — b(an, on)| — 0 for h — 0.
IV) It follows from the continuity of the functional L and from (4.54) that
(4.60) L(op) — L(v).
In virtue of Lemma 13,
(4.61) d(tp, on) — d(u,v)
and due to Lemma 14,
(4.62) b(tp, 0p) — blu,v).
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Now, summarizing (4.57)-(4.62), we find out that the limit function u € H'(Q)

satisfies the identity
a(u,v) = L(v) Yv € C>(Q).

Since a(u,.) and L(.) are continuous linear functionals on H!(Q2) and C*(Q) is
dense in H'(£), the function u is the weak solution of the continuous problem.
V) We prove now the strong convergence i, — u in H*(£). Obviously,

(4.63) ‘ﬂh — u|i2’ﬂ = b(ﬁh —u, ﬂh - u)
= (b(ﬂh, ﬂh) — Eh(uh, uh)) + Lh(uh) — dh(uh, uh)
— [2b(tip, u) — bu, u)].

According to Lemma 15,
b(ﬂh,ﬂh) —gh(uh, uh) — 0.

In virtue of Corollary 3, the continuity of the linear functional L on H'(2) and
the definition of the weak convergence we have

| L (un) = L(uw)| < [Ln(un) — L(an)| + |L(@n — u)| — 0,

and thus
Lh(uh) — L(u)

The combination of Lemma 10, Lemma 13 and (4.35) implies that

|dn (un, un) — d(u, u)| < |dn(un, un) — d(in, @n)| + [d(dn, @n) — d(u,u)| — 0,
ie.,
dp(up,up) — d(u,u).

Finally, on the basis of the definition of the weak convergence and the continuity
of the bilinear form b(.,.) the last term in (4.63) converges to b(u, w). But this means
that [ip — ulf o — L(u) — d(u,u) — b(u,u) = 0, as u is the weak solution. The
convergence |4y, — ullo,2,0 — 0 follows immediately from (4.49).

In such a way we have proved the strong convergence 4y, — uin H!(Q) asn — oo.

VI) Finally, since u is the only weak solution of the continuous problem and
the weakly convergent sequence {@p,} was chosen arbitrarily, the whole system
{@n}he(o,ny) converges strongly to u in H'(Q) as h — 0, which is what we wanted
to prove. O
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Concluding Remarks. The above analysis represents the extension of re-
sults from [8] concerning the convergence of approximate solutions of the elliptic
problem with nonlinear Newton boundary conditions to the exact solution for the
case of a nonpolygonal domain with a curved boundary. We have shown here that
the approximation of the boundary by a piecewise linear curve does not effect the
convergence which has been proved above without any assumption on the regularity
of a weak solution.

Several problems still remain unsolved. It is, e.g., the influence of the approx-
imation of the boundary on error estimates (established in [9] for the problem in
a polygonal domain). In the papers [6], [8], [9], [10] concerned with the boundary
value problem equipped with nonlinear Newton boundary conditions, the analysis
was carried out for piecewise linear conforming finite element approximations. An
extension to higher order finite elements will be the subject of a future work. (See,
e.g., [26]). Another interesting topic is the use of nonconforming finite elements
for the numerical solution of our problem, which represents again one of the finite

element variational crimes.
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