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Abstract. Two-scale convergence is a special weak convergence used in homogenization
theory. Besides the original definition by Nguetseng and Allaire two alternative definitions
are introduced and compared. They enable us to weaken requirements on the admissibility
of test functions (z,y). Properties and examples are added.
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1. INTRODUCTION

The aim of the paper is to survey two-scale convergence and introduce some al-
ternative approaches to it.

Two-scale convergence is a special kind of the weak convergence. It was developed
for the homogenization theory in order to simplify the proofs. It overcomes difficulties
resulting from properties of weakly converging sequences of periodic functions. In
such sequences the weak limit does not keep the “information on oscillations” of
the original functions. In some cases, the two-scale limit is able to conserve this
information and thus, it makes limit procedures possible. It stands between the
usual strong and weak convergences.

The concept was first introduced by Nguetseng [18] and then developed by
Allaire [1] in early 90’s. In the definition of two-scale convergence, the special so-
called admissible test function is used. The widest set of these functions is not clear
and thus it motivates alternative approaches. One of them is based on a two-scale

* This work was supported by grant No. 201/03/0570 of the Grant Agency of the Czech
Republic.
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transform, which changes a sequence of one variable functions into a sequence of
two-variable functions. This transform was used by authors in homogenization of
some problems in porous media [5] and it is suitable for an alternative definition of
the two-scale convergence, see also [12], [16], [10]. Another one is based on the so-
called inverse two-scale transform which defines a sequence of one-variable functions
from the test function v (z,y). This approach seems to be new.

The paper is organized as follows. Section 2 contains a survey of the definitions
used, while Section 3 compares them. In the two-scale transform approach, we men-
tion the case of boundary cubes exceeding 2, which is usually neglected. Section 4 is
devoted to the compactness property. Section 5 contains examples and some prop-
erties of two-scale convergence. Section 6 refers to some generalizations.

2. DEFINITIONS

Throughout the paper let 2 be a bounded domain in RY with Lipschitz boundary
and Y = (0,1)V the unit cube (a basic period). We will use periodic functions:
a function v is said to be Y-periodic if v(y + k) = v(y), y € RV, k € ZV. If the
function v has more variables, we say that it is Y-periodic in y. Lebesgue spaces L?
are used with p € (1,00). The dual exponent is denoted by ¢ = p/(p — 1). The
symbol # is used for Y-periodic functions, e.g. Cx(Y) is the space of Y-periodic
functions v such that v|yi,, € C(Y + %0), Yyo € RY. Further, we will consider a
sequence of positive parameters {¢,} such that e, — 0 for n — co. As usual, the
subscript n will be omitted.

Let us begin with the classical definition by Nguetseng and Allaire which was
introduced for the case of L:

Definition 2.1. We say that a sequence of functions {u.(z)} C L?(Q2) two-scale
converges to a limit ug(z,y) € LP(Q x Y), if the relation

1) lim /Q uclay(z, %) dz = /Q /Y wo(@,y)$(z,y) dz dy

holds for each ¥(z,y) € C5°[; Cg(Y)] (the space of compactly supported infinitely
differentiable functions with Y -periodic values in C*°(R")). If, in addition,

lim =
LP(Q)

e—0

ue(z) — uo (a:, E)

€

,

we say that {u.} two-scale converges strongly to uo(z,y).
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Remark 2.2. In the vocabulary of homogenization the strong two-scale conver-
gence is also called a corrector type result. Assumptions making two-scale conver-
gence strong are discussed in Section 3. Although {u.} is a sequence of N variables
Zi,...,Tp, the limit is a function of 2N variables z1,...,ZN,¥1,--.,yY~N. It enables
us to describe the periodic behavior of u. better. Usually it is not emphasized, but
the definition is connected with a fixed sequence of periods €,, i.e. for an extracted
subsequence {u.} we should consider the same extracted subsequence {¢'} of periods
in the test function, see examples in Section 5.

Let us introduce an alternative definition. In [5], the authors dealt with a ho-
mogenization technique which was used for the description of a porous media. It
is suitable for an alternative approach to the two-scale convergence. The idea is
based on the so-called two-scale transform which changes a sequence of one-variable
functions {u(x)} into a sequence of two-variable functions {i.(z,y)}.

For each ¢ let us consider small non-overlapping cubes C* = €Y + ¢k, k € ZVN.
Here, for sake of simplicity, we restrict ourselves to the domains 2 that can be
decomposed into these cubes, i.e. @ = |JC¥. The sequence {i.(z,y)} is defined by

k

the relation
(2.2) Ge(z,y) = ue (e [:—:—] +6y) e, yevy,

where [z] = k is the vector of the greatest integers k; less than or equal to z;. On
each cube C¥ x Y the function 1, is constant in the variable x and as a function of y
it is the function u.(z) on C* transformed onto the unit cube Y. The alternative
definition reads:

Definition 2.3. We say that a sequence {uc} C L?(Q) two-scale converges to a
function wo(z,y) € LP(Q x Y), if

(2.3) lim / / [@e(z,y) — uo(z, y)|¥(z,y)dzdy =0
€20 Jo Jy

for every test function ¢ € C§°[Q;Cg(Y)]. Moreover, if 4. — uo in LP(Q x Y)

strongly, we say that {u.} two-scale converges strongly.

Let us refer here to the recent paper [12], where the above mentioned approach is
also used and is called periodic unfolding. Authors apply this approach to the case
of periodic multi-scale problems.

The other alternative approach is based on the so-called inverse two-scale trans-
form which makes a sequence {#¢(z)} from a two-variable function %(z,y). The
functions 9. are constructed as follows. Similarly, as in the previous transform, we
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consider non-overlapping cubes C* that cover the domain € (here the domain § need
not be the union of the cubes C¥, i.e. @ C |JC¥). Outside the domain Q we put
k

¥(z,y) = 0. Let us average the extended function 1 (z,y) with respect to the first
variable:

(2.4) Pe(z) = Ei,\,/ckilf({,g) d¢, zeCt

Definition 2.4. Let {u.} be a sequence in L?(2). We say that {u.} two-scale
converges to a function ug € LP(2 x Y), if

i [ ve(@)ie(@)da = [ [ uo(o,)¥(a,y) dody
e—0 Q QJy
for each test function y(z,y) € C§°[Q; C(Y)]. Moreover, if
lim [fue(2) — @5(2)|Lr() = 0,

we say that {u.} two-scale converges strongly.

Remark 2.5. The two-scale transform used in Definition 2.3 enables us to de-
fine two-scale and strong two-scale convergence more naturally with help of weak
convergence with smooth test functions. On the other hand, Definition 2.4 is similar
to the classical definition by Nguetseng and Allaire, but it differs from (2.1) by the
choice of the test function on the left-hand side.

Why do we look for alternative approaches to the original one? In the definition
we want to test the convergence with functions from a space as small as possible,
thus, smooth functions are convenient. On the other hand, in applications the largest
class is desirable. In Definition 2.1 we can not take the test function ¥(z,y) from
the whole space LI(Q2 x Y'), since it is not defined correctly on the zero-measure set
{[z,y]: y = z/e} and thus the measurability of the composed function ¥ (z,z/¢) is
not guaranteed. Moreover, the test functions must satisfy some convergence, which
is not always obvious. The class of suitable test functions is discussed at the top of
the following section. Such functions are called admissible. Further, we will see that
the two mentioned alternative definitions avoid described problems.
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3. COMPARISON OF THE DEFINITIONS

The main goal of this section is to prove equivalence of the definitions. It means
that each of the definitions yields the same two-scale limits.

First of all we proceed with the notion of admissible test function mentioned
above. Since the widest set of suitable test functions 9 is not clear (we do not
know the minimal conditions making these functions regular enough), the following
characterization is useful:

Definition 3.1. A Y-periodic (in y) test function ¥(z,y) € LI(Q x Y) is said
to be admissible, if

(3.1) tim 4 (z, 2)], o = (@ Dllzeaxr)

e—0

La(Q)

and for a separable subspace X C LI(2 x Y)

= o2

Let us emphasize that there exist Y-periodic functions in y which do not satisfy the
convergence (3.1) even if the measurability of the composed function ¥(z,z/e) is
guaranteed, see [1]. Allaire also showed (for p = 2) that spaces, e.g. C[Q; C4(Y)],
L2[; C4(Y)] or LE[Y;C(f)], are made up from the admissible functions. All these
spaces are separable and their elements are functions continuous at least in one
variable. Such functions are Carathéodory, which is the sufficient condition for mea-
surability of the composed function ¥ (z,z/c), and moreover, they satisfy (3.1) and
(3.2). These two properties are needful in the proof of the compactness property, see
Section 4. If 1 belongs to these spaces, we also have

< Y, )llx-

Li(Q)

. z
(33 tim [ (e 2)de= [ [ wiep)dody
for details, see [1]. This relation is natural: taking the stationary sequence {u. = 1},
(2.1) and (3.3) yield the two-scale limit ug(z,y) = 1.

In the alternative Definition 2.3 the situation is simplified. Due to the density of
smooth functions in L?, the convergence (2.3) implies also the weak convergence in
L?P(Q2 x Y), i.e. the space of test functions can be enlarged to the whole LI(Q2 x Y).

The special choice of the test function in Definition 2.4 is also motivated by the
effort to enlarge the class of test functions. This choice is convenient due to the
following lemma:

101




Lemma 3.2. Let ¢ € LI(2 x Y) be a Y -periodic function and let 1. be defined
by (2.4). Then we have

(3.4) 19 (@)l ey < l1¥(2,y)llLa@xy)s
(3.5) lim 1% (@)l La(e) = (@, Y| Lagaxy)-

Proof. For ¢ fixed, let us consider the minimal number of the cubes C¥ that

cover the domain Q. For these cubes we denote = |JC¥. The transform in the
k
Lebesgue integral and the Fubini theorem yield

| [weraa= [ [ e ot dedy =3 / [/ (el de] dy
= Z/C[ &2 dé]dxzzk:/cflﬁe(l‘)l"dx

- [ hze(andz; /Q 1B (2)]7 da.

Thus, (3.4) is verified. Moreover, we have

fogBe@rdaz< S [ =3 [ | [ e

where C** are cubes in the boundary layer. Since their number is proportional to
Me'=N (M is the constant following from the surface integral), we have

m[%as(UCf’b) < Ml NelV = Me.
k

The absolute continuity of the Lebesgue integral yields

;/C:,,, [/Y ¥(z,y) dy] dr -0 for e >0,

which implies (3.5). O
Remark 3.3. If the union of the cubes gives the whole domain 2, i.e. @ = |JC¥,
then we have *
19 @)l Lece) = 19z, Y)l| Lagaxy)-
Lemma 3.2 says that every test function ¢ € LI(2 x Y') can be called admissible

(compare with properties in the Definition 3.1). Thus, the space of the test functions
can be enlarged to the whole LI(Q2 x Y).

The following lemma specifies functions . used in the two-scale transform ap-
proach (have on mind that 2 is considered to be a union of the cubes C¥).
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Lemma 3.4. Let u.(z) € LP(Q) and let 4. be defined by (2.2). Then i.(z,y) €
LP(Q2 xY) and

luell Lo (@) = llie(z, )|l Lr(@xY)-

Proof. Similarly to the previous proof, we compute
[me@ras=3 [ p@rds=3e" [ ueoray
Q = Jox p Y
=3 [ @ [ fatewPay= [ [ laupdsa.
= Jok Y oJy

]

Remark 3.5. The situation is more complicated in the case of cubes exceeding
the domain Q. The two-scale transform defined by (2.2) works well on the cubes C¥,
i.e. a function u. defined on C¥ is transformed into a function @, defined on C* x Y.
Near the boundary, where C* N Q2 # C¥, it can cause difficulties. As in the proof of
Lemma, 3.2, let us consider the minimal number of the cubes C¥* covering Q. The
union S, = (|J C¥)\Qis of a positive measure. In case of a “good” boundary we have

k

measy Se — 0 (as € = 0), but ||d|| cannot be estimated by |[uc|| as the following
example shows:

Let us take Q = (0,a), a € R, and a sequence of periods € such that the interval
(0,a) cannot be expressed as the union of the small intervals I* = (ek,e(k + 1)),
k € Z. We define a sequence {u.} C L}(2) by

wn(z) = {0, z € (0,a — €2),

€2, z€(a—¢?a).

Thus, the intervals I¥ exceed the interval (0,a) by € — €% (on this small part we put
ue = 0). Obviously, the L'(€2) norm ||u.(z)||L1(q) = 1, while ||ie(z,y)||L1@@xy) = €2,
ie. [luc|| # ||del| (we have [luc|| > ||de]| only).

By the transform we want to conserve the norms of u. and . even if the cubes
exceed Q. It is not difficult in 1D, since it is sufficient to re-scale with the actual

length of the boundary segment C*¥ N instead of €. In higher dimensions it is more
difficult.
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Theorem 3.6. Let us assume Q = |JC* and let {u.} C LP(2) two-scale converge
k

(in Nguetseng-Allaire sense) to a function ug(z,y). Then {u.} two-scale converges
to up in the sense of Definition 2.3 and Definition 2.4, too.

Proof. Let us assume {u.} two-scale converges to up, but {i.} converges
weakly to @p. Then we have

e [ wios(e 2= [ win(ef2) v,
0. = /(;k ue(:v)ll)(a:, -Z—‘) dzr — /;:k ue(z)tp(s[g] , g) dz.

The two-scale transform yields

L=e [Lu(e[2 ]+ey)w( 2], [2] +0) do + 4
/Ck dx/ ue(e[Z] +ev)w (e[ 2] v) ay +o.

=/ /ae(z,y)w e[Z]v) dedy + 6. = L. + 6.+ 4.,
ckJy €

where

where

i= /C 5 /Y e (2, 9)¥ (2, y) dz dy

and

5. —[C/ ic(@, v (e[ %] v) dody - //ue(x ¥)¥(z,y) dz dy.

. 2—s - ~
Since u, = ug and 4. — g, we have

e—0

lim b, = to(z,y)¥(z,y) dzdy — tio(z,y)¢(z,y) dzdy = 0.
L./, L/,

lim 6, = / ] volewvia,y) dzdy - / | vl wite.v) dedy =0,

e—0

Thus,
lim (I, — 1) =/ /(uO(z, y) — to(z,y))¥(z,y)dzdy = 0,
e—0 c: Y

which implies ug = @ a.e. in LP(2 xY). A similar argument can be used in the case
of the inverse two-scale transform definition. O
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Remark 3.7. We can establish even a stronger property. Under the assumption
in Theorem 3.6, we have

/Qus(a:)ip(a:,g) d:vz/Q/;ﬁe(x,y)dJ(z,y)dxdy.

Let us deal with the strong two-scale convergence. The weak convergence u, — u
equipped with the additional condition ||u.|| = ||lu|| is also strong, i.e. ||uc — ul| = 0.
The following theorem introduces similar additional assumptions that strengthen
two-scale convergence into the strong one (in the case of Nguetseng-Allaire defini-
tion).

Theorem 3.8. A sequence {u.} C LP(R) two-scale converges strongly to a
limit o, if and only if {u.} two-scale converges to uo and the relations

“uE”LP(Q) = |luo(z,y)llLr(@xY)s

T
U\ Z, —
€

Lr@) = |luo(z, y)llLr(@xY)

hold.
Proof. More details and the proof can be found in [15], [1]. O

Remark 3.9. In the two-scale transform approach, the weak convergence of the
sequence {d.} plays the role of the two-scale convergence. Hence, {uc} two-scale
converges strongly, if and only if {i@.} converges weakly to uo and ||d.||z»(axy) =
"uollLP(QxY)—

A similar result holds for the inverse two-scale transform approach. As in The-
orem 3.8, the additional assumptions ||ue|lLr@) — llwollzr@xy)s N@llze@) —
lluollLr(2xy) strengthen two-scale convergence into the strong one. But due to
Lemma 3.2, each function uo € LP(Q x Y) satisfies the convergence ||@g]|.r@) —
lluoll Lr(@xv)- Thus, we have

Lemma 3.10. A sequence {u.} two-scale converges strongly (in the sense of Def-
inition 2.4), if and only if it two-scale converges to ug and [|uc||L»() —* lluollLr(axY)-
Theorem 3.11. Let @ = |JC* and let a sequence {u.} C LP(2) two-scale con-

k

verge strongly to a limit ug according to Nguetseng-Allaire’s definition. Then {u.}
also two-scale converges strongly to ug in the sense of Definition 2.1 and Defini-
tion 2.3.

Proof. The result is a direct consequence of Theorem 3.6, Theorem 3.8,
Lemma 3.4, Lemma 3.2 and Remark 3.9. O
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Remark 3.12. Theorems 3.6, 3.11 together show the equivalence of the defini-
tions used, i.e., all of them yield the same limits.

4. COMPACTNESS

The two-scale convergence can be used in applications due to the following com-
pactness property.

Theorem 4.1. A bounded sequence {uc} in LP() is compact with respect to
the two-scale convergence, i.e. there exists an extracted subsequence {u. } two-scale
converging to a function ug € LP(Q x Y).

Allaire’s proof in [1] is carried out for the test functions from L2[Q;Cx(Y)]. It
is based on the properties of the dual space to L?[Q2; Cx(Y)]. This space is not so
transparent, since it is represented by L2[Q; My (Y)], where M4 (Y) is the space of
Y -periodic Radon measures.

In the alternative approach based on the two-scale transform, the situation is more
simplified, since the two-scale compactness follows directly from the weak compact-
ness of bounded sequences in LP(2 x Y) (a closed ball is compact with respect to
the weak convergence).

Let us prove a modification of the theorem for the case of two-scale convergence
based on the inverse two-scale transform.

Proof. The boundedness, Holder’s inequality and Lemma 3.2 yield

(4.1)

/Q ue (7)Y (7) dz

< CllYe (@)l za) < Cllv(z, y)llLe@xy)-

In view of (4.1), u,. represents a bounded linear functional U, on LI(2 x Y') defined
by

(4.2) (Uer ) = /n v (@) (2) de.

Since LI(2 x Y) is separable, there exists Up such that an extracted subsequence U,
converges *-weakly to Up, i.e.

Us 2Up in [LYQxY)]"
This relation and Lemma 3.2 yield
[{Uo, %} | = lim / e (2)Per (2) dz < C lim [|Per (2)l| Lo() = Cll¥(2, )l La@xy)-
€0 Jo e—0
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Thus, Uy is also a bounded linear functional. By the Riesz representation theorem
there exists a function uo € LP(2 x Y) such that

4.3) “hW=AL%@WWWNMM

Combining (4.2) and (4.3) we obtain

lim WM@@M=LL%WW@WM%

e'—0 Q

which is the desired result. O

5. EXAMPLES AND PROPERTIES

Let us introduce a few typical examples of two-scale convergent sequences.

Example 5.1. (i) Let a(y) be a Y-periodic bounded function with zero mean
value [, a(y)dy = 0 and let b;(z),b2(z) € LP(Q). Then the sequence {u.} defined
by ue(z) = b1(z)a(z/<) + b2(x) converges weakly to be(z) and it two-scale converges
(strongly) to b (z)a(y) + b2(x). We see that the weak limit is the function b, only.
It says nothing on the periodic behaviour of the functions u.. On the other hand, in
the two scale limit the information on “oscillations” is kept. This loss of information
in the weak limit causes some

«

‘unpleasant” properties mentioned in Introduction,
e.g. taking two weakly converging sequences u, — u, v; — v does not imply u.ve —
uv, etc. The example shows that the weak limit is the average of the two-scale limit
with respect to y. This is a direct consequence of the definition, if we take a test
function 3 depending on the variable z only.

(if) Let us consider the same functions a(y), b1(z), b2(z), but another sequence
{ve} defined by v.(z) = b1(x)a(z/e?) + ba(z). Then the two-scale and weak limits
coincide, which means that the two-scale limit is constant in the variable y. In this
case, the information on oscillations is not kept. Similarly, taking a sequence given
by we(z) = bi(x)a(cze) + by with c irrational, the two-scale limit equals to by only.
It is the consequence of the fact that diminishing of the periods in sequences is not
in the resonance with the periods in the test function.

The sequences from the previous two examples point to an interesting fact. An
extracted subsequence of weakly converging sequence converges to the same limit.
In the case of two-scale convergence we must consider convergence also with respect
to subsequences of periods. Otherwise the limits may differ (e.g. the sequence {v.}
from the example above can be considered an extracted subsequence from {u.}).
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Example 52. Let {uc} C LP(R) be a sequence satisfying convergence
lluellzr@) = lluo(z,y)llL»@@xy)- Then u. need not two-scale converge to ug. Let
u(y) be a Y-periodic function. Let us consider functions uo(z,y) = u(y) and
o = u(y — 1/2). Since u(y) is periodic, we have ||uo||L»(@xy) = |ldollLr(@xy). Let
{uc} be the sequence defined by u(z) = iio(z/€e). Then |luc||Lr@) = lluollLr@xy)s
but {u.} two-scale converges to .

Theorem 5.3. Let {uc} C L?(R) two-scale converge to up(z,y) € LP(Q2xY) and
let it converge weakly to u(z). Then

(5.1) liminf [[ue | Lo (@) 2 lluollzr(@xy) 2 llulle(e)-

Proof. The first inequality (5.1) can be proved with help of Young’s inequality
and the definition of the two-scale convergence. The second inequality follows from
Holder’s inequality and can be interpreted as follows: two-scale limit conserves more
information on a periodic behaviour of {u.} than the usual weak limit. o

Example 5.4. Let us consider the sequences {u.} and {vc} from Example 5.1.
Denoting the two-scale limit by ug and the weak limit by u, we have lim ||u || »(q) =
lluollLeaxyy > llullzeay, lim [|vellr(@) > lluollr@xy) = llullLr(@) and finally the
sum u, + v, satisfies sharp inequalities.

Theorem 5.3 also implies: every sequence {u.} strongly convergent to a func-
tion u two-scale converges to ug(z,y) = u(x), too. The following theorem on a limit
procedure is useful in applications:

Theorem 5.5. Let {ul} C LP1(Q), ..., {u™} C LP=(Q) be sequences two-scale
converging strongly to limits u}(z,y),-..,ul(,y), P1,-..,Pm,T € (1,00) and let
f(z,&,...,&m) be a Carathéodory function satisfying a growth condition

1f(@,&,- - &m)| < g() +C Y &7,

=1

where g € L™(Q) and C is a positive constant. Then
f@ub(a) o u @)~ [ Sl ) dy in Q)

Proof. This relation can be obtained by use of the alternative approach.
Since the assumptions of the theorem on Nemytskij operators are satisfied, we have
f(z,at,...,a™) — f(z,ud,...,ud) (this mapping is continuous). On the other
hand, we know that the weak and here also the strong L? limit is the average of the
two-scale limit (with respect to y). O
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Remark 5.6. The relation
u;...u;"-—)/Yutl,(x,y)...u(’)"(x,y)dy

is a special case of this theorem. This situation often occurs in proofs. The conver-
gence changes into weak as one of {ul} two-scale converges (not strongly) only.

6. CONCLUDING REMARKS

We have surveyed some phenomena in the two-scale convergence. Two alterna-
tive definitions to the usual one were discussed. They make it possible weaken the
requirements making test functions admissible. The definition based on the two-
scale transform is more straightforward in the case of the two-scale compactness
property or strong two-scale convergence, while the definition based on the inverse
two-scale transform is closer to the original one, but it differs by the construction of
the left-hand side test function.

In the text above we have considered the basic period to be the unit cube. It can
be replaced by an arbitrary block Y C RY, but in the appropriate relations, the
term 1/|Y| would appear.

The theory for time depending sequences used in evolution equations is completed
in [15]. Considering problems in some porous media is popular in many papers,
see e.g. [2], [10], [13]. For this analysis it is useful to define two-scale convergence
more generally with respect to measures [7], [21], [4], [19]. The extension from the
periodic case to the almost periodic one can be found in [9] and to the stochastic case
in [8], [19]. Further, the two-scale convergence can be generalized to the so-called
multiscale convergence, where multiple separated scales of oscillations are considered,
see e.g. (3], [6], [11].

Two-scale convergence has been applied in many other papers, see e.g. [13], [10],
[11], [16], [14]). Many other references can be found in the survey paper on two-scale
convergence [17].
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Abstract. Two-scale convergence is a special weak convergence used in homogenization
theory. Besides the original definition by Nguetseng and Allaire two alternative definitions
are introduced and compared. They enable us to weaken requirements on the admissibility
of test functions ¢ (z,y). Properties and examples are added.
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1. INTRODUCTION

The aim of the paper is to survey two-scale convergence and introduce some al-
ternative approaches to it.

Two-scale convergence is a special kind of the weak convergence. It was developed
for the homogenization theory in order to simplify the proofs. It overcomes difficulties
resulting from properties of weakly converging sequences of periodic functions. In
such sequences the weak limit does not keep the “information on oscillations” of
the original functions. In some cases, the two-scale limit is able to conserve this
information and thus, it makes limit procedures possible. It stands between the
usual strong and weak convergences.

The concept was first introduced by Nguetseng [18] and then developed by
Allaire [1] in early 90’s. In the definition of two-scale convergence, the special so-
called admissible test function is used. The widest set of these functions is not clear
and thus it motivates alternative approaches. One of them is based on a two-scale

* This work was supported by grant No. 201/03/0570 of the Grant Agency of the Czech
Republic.
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transform, which changes a sequence of one variable functions into a sequence of
two-variable functions. This transform was used by authors in homogenization of
some problems in porous media [5] and it is suitable for an alternative definition of
the two-scale convergence, see also [12], [16], [10]. Another one is based on the so-
called inverse two-scale transform which defines a sequence of one-variable functions
from the test function ¢ (x,y). This approach seems to be new.

The paper is organized as follows. Section 2 contains a survey of the definitions
used, while Section 3 compares them. In the two-scale transform approach, we men-
tion the case of boundary cubes exceeding €2, which is usually neglected. Section 4 is
devoted to the compactness property. Section 5 contains examples and some prop-

erties of two-scale convergence. Section 6 refers to some generalizations.

2. DEFINITIONS

Throughout the paper let  be a bounded domain in RY with Lipschitz boundary
and Y = (0,1)"V the unit cube (a basic period). We will use periodic functions:
a function v is said to be Y-periodic if v(y + k) = v(y), y € RN, k € ZN. If the
function v has more variables, we say that it is Y-periodic in y. Lebesgue spaces L?
are used with p € (1,00). The dual exponent is denoted by ¢ = p/(p — 1). The
symbol # is used for Y-periodic functions, e.g. Cx(Y) is the space of Y-periodic
functions v such that v|y,, € C(Y + yo), Vyo € RY. Further, we will consider a
sequence of positive parameters {¢,,} such that ¢, — 0 for n — co. As usual, the
subscript n will be omitted.

Let us begin with the classical definition by Nguetseng and Allaire which was
introduced for the case of L?:

Definition 2.1. We say that a sequence of functions {u.(x)} C LP(§)) two-scale
converges to a limit ug(x,y) € LP( x Y), if the relation

e—0

(2.1) lim ng(x)w(:lc, g) dxz/ﬂ/yuo(x,y)w(m,y)dxdy

holds for each ¥ (z,y) € C5°[Q; C32(Y)] (the space of compactly supported infinitely
differentiable functions with Y-periodic values in C°°(RY)). If, in addition,

ue(x) — ug (x, E) '

3

lim =
Lr(Q)

3
e—0

we say that {u.} two-scale converges strongly to ug(x,y).
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Remark 2.2. In the vocabulary of homogenization the strong two-scale conver-
gence is also called a corrector type result. Assumptions making two-scale conver-
gence strong are discussed in Section 3. Although {u.} is a sequence of N variables
T1,...,TN, the limit is a function of 2N variables x1,...,zN,%1,--.,Yyn. It enables
us to describe the periodic behavior of u. better. Usually it is not emphasized, but
the definition is connected with a fixed sequence of periods ¢, i.e. for an extracted
subsequence {u./} we should consider the same extracted subsequence {¢’} of periods
in the test function, see examples in Section 5.

Let us introduce an alternative definition. In [5], the authors dealt with a ho-
mogenization technique which was used for the description of a porous media. It
is suitable for an alternative approach to the two-scale convergence. The idea is
based on the so-called two-scale transform which changes a sequence of one-variable
functions {u.(z)} into a sequence of two-variable functions {d.(z,y)}.

For each ¢ let us consider small non-overlapping cubes Cf =eY +¢ck, k€ ZV.
Here, for sake of simplicity, we restrict ourselves to the domains €2 that can be
decomposed into these cubes, i.e. @ = |JC¥. The sequence {i.(z,y)} is defined by

k

the relation
(2.2) Ge(z,y) = ue (a{g} + 5y> re, yevy,

where [z] = k is the vector of the greatest integers k; less than or equal to x;. On
each cube C¥ x Y the function . is constant in the variable > and as a function of y
it is the function uc(x) on C* transformed onto the unit cube Y. The alternative
definition reads:

Definition 2.3. We say that a sequence {u.} C LP(Q2) two-scale converges to a
function ug(x,y) € LP(A x Y), if

(23) i [ [ fae(o.0) — unle (e ) de dy =0
e=0JaJy

for every test function ¢ € Cg°[Q%; O (Y)]. Moreover, if 4. — ug in LP(Q2 X Y)

strongly, we say that {u.} two-scale converges strongly.

Let us refer here to the recent paper [12], where the above mentioned approach is
also used and is called periodic unfolding. Authors apply this approach to the case
of periodic multi-scale problems.

The other alternative approach is based on the so-called inverse two-scale trans-
form which makes a sequence {¢.(z)} from a two-variable function ¢ (z,y). The
functions 1), are constructed as follows. Similarly, as in the previous transform, we
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consider non-overlapping cubes C* that cover the domain € (here the domain  need
not be the union of the cubes C*, ie. @ C |JC¥). Outside the domain Q we put

g

k
Y(x,y) = 0. Let us average the extended function ¢ (x,y) with respect to the first
variable:

(24) Beo) = o [ w(62)ae aeck

Definition 2.4. Let {u.} be a sequence in LP({2). We say that {u.} two-scale
converges to a function ug € LP(Q x Y), if

lim ug(w)@g(x)dx:AAuo(x,y)w(m,y)dxdy

e—0 Jo

for each test function ¢ (x,y) € C5°[Q; CF(Y)]. Moreover, if

Eh_r,% [ue(2) — @5(2)|| e () = 0,

we say that {u.} two-scale converges strongly.

Remark 2.5. The two-scale transform used in Definition 2.3 enables us to de-
fine two-scale and strong two-scale convergence more naturally with help of weak
convergence with smooth test functions. On the other hand, Definition 2.4 is similar
to the classical definition by Nguetseng and Allaire, but it differs from (2.1) by the
choice of the test function on the left-hand side.

Why do we look for alternative approaches to the original one? In the definition
we want to test the convergence with functions from a space as small as possible,
thus, smooth functions are convenient. On the other hand, in applications the largest
class is desirable. In Definition 2.1 we can not take the test function ¢ (z,y) from
the whole space LI(€2 x Y'), since it is not defined correctly on the zero-measure set
{lz,y]: y = x/e} and thus the measurability of the composed function ¥ (x,x/¢) is
not guaranteed. Moreover, the test functions must satisfy some convergence, which
is not always obvious. The class of suitable test functions is discussed at the top of
the following section. Such functions are called admissible. Further, we will see that
the two mentioned alternative definitions avoid described problems.

100



3. COMPARISON OF THE DEFINITIONS

The main goal of this section is to prove equivalence of the definitions. It means
that each of the definitions yields the same two-scale limits.

First of all we proceed with the notion of admissible test function mentioned
above. Since the widest set of suitable test functions ¢ is not clear (we do not
know the minimal conditions making these functions regular enough), the following
characterization is useful:

Definition 3.1. A Y-periodic (in y) test function ¢ (z,y) € LI(Q x Y) is said
to be admissible, if

e—0

T
! [0 2y = 1
(3 ) im ||| @ e ) Lo ||7/1(~’C y)HLq(QxY)
and for a separable subspace X C LI(Q2 x Y)

= o 2)

poy < @D

Let us emphasize that there exist Y-periodic functions in y which do not satisfy the
convergence (3.1) even if the measurability of the composed function ¥ (x,z/¢) is
guaranteed, see [1]. Allaire also showed (for p = 2) that spaces, e.g. C[Q; C4(Y)],
L2[Q; C4(Y)] or LL[Y; C(€)], are made up from the admissible functions. All these
spaces are separable and their elements are functions continuous at least in one
variable. Such functions are Carathéodory, which is the sufficient condition for mea-
surability of the composed function ¢ (z,2z/¢), and moreover, they satisfy (3.1) and
(3.2). These two properties are needful in the proof of the compactness property, see
Section 4. If ¥ belongs to these spaces, we also have

(3.3) glir(l) Qw<x, g) dxz/ﬂ/ylb(x,y)dxdy;

for details, see [1]. This relation is natural: taking the stationary sequence {u. = 1},
(2.1) and (3.3) yield the two-scale limit ug(x,y) = 1.

In the alternative Definition 2.3 the situation is simplified. Due to the density of
smooth functions in L9, the convergence (2.3) implies also the weak convergence in
LP(Q2 x Y), i.e. the space of test functions can be enlarged to the whole L4(Q2 x Y).

The special choice of the test function in Definition 2.4 is also motivated by the
effort to enlarge the class of test functions. This choice is convenient due to the

following lemma:
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Lemma 3.2. Let 1) € L9(2 x Y) be a Y -periodic function and let 1. be defined
by (2.4). Then we have

(34) [Pe (@)l za(e) < [1¥(2,y) | La@xy)s
(3.5) gl_f{% H&E(x)”Lq(Q) = W(%y)HLq(Qxy)-

Proof. For ¢ fixed, let us consider the minimal number of the cubes C* that

cover the domain Q. For these cubes we denote Q = |JC¥. The transform in the
k
Lebesgue integral and the Fubini theorem yield

//wa:ymxdy//wxywdxdyz/[/ w(EIae] dy
Z/CJE_N/@“’EN ¢ de/@Ws(x)lqu

- [1p@lra> [ ppr s

Thus, (3.4) is verified. Moreover, we have

foP@lar < [ Bwra=3 [ [ vy as

where C*? are cubes in the boundary layer. Since their number is proportional to

Me!=N (M is the constant following from the surface integral), we have

meas (U C’f’b> Me'=NeN = Me.
k
The absolute continuity of the Lebesgue integral yields

;/C?'b {/Yw(widy] dr — 0 for e — 0,

which implies (3.5). O
Remark 3.3. If the union of the cubes gives the whole domain ©, i.e. Q = | J 5’;,
then we have ’
||7Z€(x)”Lq(Q) = H"/)(xay)”Lq(QxY)-
Lemma 3.2 says that every test function ¢ € LI(2 X Y') can be called admissible

(compare with properties in the Definition 3.1). Thus, the space of the test functions
can be enlarged to the whole L9(Q2 x Y').

The following lemma specifies functions . used in the two-scale transform ap-
proach (have on mind that (2 is considered to be a union of the cubes CF).
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Lemma 3.4. Let u.(z) € LP(Q) and let 4. be defined by (2.2). Then .(x,y) €
LP(Q2 xY) and

el Lo () = lltte (2, )l Lo@xy)-

Proof. Similarly to the previous proof, we compute

RIS )3 / el de = 3N [ tieteuiray
- zk:/cg dx/yma(way”pdyZ/Q/Y|1lg(:c,y)|pd:cdy.

O

Remark 3.5. The situation is more complicated in the case of cubes exceeding
the domain 2. The two-scale transform defined by (2.2) works well on the cubes C¥,
i.e. a function u. defined on C* is transformed into a function 4. defined on C* x Y.
Near the boundary, where C* N Q # C*, it can cause difficulties. As in the proof of
Lemma 3.2, let us consider the minimal number of the cubes C¥ covering 2. The
union S, = (U 5’;) \Q is of a positive measure. In case of a “good” boundary we have

k

measy Se — 0 (as € — 0), but ||d.|| cannot be estimated by |lu.| as the following

example shows:

Let us take Q = (0,a), a € R, and a sequence of periods e such that the interval
(0,a) cannot be expressed as the union of the small intervals I¥ = (ek,e(k + 1)),
k € Z. We define a sequence {u.} C L'(Q) by

wa(z) = {0, x € (0,a — €?),

Thus, the intervals I¥ exceed the interval (0,a) by € —? (on this small part we put
ue = 0). Obviously, the L(€2) norm ||uc(z)| 11 (o) = 1, while [|ic(z,y)| 11 oxy) = €2,
ice. llucl] % licl| (we have [Ju.|| > ||| only).

By the transform we want to conserve the norms of u. and u. even if the cubes
exceed ). It is not difficult in 1D, since it is sufficient to re-scale with the actual
length of the boundary segment C* N instead of . In higher dimensions it is more
difficult.
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Theorem 3.6. Let us assume Q = | JC* and let {u.} C LP() two-scale converge
k

(in Nguetseng-Allaire sense) to a function ug(x,y). Then {u.} two-scale converges
to ug in the sense of Definition 2.3 and Definition 2.4, too.

Proof. Let us assume {u.} two-scale converges to ug, but {@.} converges

weakly to 4. Then we have

I. E/ck ug(ac)w(r, g) dx:/Ck ug(x)w(a[g},§> dz + ée,
O :/Céc ug(x)w(x, g) dgc—/céc ug(x)w(a[a,g) dz.

The two-scale transform yields

fe=s / (5[5 +€y>w<5[§]» [q +y) dy + 6.
/Ck da:/ ue(<[ 2] +ey)u (e[ 2] ) dy +o.

/ /uezzzy } )dxdy+5 =1I.+6. 4 0.,
o

fﬁ—LgLﬁs(xvy)w($,y)dxdy
o= [, [ aetenu(e[Z)v)away— [ [ et aray

. 2—s ~ ~
Since u. — ug and 4. — g, we have

limégz/ /uo(x,y)w(m,y)dxdy—/ /uo(ac,y)z/}(x,y)da:dy:Q
e—0 ckJy ckJy

tim 3, = /C § /Y (2, )b (e, y) do dy — /C § /Y dio(, )b e, y) dr dy = 0.

Thus,

where

where

and

lim (1. ,] /Ck /Y(uo(a:,y)—ﬁo(x,y))w(z,y)dzdy:(),

e—0

which implies ug = @ a.e. in LP(Q x Y'). A similar argument can be used in the case

of the inverse two-scale transform definition. O
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Remark 3.7. We can establish even a stronger property. Under the assumption
in Theorem 3.6, we have

[ uctrs(e. D)o = [ [ i) deay.

Let us deal with the strong two-scale convergence. The weak convergence u. — u
equipped with the additional condition |lu.|| — ||| is also strong, i.e. |Jus —ul| — 0.
The following theorem introduces similar additional assumptions that strengthen
two-scale convergence into the strong one (in the case of Nguetseng-Allaire defini-
tion).

Theorem 3.8. A sequence {u.} C LP(Q) two-scale converges strongly to a
limit ug, if and only if {u.} two-scale converges to ug and the relations

[uell L) = lluo(z, Y)llLe@xy)s

X
Uo (L, —
e

- ”UO(xvy)HLP(QxY)

LP(Q)
hold.
Proof. More details and the proof can be found in [15], [1]. O

Remark 3.9. In the two-scale transform approach, the weak convergence of the
sequence {i.} plays the role of the two-scale convergence. Hence, {u.} two-scale
converges strongly, if and only if {.} converges weakly to ug and ||i.||rrxy) —

HUOHLP(QXY)~

A similar result holds for the inverse two-scale transform approach. As in The-
orem 3.8, the additional assumptions ||uc|[zr(0) — [uollzrxyy, U6lor) —
|uol| Lraxy) strengthen two-scale convergence into the strong one. But due to
Lemma 3.2, each function ug € LP(2 x Y) satisfies the convergence ||@G||zrq) —
|uoll e (axy)- Thus, we have

Lemma 3.10. A sequence {u.} two-scale converges strongly (in the sense of Def-
inition 2.4), if and only if it two-scale converges to ug and ||uc||Lr() — |[uoll Lr(axy)-
Theorem 3.11. Let Q = |JC* and let a sequence {u.} C LP(Q) two-scale con-

k

verge strongly to a limit ug according to Nguetseng-Allaire’s definition. Then {u.}
also two-scale converges strongly to ug in the sense of Definition 2.1 and Defini-
tion 2.3.

Proof. The result is a direct consequence of Theorem 3.6, Theorem 3.8,
Lemma 3.4, Lemma 3.2 and Remark 3.9. O
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Remark 3.12. Theorems 3.6, 3.11 together show the equivalence of the defini-
tions used, i.e., all of them yield the same limits.

4. COMPACTNESS

The two-scale convergence can be used in applications due to the following com-
pactness property.

Theorem 4.1. A bounded sequence {u.} in LP(f) is compact with respect to
the two-scale convergence, i.e. there exists an extracted subsequence {u.:} two-scale
converging to a function ug € LP(Q x Y).

Allaire’s proof in [1] is carried out for the test functions from L2[%;Cy(Y)]. It
is based on the properties of the dual space to L?[Q; Cx(Y)]. This space is not so
transparent, since it is represented by L2[Q; My (Y)], where M4 (Y) is the space of
Y -periodic Radon measures.

In the alternative approach based on the two-scale transform, the situation is more
simplified, since the two-scale compactness follows directly from the weak compact-
ness of bounded sequences in LP(2 x V') (a closed ball is compact with respect to
the weak convergence).

Let us prove a modification of the theorem for the case of two-scale convergence

based on the inverse two-scale transform.

Proof. The boundedness, Holder’s inequality and Lemma 3.2 yield

(4.1) /Qua(fﬂ)lza(iﬂ)dw < ClYe (@) o) < CllY(@,y) || Lagaxy)-

In view of (4.1), u. represents a bounded linear functional U, on L4(Q2 x Y') defined
by

(4.2) (Vo) = / ue ()2 (z) de.

Since LI(Q2 x Y') is separable, there exists Uy such that an extracted subsequence U,
converges x-weakly to Uy, i.e.

Us 2 Uy in [LYQxY)]".
This relation and Lemma 3.2 yield
| (Uo, ) | = i%/ﬂua'(fﬂ)@y(iﬂ)dw < Cilg% [ ()| o) = Cllv(2, ¥) | Lacaxy)-
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Thus, Uy is also a bounded linear functional. By the Riesz representation theorem
there exists a function ug € LP(Q x Y) such that

(4.3) (Uo, ) = / /Y o, )z, ) d dy.

Combining (4.2) and (4.3) we obtain

lim ugz(ac)ngf(x)dx:/Q/Yuo(x,y)w(m,y)dmdy,

e’—0 o)

which is the desired result. O

5. EXAMPLES AND PROPERTIES

Let us introduce a few typical examples of two-scale convergent sequences.

Example 5.1. (i) Let a(y) be a Y-periodic bounded function with zero mean
value [, a(y)dy = 0 and let by(x),ba(x) € LP(2). Then the sequence {u.} defined
by ue(z) = bi(x)a(z/e) + ba(x) converges weakly to by(x) and it two-scale converges
(strongly) to bi(x)a(y) + bz2(x). We see that the weak limit is the function by only.
It says nothing on the periodic behaviour of the functions u.. On the other hand, in
the two scale limit the information on “oscillations” is kept. This loss of information

“unpleasant” properties mentioned in Introduction,

in the weak limit causes some
e.g. taking two weakly converging sequences u. — u, v. — v does not imply v.v. —
uv, etc. The example shows that the weak limit is the average of the two-scale limit
with respect to y. This is a direct consequence of the definition, if we take a test

function ¢ depending on the variable x only.

(ii) Let us consider the same functions a(y), b1(x), ba(z), but another sequence
{v:} defined by v.(z) = bi(z)a(x/e?) + ba(z). Then the two-scale and weak limits
coincide, which means that the two-scale limit is constant in the variable y. In this
case, the information on oscillations is not kept. Similarly, taking a sequence given
by we(z) = b1(x)a(cxe) + ba with ¢ irrational, the two-scale limit equals to b only.
It is the consequence of the fact that diminishing of the periods in sequences is not
in the resonance with the periods in the test function.

The sequences from the previous two examples point to an interesting fact. An
extracted subsequence of weakly converging sequence converges to the same limit.
In the case of two-scale convergence we must consider convergence also with respect
to subsequences of periods. Otherwise the limits may differ (e.g. the sequence {v.}
from the example above can be considered an extracted subsequence from {u}).
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Example 5.2. Let {u.} C LP(2) be a sequence satisfying convergence
uellzr) — lluo(x,y)|lLr(@xy).- Then u. need not two-scale converge to ug. Let
u(y) be a Y-periodic function. Let us consider functions ug(x,y) = u(y) and
o = u(y — 1/2). Since u(y) is periodic, we have ||uollzr(oxy) = ||Tollzr@@xy)- Let
{uc} be the sequence defined by u.(z) = to(z/c). Then [Juc||rr) — l[uollLr@xy),
but {u.} two-scale converges to .

Theorem 5.3. Let {u.} C LP(§2) two-scale converge to uo(z,y) € LP(1 xY) and
let it converge weakly to u(x). Then

(5.1) lim inf uellLe() = lluollraxy) = llullLe(o)-

Proof. The first inequality (5.1) can be proved with help of Young’s inequality
and the definition of the two-scale convergence. The second inequality follows from
Holder’s inequality and can be interpreted as follows: two-scale limit conserves more
information on a periodic behaviour of {u.} than the usual weak limit. (|

Example 5.4. Let us consider the sequences {u.} and {v.} from Example 5.1.
Denoting the two-scale limit by u and the weak limit by u, we have lim ||u.||1» (o) =
[uollLexy) > llullLe(e), im[lvellzr@) > lluollrrxy) = llullrr() and finally the
sum u. + v. satisfies sharp inequalities.

Theorem 5.3 also implies: every sequence {u.} strongly convergent to a func-
tion u two-scale converges to ug(z,y) = u(z), too. The following theorem on a limit
procedure is useful in applications:

Theorem 5.5. Let {ul} C LP*(Q), ..., {ul} C LP"(Q) be sequences two-scale
converging strongly to limits u}(z,y),...,uS (z,y), p1,--.,Pm,7 € (1,00) and let
f(z,&1,...,&m) be a Carathéodory function satisfying a growth condition

F(2,€0,. - &m)| < gl@) +C &I,
i=1
where g € L"(2) and C is a positive constant. Then
flaud(@), @) = [ S )y i @)
Y

Proof. This relation can be obtained by use of the alternative approach.
Since the assumptions of the theorem on Nemytskij operators are satisfied, we have
flayal, ..., 0™ — f(z,uf,...,u) (this mapping is continuous). On the other
hand, we know that the weak and here also the strong LP limit is the average of the

two-scale limit (with respect to y). O
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Remark 5.6. The relation
ul.oou™ — / ud(z,y) .. uf (2, y) dy
Y

is a special case of this theorem. This situation often occurs in proofs. The conver-
gence changes into weak as one of {u’} two-scale converges (not strongly) only.

6. CONCLUDING REMARKS

We have surveyed some phenomena in the two-scale convergence. Two alterna-
tive definitions to the usual one were discussed. They make it possible weaken the
requirements making test functions admissible. The definition based on the two-
scale transform is more straightforward in the case of the two-scale compactness
property or strong two-scale convergence, while the definition based on the inverse
two-scale transform is closer to the original one, but it differs by the construction of
the left-hand side test function.

In the text above we have considered the basic period to be the unit cube. It can
be replaced by an arbitrary block Y C RY, but in the appropriate relations, the
term 1/|Y| would appear.

The theory for time depending sequences used in evolution equations is completed
in [15]. Considering problems in some porous media is popular in many papers,
see e.g. [2], [10], [13]. For this analysis it is useful to define two-scale convergence
more generally with respect to measures [7], [21], [4], [19]. The extension from the
periodic case to the almost periodic one can be found in [9] and to the stochastic case
in [8], [19]. Further, the two-scale convergence can be generalized to the so-called
multiscale convergence, where multiple separated scales of oscillations are considered,
see e.g. [3], [6], [11].

Two-scale convergence has been applied in many other papers, see e.g. [13], [10],
[11], [16], [14]. Many other references can be found in the survey paper on two-scale
convergence [17].
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