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Abstract. This note deals with contact shape optimization for problems involving “float-
ing” structures. The boundedness of solutions to state problems with respect to admissible
domains, which is the basic step in the existence analysis, is a consequence of Korn’s inequal-
ity in coercive cases. In semicoercive cases (meaning that floating bodies are admitted),
the Korn inequality cannot be directly applied and one has to proceed in another way: to
use a decomposition of kinematically admissible functions and a Korn type inequality on
appropriate subspaces. In addition, one has to show that the constant appearing in this
inequality is independent with respect to a family of admissible domains.
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1. INTRODUCTION

Shape optimization is a special branch of the optimal control theory in which
control variables are related to the geometry of systems (the shape, the thickness,
e.g.). In particular, contact shape optimization deals with optimization of a struc-
ture composed of several individual deformable bodies, being in a mutual contact.
It is well-known that contact shape optimization leads to a non-smooth problem, in
general, due to the fact that the state of the system is described by a variational in-
equality (see [2], [3], [11]). A mathematical analysis including approximations of such
problems is presented in detail in [2], [3]. All problems studied there are supposed
to be coercive. The coercivness is guaranteed by appropriate Dirichlet boundary
conditions, eliminating rigid body deformations, i.e. translations and rotations. On

* This work was supported by grants No. 101/01/0538 of the Grant Agency of the Czech
Republic and No. A1075005 of the Academy of Sciences of the Czech Republic.
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the other hand, in practice we meet a lot of situations when at least to one of the
bodies of the structure is allowed to “float”. In this way we arrive at a semicoercive
case. It is well-known that semicoercive cases deserve special attention: solutions
need not exist for any applied forces and if a solution exists then it is not necessarily
unique.

The basic step of the existence analysis in shape optimization consists in proving
that solutions to state problems depend continuously on shape variations (in an ap-
propriate way). To this end, we first show that the solutions (defined on different
domains) are bounded in the respective Sobolev spaces. In the coercive case this
follows immediately from Korn’s inequality, whose constant can be chosen indepen-
dently of domains satisfying the so-called uniform e-cone property. In semicoercive
cases, Korn’s inequality cannot be directly applied and one has to proceed in a dif-
ferent way. In this note it will be shown how the boundedness of solutions can be
obtained by using the approach from [4]. Having established the boundedness, the
existence analysis in contact shape optimization proceeds exactly step by step as
in [2], [3].

The paper is organized as follows: in Section 2 we prove that the constants appear-
ing in equivalent norms are independent with respect to a class of domains, provided
that a “basic” norm possesses the same property. This is an extension of results
from [5], [6]. In Section 3 we use a Korn type inequality on appropriate subspaces,
whose constant can be chosen independently of the admissible domains. This result
will be used in contact shape optimization.

2. EQUIVALENT NORMS WITH CONSTANTS UNIFORM
WITH RESPECT TO A CLASS OF DOMAINS

We start this section by notation, definitions and auxiliary results which will be
useful in what follows.
Let h > 0, ¢ € (0,7/2) be given numbers and ¢ a unit vector in R”. The set

C(& e h) ={z e R" | (z,8) > ||z[ cose, ||z]| < h}

is a cone of angle € and height h.

Definition 2.1. Let € € (0,7/2), h > 0, r > 0 (2r < h) be given. We say that
a domain 0 C R™ satisfies the e-cone property if for every x € 02 there exists a
vector &, € R™, ||&;]] = 1 and a cone C, := Cy (&, ¢, h) such that Yy € B(x,r) NQ
the set y + C, belongs to 2, where B(x,r) denotes the ball of radius r and centered
at x.
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Definition 2.2. Let h, €, r be as above and let D be a closed bounded domain
in R™. The system of all domains 2 C R™, €2 C D satisfying the e-cone property will
be denoted by O..

It is well-known that O. possesses some useful properties, which are listed in

Theorem 2.1 (the uniform extension property). Let h, r, ¢ and O, be the
same as above. Then for all ) € O, there exists an extension mapping pqo €
L(H™(Q), H™(R™)), m € N, such that its operator norm ||pa|| depends solely on h,
r, € and m but not on the particular choice of Q) € O..

Proof. For the proof see [1]. O

Consequence 2.1. Since the numbers h, r, € are the same for all 2 € O,, the
norm pq can be estimated independently of 2 € O..

The compactness of O, with respect to the Hausdorff metric and the convergence
of the characteristic functions in the L?(D)-norm is another important property of
this class of domains. Recall that the Hausdorff distance d(A, B) of two sets A, B
in R™ is defined by

d(A,B) = max(sup o(z, B), sup o(x, A)),
T€EA €D
where o(z, A) is the distance of a point x from A.
We say that {Ax}72, tends to A in the Hausdorff sense (and we write Ay LA A)
iff d(Ag, A) — 0, k — oco. Compactness properties of O, are summarized in

Theorem 2.2. From every sequence {Q}, Qr € O, one can select a subse-
quence {Q, } and a domain Q € O, such that

(2.1) O, B Q. j— oo,
(2.2) o, 599, j — oo,
(2.3) x(Qu,;) — x(Q) in the L?(D)-norm,

where x(e) denotes the characteristic function of the set .

Proof. For the proof of (2.1), (2.3) we refer to [1], [10], (2.2) can be found
in [8]. d

Remark 2.1. From the definition of the Hausdorff metric it easily follows that if
oQy, 1 09, then for any 1 > 0 there exists ko := ko(n) € N such that for any k > ko
the boundary 9 belongs to the n-neighbourhood of 92.
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On every Q € O. we shall consider the Sobolev space H!(Q,R?), d € N and its
closed subspace W (). The classical norm in H!(Q, R?) will be denoted by || - [|1.,
while the symbol |- |1 o stands for a seminorm. Further, let aqg: W (Q)x W(Q) — R
be a bilinear form satisfying

(A1) mlv|f g < ag(v,v) < Mg Yo € W(Q), ¥Q € O, where m, M are
positive constants which do not depend on 2 € O,;

(A2) for any decomposition of Q € O, into two disjoint Lipschitz subdomains
Qq, Q9 (1e Q= ﬁl Uﬁg, Q1 Ny = @) we have

aq(v,v) = agq, (v,v) + ag, (v,v) Yv € W(Q);
(A3) if Q) 25 Q, where Qy, Q € O, are such that Q; C Q V& € N then
aq, (v,v) — aq(v,v) Yo € W(Q);
(A4) 308 = const > 0 such that
ag(v,0) + [[v[lg o = Bllvlli o Yo € W(Q), VQ € O,

where || - [|o,o denotes the L?(Q, R?)-norm.

Remark 2.2. (A4) is the basic assumption in the subsequent analysis. It says
that the expression (aq(v,v)+ Hfu||(2)79)1/2 defines a norm in W () which is equivalent
to || - ||1,o and in addition, the constant 3 is independent of Q € Ok.

Let W(Q) = kerag, i.e.
W(Q) ={veW(Q)|aq(v,v) =0} ={veW(Q)||va =0}

Next we shall suppose that
(A5) dimW(Q) = k € N, where x does not depend on Q € O..

If it is so, one can find a system {lg) }';:1 of linear continuous functionals on H'(£2, R%)

such that
veW(®Q) & 1Pw) =0, i=1,.... ks v=0in Q.

Next we shall suppose that the set D from Definition 2.2 is such that int D has
Lipschitz boundary.

Convention. The mapping pq from Theorem 2.1 will be now understood as the
extension from  onto D (by taking the restriction of the original pg to D).
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Let the system {lg)}';:l be continuous in the following sense:
Q5 Q, 0, Q€ 0. , _
(A6) pa.vk — v in HY(D,RY), p = lgi(vk) — lg)(v), k—oo, i=1,...,k.
Vg € Hl(Qk, Rd)
Finally we shall suppose that the following restriction property holds:

h
(A7) =8 Q€O — v, € W(Q).
pa, vk — v in HY(D,RY), v, € W(Qx)

It is known (see [7]) that

Tollq = {m(vw) n ZUS’@)P}

i=1

1/2

defines a norm on W () which is equivalent to || - ||1 o:

38 = const > 0 such that (v, = BHU

1,0

holds for every v € W(2). The constant B can possibly depend on a particular choice
of € O.. In what follows we shall prove that under the previous assumptions, 3 can
be chosen independently of Q € O..

We start with an auxiliary result.

Lemma 2.1. Let (A1)-(A3) and (A7) be satisfied. Further let 0 200 and
po, vk — v in HY(D, R?), where Q,Q € O. and vy, € W (). Then

lim inf ag, (vi, vE) = aq(v,v).
k—o0

Proof. Let Q(s), s € N denote the following subset of :
Q(s) ={z € Q] o(x,00) > 1/s}.

Then Q(s) 2, Q, 09Q(s) 90 as s — .
Let s € N be fixed. There exists ko := ko(s) € N such that (see Remark 2.2)
Qr D Q(s) Vk = ko. From (Al) and (A2) it follows that

aqy, (vk, k) = aqy,, (Vk, 0k) + aq,\q,, (0k, k) = ag,, (U, vk)
and consequently
(2.4) liminf ag, (vg, v) > liminf aq,, (v, vk) = aq,, (v, v),
k—o0 k—o0

by virtue of the lower semicontinuity of the mapping aq,: v — aqe)(v,v), v €
W(Q(s)). Letting s — oo in (2.4) and using (A3) we arrive at the assertion of the
theorem. O
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The main result of this section is

Theorem 2.3. Let (A1)-(A7) be satisfied. Then there exists a constant 3 > 0
independent of Q2 € O, such that

(2.5) ag(v,v) + 3 15 (W) = Bllvll2 o Yo € W(Q), VQ € O..
i=1

Proof (by contradiction). Let us suppose that (2.5) is not true. Then for any
k € N there exists Qi € O, and v, € W () such that

(2.6) aq, (v, vk) + >[5 (0)]? < 1/kl|ve]l3.q, -
=1

We may suppose that ||vi|l1,0, = 1 Vk € N. In view of Theorems 2.1 and 2.2 we
may also suppose that

(2.7) Q. Beo., Lo, k— oo
and
(2.8) pa, (vi) = v in HY(D,R%), v, € W(Q)

(otherwise we pass to appropriate subsequences). From (2.6) we have that
(2.9) ag, (vk, ) — 0, 1§ (k) =0 ¥i=1,...,%.
Lemma 2.1, together with (2.7), (2.8) and (A6) yield
aq(v,v) =0 & v, € W(Q)
and lg)(v) =0 Vi=1,...,kx so that v =0 in Q. On the other hand,
ag, (vk, vr) + [|vell5 o, = 8 Yk €N

making use of (A4) so that
lvellg o, > 5/2

for k sufficiently large as follows from (2.9). From (2.3) and compactness of the
embedding of H'(Q, R?) into L2(£2, R?) we easily obtain that

ollg.0 = klim lokllg.0, = B/2,
de el
which leads to a contradiction with v = 0 in . O
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Consequence 2.2. Let all the assumptions of Theorem 2.3 be satisfied and let
V(Q) ={veW(@ | 1Pw) =0Vi=1,... k}
Then (2.5) implies that
aq(v,v) = Bl|v|liq Yv € V(Q), ¥Q € O,

with a constant 3 > 0 independent of Q € O..

Next we present several applications of Theorem 2.3 and of Consequence 2.2. Let

Cy, C1 be two positive constants and let
Una = {a € C%([a,b]) | 0 < a(z1) < Co Yoy € [a,b], |/ (z1)] < Oy ae. in (a,b)}

be the set of uniformly bounded and uniformly Lipschitz functions defined in an
interval [a,b]. With any o € Uyq the domain Q(a)) C R? will be associated:

Q(a) = {($1a$2) € RZ ‘ 1 € (aab)’a(xl) <22 < 7}3

where 7 > 0 is a given number (see Fig. 2.1); let I'(a) be the graph of the function
a € Uyg.

Figure 2.1.

The system O, = {Q(a) | @ € Uaq} satisfies the e-cone property in the sense of
Definition 2.1 for some ¢ := £(Cp, C1) > 0.

Example 2.1. Let W(a) = HY(Q(a)) := HY(Q(a),R!), Q(a) € O, (as above)
and aq(v,v) = |vf? (o) De the classical seminorm in H'(Q(a)). The convergence

Q(ay) 2, Q(a) in O, reduces to uniform convergence of {ay} to « in [a,b]. Further,

W(a) = kera, = R*
and

dimW(a) =1 for any o € Uaq.
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Let Ty(a) = {(z1,22) | 1 = a; ala) < z2 < 7} be the left vertical side of 9Q(«)
and define

r?
(2.10) 1) (v) ::/ vdasy :/ v(a,z2)dxe, ve W(a).
T (a) a(a)

It is easy to verify that all the assumptions (A1)—(A7) are satisfied in this case so
that the assertion of Theorem 2.3 reads as follows:

(2.11) 33 = const > 0: \v\iﬂ(a) + </Fu(a) vd$2>2 S BHUH%’Q(Q)
holds for any v € H*(Q(«)) and any o € Uy,q. In particular, let

V(o) ={ve H(Qa)) |v=0onT,(a)}.
Then

(2.12) v

} % = BHUH%,Q(Q) Yo € V(a), Ya € Uaa

is the generalized Friedrichs inequality uniform with respect to o € Uaq. Another

)

choice of Z((X1 satisfying the previous assumptions is:

1D () = / vdzy dag
Qo)

leading to the well-known Poincaré inequality uniform with respect to a € Uyqg.

Example 2.2. Let Uang, (), ['y(«0) be the same as in the previous example and
W(a) = {v=(v1,v2) € H(Q(a); R?) | v; = 0 on T,,(a)},
a(u,v) = /Q( )Eij(u)eij(v) dzy dze, v e W(a),
where ¢;;(v) = (0v;/0x; +0v; /0x;), i, = 1,2 is the linearized strain tenzor. Then
W(a) = kera, = {v: Q(a) = R* |v=(0,a), a € R'}.
A non-trivial result says (see [9]) that the so-called second Korn inequality

aq(v,v) + ||v

18260 = BIv1 gy Yo € W(a)
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is satisfied with a constant 3 > 0 which does not depend on o € U,q. A possible

)

choice of 1! recognizing the zero element of W(«) is

(2.13) 1D () = / vg dza.
T ()

From Theorem 2.3 it follows that
2 ~
aq(v,v) + (/ Vg dx2> > ﬁ||v\|iﬂ(a) Yo € W(a), Ya € Uaa,
Ly (o)

and B > 0 is independent of o € U,q. Let

(2.14) Via)={veW(a) |1 w) =0}
Then
(2.15) aq(v,v) = BHUHiQ(a) Vo € V(a), Yo € Ung.

)

An alternative choice of Z((X1 satisfying especially (A6) is

b
(2.16) 1D (v) :/ vo(x1, (z1))dz1, v e W(w)

(for the proof see [2], [3]) so that (2.15) holds true with 1) defined by (2.16). This
result will be used in the next section.

3. CONTACT SHAPE OPTIMIZATION
WITH SEMICOERCIVE STATE PROBLEMS

In this section we will study an optimization problem for a system of elastic bodies
whose shapes are as in Fig. 2.1. In particular the symbols Upq, (), Ty () and T'(«)
have the same meaning as at the end of Section 2. We suppose that the bodies are
unilaterally supported along I'(c) by a rigid, frictionless foundation R? = {(x1,22) €
R? | x5 < 0}, i.e. the following unilateral conditions are prescribed on I'(a):

us(xy, a(z1)) = —alzy) Voy € (a,b),
(3.1) Tr(u) :=o9i(w)v; 20, To(u)(uz +a) =0,
Tl(u) = Ulj(u)I/j = 0,

=
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where v = (11, v2) denotes the unit outward normal vector to 02, the matrix o(u) =
{oij(u)}7 =, stands for the stress tensor which is related to the strain tensor &(u) =
{eij(u)}7 =1 by means of a linear Hooke law

(32) O’ij(u) = cijklekl(u).

Elasticity coefficients ¢;j, € L™®(Q) satisfy the classical symmetry and ellipticity
conditions
Cijkl = Cjikl = Cklij a.e. in D
(3.3) Cijri&ij€r = méij€iy V&ij = Eji € RY
for a.a. z € D,

where m > 0 is a positive constant and D = (a,b) x (0,7%). On I, («) (the left vertical
side of 0Q(«)) the zero displacement in the z;-direction will be prescribed:

(3.4) ur =0 on T,(a).

On the remaining part Ip(a) C 9Q(«), surface tractions P € L?(9D; R?) are applied
(notice that I'p(a) C OD Vo € Upq):

(35) Uij(u)uj = H, 1= 1,2 on Fp(a).

Finally, the body is subject to body forces F' € L?(D, R?).
By the classical solution of the Signorini problem we mean a displacement field
u = (u1, ug) satisfying (3.1), (3.2), (3.4), (3.5) and the equilibrium equations

802-j (U)

(3.6) e

+F,=0, =12 in Q«a).

In order to give the variational formulation, we introduce the following set of kine-
matically admissible displacements

K(a) ={v=(v1,v2) € W(a) | va(z1,2(21)) = —a(z1) for a.a. 1 € (a,b)},

where W(«) is the space from Example 2.2 on Q := Q(«).
The variational formulation of our problem reads as follows:

(P(a)) Find v :=u(a) € K(a): Jo(u) < Jo(v) Vv € K(a)
or equivalently:
(P(e))  Find u:=u(a) € K(a): aaq(u,v—u) = Lo(v —u) Yv € K(a),
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where

Jo(v) = %aa(v,v) — Lo (v),

aq(v,v) = /Q( )aij(v)aij (v) dzy dzs,

La(’l)) = / Fyv;dzy dxs + / P;v; ds.
Q(a) T'p(a)

Since the bilinear form a, is only semicoercive on W(a) (see Example 2.2), the
existence of solutions to (P(«)) will be guaranteed under an additional assumption
on the resultant of applied forces.

Theorem 3.1. Let « € U,q be fixed and suppose that

(3.7) T 1= / Fydz; dzs —|—/ P,ds < 0.
Q) T'p(a)

Then (P(«)) (or (P(«))’) has a unique solution.
Proof. For the proof we refer to [4]. O

Next we introduce a cost functional I: (a,y) — R, a € Uaa, y € W(a), and
define an optimal shape design problem:

(P Find o € Upq such that I(a™, u(a™)) < I(o, u(a)) Yo € Uaa,

with u(a) € K(a) being a solution to the semicoercive (P(«)).

The basic step in the existence analysis for (P) consists in showing that solutions
of (P(a)) depend continuously on shape variations. In our particular case, the con-
tinuous dependence reads as follows: if a;, = « (uniformly) in [a, b], o, @ € Uaq and
uy, := u(ay) are solutions to (P(ax)) then there exists @ € H(D, R?) such that

(3.8) Pajur — @ in HY(D,R*), k — oo

and u = @, solves (P(a)). The symbol p,, stands for the uniform extension of
functions from Q(ay) onto D, introduced in Section 2.
The first step for proving (3.8) is to show that the sequence {u} is bounded:

(3.9) 3C :=const > 0: [Jug|l1,0(a,) < C Vk €N,

In coercive cases, (3.9) is a consequence of Korn’s inequality which is valid in the
space of virtual displacements. Unfortunately, Korn’s inequality is no longer true
in W(«). To prove (3.9) we use the approach from [4].
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We start with
Lemma 3.1. Let there exist a negative T such that
(3.10) Ta KT Vo € Uag,

where 1o is defined by (3.7). Further, let vy € K(ak), o € Uaa be such that
v&[l1,0(ar) — 00, & — 00. Then

(3.11) klirrgc Ja, (Vg) — 00, k — o0.

Proof. Recall that

Wi(a) = {ve H(Q(a);R?) | v; = 0 on [,(a)};
Wi(a) = {v: Qa) - R? |v=(0,a),a € R'}

and define 15" by means of (2.16). As we already know there exists a constant § > 0
independent of o € U,q such that

(3.12) an(v,v) = BH’UHiQ(a) Vv € V(a), Va € Uag,

where

V(a) = {v € W(a) /ab v (a1, ar)) darg = 0}.

Any function v € W(a) can be decomposed and written as the sum

V= PoU + Ya,

where P,v € V(a) and y, € W(«). Indeed, taking y, = (0,co) € W(«), where
Ca = lg)(v)(b —a)~!, we see that P,v := v — y, belongs to V(a). Applying this
decomposition to {v}, vk € V() and using (3.12) we have (yx := ya,,)

(3'13) Joék (Uk) = Joék (Pakvk + yk) = %aak (Pakvk’ Pakvk) - Lak (Pakvk) - Lak (yk)
> B/2]| Puvi

|%,Q(o¢k) — c[| Pay vk |1,Q(Ock) — Lo, (yr),

where ¢ is a positive constant which also does not depend on ) € Uaq. Since
Lo, (Yx) = CayTay, we have

(314) Jak (Uk) = B/2\|Pak”k||iﬂ(ak) - C”PakkaLQ(ak) — CayTay, -
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Let [|vx]l1,0(ar) — 0. Then either ||Pakvk\|179(ak) — 00 or ||ykll1,0(ar) — 00 A
direct calculation shows that

l(l)
(3.15) lyell1,00ar) = Cay | (meas Q(ap))¥? = w (meas Q(oy,)) /2.
Considering vy, € K (ay) we see that
b b
(316) 1D () :/ vr(z1, an(21)) day > —/ an(z1) dar > —(b— a)F,

ie. {Z((Xlk) (vk)}iczl is bounded from below.

Let [|yrll1,0(ar) — o0o. Then from (3.15) and (3.16) it follows that c,, — oo,
k — oo. From this, (3.10) and (3.14) we conclude that J,, (vy) — oo as k — oo.
The same property holds if || Pyvg||1,0(a)) — o© and {[|yx|l1,0(a,)} is bounded. This
is a trivial consequence of (3.14). O

The main result of this section is

Theorem 3.2. Let (3.10) be satisfied. Then there exists a constant ¢ > 0 which
does not depend on o € U,q and such that

(3.17) |u(@)|l1,0(a) < ¢ VYa € Uaa,

where u(a) € K(«) is the solution of (P(«)).

Proof. The definition of u(«) yields
Jo(u(e)) < Jo(0) =0 Yo € Uaa,

where 6 = (0,0) is the zero element of W (a), which belongs to K () for every a €
Uaa. Therefore {J,(u(a))}acu,, is bounded from above. From this and Lemma 3.1,
the assertion of the theorem follows. O
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